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[1] A companion paper by Sonwalkar et al. (2011) provided new details of whistler mode
radio sounding of the altitude range below ∼5000 km by the Radio Plasma Imager (RPI)
instrument on the IMAGE satellite. That paper presented frequency‐vs‐ group time delay
records of echoes whose raypaths either 1) reversed direction through refraction at altitudes
above the ionosphere where the wave frequency was approximately equal to the local lower
hybrid resonance frequency flh (magnetospherically reflected or MR echoes), or 2) returned
to IMAGE from reflection points along the sharp lower boundary of the ionosphere at
∼90 km (obliquely incident (OI) or normally incident (NI) specularly reflected (SR) echoes).
The MR and OI echo paths were shown to form narrow loops, while the NI echo followed
the same raypath down and back. Furthermore, the echoes were found to be discrete or
broadened in time delay either by multipath propagation or by scattering from field aligned
irregularities (FAIs). We begin with a direct interpretive approach, employing a combination
of refractive index diagrams, ray tracings, and a plasma density model to predict the
detailed frequency‐vs‐time properties of echoes detected when the sounder is operated over
a wide range of whistler mode frequencies (typically 6 kHz to 63 kHz) and the satellite is
either above or below the altitude of the maximum flh along the geomagnetic field line B0
in the upper ionosphere. We then consider the inverse problem, estimation of the parameters
of the prevailing plasma density model from the observed echo properties. Thanks to
variations in the sensitivity of the various echo forms to the altitude profiles of electron
density and ion effective mass meff, we use the observed frequency‐vs‐ group time delay
(tg − f ) details of simultaneously received MR and SR echoes to infer the properties of a
diffusive equilibrium model of the plasma, including estimates of the ion composition in the
important transition region from the O+‐dominated ionosphere to the light ion regime above.
Our results on electron density and ion composition measurements are in general agreement
with those obtained from in situ measurements on the IMAGE and DMSP‐F15 satellites,
with bottomside sounding results from nearby Ionosondes, and with values obtained from
the IRI‐2007 model. We also demonstrate a method of estimating the scale sizes and
locations of FAIs located along or near WM echo paths.
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[2] A companion paper by Sonwalkar et al. [2011, hereinafter Paper I] presents observations and interpretation of
whistler mode (WM) echoes received during radio sounding
by the RPI instrument [Reinisch et al., 2000] on the IMAGE
satellite [Burch, 2000]. Drawing upon previous knowledge
of whistler mode propagation in space, upon results from an

A11211

1 of 24

A11211

SONWALKAR ET AL.: WM RADIO SOUNDING OF ELECTRONS AND IONS

A11211

Figure 1. Summary of the principal features of whistler mode sounding from IMAGE and two examples
of whistler mode echoes observed on IMAGE. (a) Schematic of the satellite along an orbit and generation
of MR and NI echoes at time t′ and frequency f′ and OI and NI echoes later at time t″ and frequency f″.
(b) Schematic of time delay (tg) versus frequency ( f ) for MR, NI, and OI echoes as they appear on a plasmagram. (c) Discrete MR and discrete OI echoes observed when the satellite was at ∼3400 km altitude,
above Rflh,max1, altitude at which flh = flh,max1. (d) Multipath MR and discrete OI echoes observed when
the satellite was at ∼2600 km altitude, above Rflh,max1. In Figures 1c and 1d dashed white traces show tg versus f of NI echoes from ray tracing calculations (NI echoes were not observed).
earlier study of WM sounding from IMAGE [Sonwalkar
et al., 2004], and upon the findings from ray tracing presented in this paper, Paper I offered a mixture of predictions
and new insights in describing how whistler mode propagation, refraction, and reflection lead to several different types
of echoes. Paper I also introduced the idea of using the
observed properties of WM echoes for remote sensing of
magnetospheric electron density and ion effective mass. For
a general introduction to WM radio sounding from IMAGE
we refer to Paper I and a previous paper on this subject
[Sonwalkar et al., 2004].
[3] This paper supports the qualitative conclusions in
Paper I by providing quantitative information on spatial
variations in the WM refractive index along raypaths.
Through ray tracing it provides details on wave‐normal
angles, including initial and final angles and angles of inci-

dence on the ionosphere. Ray tracing is then used as part of
the inverse problem of inferring properties of the plasma
medium from observed properties of the data.
[4] The ray tracing code includes a density model whose
key parameters are not measured but are adjusted in the
course of fitting the ray tracing predictions to the observed
echo properties. The conceptual framework utilized in Paper I
and this paper is therefore conditioned by our assumption of
a diffusive equilibrium model of the altitude distribution of
plasma in our range of interest. Fortunately, the availability
from independent sources of a variety of direct measurements
of plasma quantities, as well as the possibility of measurement of the local lower hybrid resonance at IMAGE, flh,Sat
and of flh,max1, the maximum value of flh along the field
line passing through the satellite, provide support for use
of a diffusive equilibrium model as an analysis tool.
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[5] Figure 1a recalls (from Figures 2a and 3a of Paper I)
schematically the raypaths of three distinct types of WM
echoes: (1) Magnetospherically reflected (MR) echoes that
undergo a reflection at an altitude where local flh ∼ f, where f
is the transmitted frequency. The echo raypath is a loop close
to the field line (B0) passing through the satellite. (2) Normally incident (NI) specularly reflected (SR) echoes that
undergo reflection at the Earth‐ionosphere boundary near
90 km. The wave‐normal of this echo is normal to the planes
of stratification at the reflection altitude and the ray retraces
its path after reflection. (3) Obliquely incident (OI) specularly
reflected (SR) echoes that undergo reflection at the Earth‐
ionosphere boundary. The wave‐normal direction makes an
oblique angle with respect to the normal to planes of stratification at the reflection altitude. The echo raypath is a loop
that remains close to the field line.
[6] Figure 1b repeats (from Figure 4 of Paper I) in typical
plasmagram coordinates of travel time tg in milliseconds
versus sounder frequency f a sketch of the principal echo
phenomena to be discussed below, including the MR echo,
the OI‐SR and NI‐SR echoes, and a plasma resonance (lower
hybrid resonance) at the low frequency edge of the MR echo.
Also shown are representative values of the frequency ranges
in which the echoes analyzed in this paper have been
observed.
[7] Key features of the MR echo are a lower frequency
cutoff at flh,Sat, an upper cutoff near flh,max1, and dispersion
in which time delay typically increases with frequency.
Key features of the SR echoes are a lower cutoff for OI‐SR
near flh,max1, absence of a lower cutoff for NI‐SR, and dispersion in which time delay typically decreases with frequency. The relative values of the time delays of the three
echoes are found to vary depending upon the location of
the satellite and the transmission frequency range. In these
discussions we have assumed that the satellite is located
above Rflh,max1 and is using a transmission format in which
191 3.2 ms pulses are sent at 300–400 ms intervals in the
frequency range 6 to 63 kHz with ∼300 Hz frequency steps.
Transmission of the entire format requires ∼61 s.
[8] Figures 1c and 1d repeat (from Figure 5 of Paper I)
plasmagrams of MR echoes and OI‐SR echoes received by
the X‐antenna on IMAGE on 22 and 26 October 2005,
respectively (note the difference in the frequency scales). The
MR echoes observed on 22 October 2005 are considered
discrete because of relatively small (less than 5–10 ms) spread
in time delay at each frequency. In contrast, the echoes
observed on 26 October 2005 are described as multipath/
diffuse because of their larger (20–80 ms) spread in time
delay. As discussed in Paper I, the MR echoes on 22 October
probably propagated in a smooth magnetosphere, whereas
those on 26 October propagated in a magnetosphere containing field aligned irregularities. On both days the observed
OI echoes showed little spread in time delay at each frequency and are described as discrete echoes.
[9] NI echoes were not observed on these two days. The
dashed white traces show the NI time delays that might have
been expected based on the ray tracing calculations discussed
below in section 3. We refer the reader to Paper I for a
discussion of the MR and OI echoes observed on 22 and
26 October 2005 and the absence of NI echoes on those days.
Examples of RPI plasmagrams containing NI echoes are
shown in Paper I.
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[10] In this paper we first explain the physical principles
behind the occurrence of various types of WM echoes. Specifically we show how Snell’s law and expected variations
in the size and topology of the refractive index surface in a
magnetoplasma can explain the frequency cutoffs of MR and
OI echoes and the looping (MR, OI) or non‐looping (NI)
paths of the various echoes. We address the direct propagation problem by first using ray tracing calculations to determine typical echo cutoffs and wave dispersion in a realistic
magnetosphere and show that the calculated values agree
with those measured. We then turn to the inverse problem,
using two case studies to illustrate how observed frequency
cutoffs and dispersion measurements of MR and SR echoes,
combined with ray tracing calculations, lead to the remote
estimation of the altitude distribution of electron density and
ion effective mass meff . Combinations of observations and
ray tracing further allow identification of density irregularities along the field line passing through IMAGE in the altitude range from the satellite to the bottom of the ionosphere
around 90 km.
[11] The organization of this paper is as follows. Section 2
describes the physical mechanisms involved in various types
of WM echoes and shows the results of ray tracing calculations. Section 3, with the help of two case studies, illustrates
the new radio sounding method for the remote determination
of electron density, ion effective mass, and scale sizes and
locations of density irregularities along the field line passing
through IMAGE. With certain reasonable assumptions the
ion effective mass measurements provide estimates of H+,
He+, and O+ densities. Section 3 also presents a discussion of
uncertainties in the WM sounding method. Section 4 provides
comparisons of the results presented here with other measurements and an IRI model, while section 5 offers a summary and concluding remarks.

2. Physical Principles Underlying Whistler Mode
Echo Propagation
[12] In this section we discuss the physical mechanisms of
WM echo production based on the properties of the WM
refractive index surface and application of Snell’s law to WM
propagation in the magnetosphere. Using ray tracing calculations we verify the proposed echo mechanisms and provide
quantitative results on echo properties including initial wave‐
normal angle, bending of rays as a function of altitude, wave‐
normal and ray behavior near the reflection point, the extent
of echo raypaths in L‐shell and altitude, and the wave‐normal
direction of the echo when it is received by the satellite.
2.1. Types of Whistler Mode Echoes Received as a
Function of Satellite Location and Injected Frequency
[13] Figure 2, described in detail in Paper I (section 2.2),
provides a conceptual framework for discussing the occurrence of various types of WM echoes as a function of satellite
location and injected wave frequency. This figure summarizes plasma parameter variations along B0 and various
types of echoes that are detectable depending on the satellite
altitude and the relation of injected wave frequency to the
profile of flh along B0.
[14] The expression for flh [Smith and Brice, 1964], which
plays a key role in WM propagation, reflection, and echo
formation, is given below for a magnetospheric plasma
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Figure 2. (a) Typical variation of plasma parameters (fpe ‐ dash dot curve, fce ‐ dotted curve, flh ‐ solid
curve, meff ‐ dashed curve) with altitude along the field line passing through the IMAGE satellite. (b) Schematic representation of WM echoes when the sounder is above Rflh,max1. The magnetospheric reflections at
altitudes where flh ∼ f are shown by red colored traces and specular reflections of normally incident (NI) and
obliquely incident (OI) rays at the Earth ionosphere boundary (RBot) are shown by green and gold colored
traces, respectively. (c) Same as Figure 2b but when the sounder is below Rflh,max1 and near Rflh,min. (d) Same
as Figure 2b but when the satellite is below Rflh,max1 and near RF2, but above Rflh,max2, the altitude at which
the second maximum in flh occurs. In this case no OI echo is observed.
composed of electrons, protons (H+), and helium (He+)
and oxygen (O+) ions.
1
¼
flh2
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below.
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ð1Þ

where mp /me ≈ 1836 is the ratio of the proton mass
to the electron mass, fpe and fce the electron plasma and

ð2Þ

where aH+ = NH+ /Ne, aHe+ = NHe+ /Ne, aO+ = NO+ /Ne, are the
fractional ion abundances and Ne, NH+, NHe+, and NO+ are the
densities of electrons, H+, He+, and O+ ions respectively.
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Figure 3. Topology of the WM refractive index surface as a function of frequency. For a given wave‐
normal angle , the ray direction is normal to the refractive index surface (see text for details).
[15] The charge neutrality of the plasma requires
H þ þ Heþ þ Oþ ¼ 1

ð3Þ

[16] Figure 2a shows typical variations along B0 of
plasma parameters, fpe, fce, meff, and flh, (the specific plasma
density model shown in this figure was obtained from a ray
tracing analysis of WM echoes observed on 22 October 2005,
when the satellite was at RSat ∼3400 km and L = 2.13 (see
section 3)). The frequency scale corresponding to fpe and fce
is shown above and the scale corresponding to flh (in kHz)
and to meff (in amu) is shown below.
[17] We use ray tracing in order to determine the conditions
under which an echo can be detected on IMAGE. From the
satellite location, at a given frequency f < min(fpe,Sat, fce,Sat),
WM waves are injected at all possible wave‐normal angles
permitted by the whistler mode refractive index relation. As
the rays propagate away from the satellite, depending on their
initial wave‐normal angles, they may reflect magnetospherically at an altitude where local flh ∼ f, or they may
continue until they undergo specular reflection at normal or
oblique incidence at the Earth‐ionosphere boundary. If after
reflection the waves return to the satellite, an MR or SR echo
will be detectable, in the SR case as either NI or OI,
depending on the angle of incidence at the ionospheric
boundary.
[18] The types of WM echoes that are detectable and their
properties as a function of satellite altitude and transmitted
frequency depend on certain key plasma frequencies and their
distributions in altitude. For example, when the satellite is
above Rflh,max1 altitude, the key frequencies are the lower
hybrid frequency at the satellite (flh,Sat) and the maximum
lower hybrid frequency (flh,max1) along B0, while the key
altitude is Rflh,max1, at which flh,max1 occurs. The Rflh,max1 level
tends to occur a few hundred kilometers above the O+‐H+
transition height, at which H+ and O+ ions are in equal proportion. This height, which typically occurs where meff
changes steeply, is often taken as a parameter representing
a transition from the O+ dominated ionosphere to the H+
dominated magnetosphere. The Rflh,max1 altitude for the
plasma density model shown in Figure 2a is 1374 km and
the transition height 1108 km.
[19] Figure 2b shows the types of WM echoes expected as
a function of wave frequency when the satellite is above the

Rflh,max1 altitude, and 2c and 2d show the same when the
satellite is at altitudes below Rflh,max1. In one case (2c) the
satellite is close to Rflh,min and in the other (2d) it is close to
RF2 but above Rflh,max2, where RF2 and Rflh,max2, respectively,
are the altitudes of the F2 layer peak in electron density and a
second maximum in flh. In this figure, MR, NI, and OI echoes
are shown as red, green, and gold color traces, respectively.
[20] Figure 2b indicates that for f < flh,Sat only the NI echo
is expected, while for flh,Sat < f < flh,max1, both NI and MR
echoes are possible. There is a maximum frequency cutoff
fMR,max ] flh,max1 for MR echoes. For f > fMR,max NI and OI
echoes are expected. Thus we have a lower cutoff fOI,min >
fMR,max for OI echoes.
[21] Figure 2c shows that when the satellite is below
Rflh,max1 and near Rflh,min, we can have an MR echo reflected
from above and NI and OI echoes from below. Figure 2d
indicates that if a sounder could be close to RF2 and above
Rflh,max2, we can have an MR echo from above and an NI
from below, but no OI echo.
[22] In the next two subsections we describe how the
application of Snell’s law in the context of variations in
topology and size of the WM refractive index surface along
B0 explains the production and frequency range of the various
WM echoes shown in Figure 2 as well as the spatial forms
(looping or non‐looping) of the echo raypaths.
2.2. Whistler Mode Refractive Index Surface
[23] The nature of the refractive index surface determines the key properties of waves propagating in the whistler
mode. Figure 3 shows three examples of the projection of the
refractive index surface on the magnetic meridional plane.
For a given value of the angle  between the magnetic field B0
and the wave‐normal vector k, the refractive index m() is
given by the length of the radius vector and the ray direction
by the normal to the refractive index surface at the tip of the
radius vector. The topology and size of the refractive index
surface depend on the value of wave frequency f relative to
the characteristic plasma frequencies fpe, fce, and flh.
[24] The salient properties of the refractive index surface
topology in a cold plasma are as follows: (1) for f < flh, the
surface is closed (Figure 3a). For wave‐normals directed
away from B0 (toward lower or higher L‐shells) the ray
direction is codirected, away from B0. (2) For flh < f < fce /2,
the refractive index surface is open (Figure 3b) with a limiting
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resonance cone angle R defined below, at which the refractive index becomes infinite. The surface has convex topology
at small wave‐normal angles near  ∼ 0° and concave topology at large wave‐normal angles near  ∼ G, where G is
the Gendrin angle defined below. For  < G, the wave‐
normal and the ray are co‐directed away from B0, whether
toward lower or higher L shells, while for  > G, they are
oppositely directed. At  = G the ray direction is parallel
to B0. (3) For fce /2 < f < min(fpe, fce), the refractive index
surface is open with concave topology (Figure 3c). In this
case the wave‐normal and the ray are oppositely directed at all
wave‐normal angles except 0°, when they are both parallel to
B0. Although in a cold plasma the refractive index approaches
infinity at the resonance cone angle, in practice the realizable
values of m are restricted to less than ∼10,000 [Sonwalkar
et al., 2004] because of the Landau damping imposed by
finite temperature.
[25] Another important characteristic of the refractive
index surface is its size. For our purpose the size of the
closed surface is characterized by values of m() for  = 0°
and  = 90°, while for the open surface it is characterized by
values of m() at  = 0°, at the Gendrin angle, and by the
value of the resonance cone angle. For a given frequency,
the refractive index is roughly proportional to fpe, and the
Gendrin and resonance cone angles increase with fce.
[26] The expression for the whistler mode resonance cone
angle, neglecting terms of the order of me /mp, is
tan R ¼
2

!
!,
fpe2
fpe2
:
1
1þ 2
f2
fce  f 2

ð4Þ

[27] An upper limit on R is obtained when fpe  fce.
In this case (4) reduces to cos R = f/fce. When fpe  fce,
2
− f 2)/f 2.
(4) reduces to tan2 R = (fpe
[28] An approximate expression for the Gendrin angle
under the quasi‐longitudinal (QL) approximation and when
f  flh is given by Gendrin [1961]:
cos G  2f =fce

ð5Þ

[29] This approximate expression is generally satisfied
for OI echoes but not for MR echoes, for which f ∼ flh near
the reflection point. We note that for f  fpe and f  fce,
R and G (<R) are both close to 90°.
2.3. Mechanisms of MR, NI, and OI Echoes
as Indicated by Application of Snell’s Law and Use
of Ray Tracing
[30] In this section we discuss the topology and relative
size of the WM refractive index surface at certain key altitudes along B0 below ∼3400 km. By applying Snell’s law
we immediately see how various types of echoes described
in section 2.1 develop. Then by means of ray tracing using
a typical magnetospheric plasma density model (e.g.,
Figure 2a), we are able to explore details of the raypaths,
including launch and arrival angles at the satellite.
[31] Ray tracing calculations in a realistic magnetosphere
were performed using the Stanford 2‐D Ray Tracing Program
(Inan and Bell [1977], discussed more fully in a later section).
Such calculations provide quantitative information on wave‐
normal directions, raypaths, and conditions near reflection
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altitudes. The program is capable of modeling WM propagation that includes magnetospheric reflections. Wave‐
normal and ray direction at the bottom of the ionosphere
are calculated assuming a sharp boundary at 90 km. A general
description of the ray tracing program and density model
is given in section 3.1. The ray tracings simulate the propagation of the MR and SR echoes observed on 22 October
2005 that are illustrated in Figure 1c.
[32] Four distinct frequency regimes will be considered:
(1) f < flh,Sat, (2) flh,Sat < f < flh,max1, (3) flh,max1 < f < fce,Sat /2,
and (4) fce,Sat /2 < f < min( fpe, fce).
2.3.1. Case of f < flh,Sat
[33] We begin with the case of frequencies f1 < flh,Sat (i.e.
<6.3 kHz in Figure 2b). Altitude variations in the refractive
index surface are shown in Figure 4a for key locations marked
at the left. In order to simplify the discussion of this and the
figures to follow, B0 is shown in the vertical direction and the
planes of stratification are assumed to be horizontal, i.e.
perpendicular to B0. To retain the distinction between the
vectors pointing toward lower or higher L shells, directions
to the right in Figure 4a are considered to be toward lower
L‐shells.
[34] To determine the wave‐normal direction and the ray
direction as the wave propagates downward or upward, a
vertical dotted line is drawn at a horizontal distance equal to
m(i) sin i from B0, where i is the initial wave‐normal angle
at the satellite. Two such lines are drawn, one corresponding
to a small and the other to a large initial wave‐normal angle.
According to Snell’s law, for a horizontally stratified magnetosphere, the projection of the wave‐normal vector along
the horizontal should remain constant. The wave‐normal
direction at each altitude (not shown) is given by joining the
solid circle origin of the refractive index plot and the point of
intersection of the dashed vertical line with the refractive
index surface. The ray direction is given by the normal to the
refractive index surface at the point of intersection. Rays
corresponding to small initial wave‐normal angles are shown
by green arrows and those corresponding to larger initial
wave‐normal angles by red (4a, 4b) and gold (4c, 4d) arrows.
Thicker arrows are used for rays going downward and thinner
ones for those going upward after reflection.
[35] To simplify our discussion, note from Figure 2a that
for the case f < flh,Sat, f < flh at all points below Rsat. As shown
in Figure 4a the refractive index surface is therefore closed all
the way to the bottom of the ionosphere. For small initial
wave‐normal angles (green arrows) the raypath at all altitudes
points away from the B0 direction toward either higher or
lower L shells. It generally reaches RBot with wave‐normal at
oblique incidence, except for that single ray with wave‐
normal (i = 0°, since B0 is assumed vertical) at vertical
incidence that can retrace its path and intercept the satellite.
All others diverge away from the sounder location. The wave‐
normal direction of the NI‐SR echo arriving at the satellite is
exactly that of the injected wave but in the opposite direction.
[36] For large initial angles (red arrows), the ray again
points away from B0. However, because of the shrinking
refractive index surface with decreasing altitude, the ray
direction steadily increases toward 90° and then reverses from
downward to upward at some altitude above Rflh,max1. The
raypath then continues to point away from B0 and (unless
there is some type of scattering from irregularities) does not
intercept the satellite.
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Figure 4. Topology and relative size of the WM refractive index surface along B0 for various frequency
ranges at certain key altitudes. RSat, Rflh>f , Rflh,max1, RF2, and RBot, respectively, represent altitude of the
satellite, flh > f region (see Figure 2), flh,max1 level, F2 peak altitude, and the bottom of the ionosphere.
[37] The panels of Figure 5, which display key elements of
B0 field curvature and of spatial variations in refractive index
topology, provide results of ray tracing calculations at 3 kHz
for the case of Figure 4a (f < flh,Sat). Waves were injected at
all wave‐normal angles under conditions of a closed refractive index surface at the satellite. The figure indicates the
launching of three representative rays, a, b, and c at low
wave‐normal angles and two, d and f, at large angles. Propagation involving specular reflection is shown in green for
aa′a″, bb′b″, and cc′c″ (Figures 5a and 5c) and in red
for magnetospherically reflecting waves dd′d″ and ff ′f ″
(Figures 5b and 5c). Details of paths a, b, and c as they
reach the bottom of the ionosphere (90 km), including the
incident and reflected wave‐normal angles, are shown with
Poeverlein constructions at the bottom of Figure 5c. If the
initial wave‐normal angle of a wave arriving at the bottom
of the ionosphere is such that m(i) sin i < 1, then that wave
will be partially reflected and partially transmitted, as indicated in Figure 4a. This occurs since the vertical dashed line
in Figure 4a showing the Snell’s law condition for initially

low wave‐normal angles intercepts the semicircle of unit
radius that represents the idealized refractive index surface
for WM waves entering the Earth ionosphere waveguide
from above.
[38] Ray tracing details shown in Figure 5a include the NI‐
SR echo (ray b), launched at a small wave‐normal angle
(i ∼21.7°) toward lower L shells (because of the tilt of the
dipole field). The path at first moves steadily away from the
B0 of the satellite before being retraced after the reflection.
The short black lines associated with ray bb′b″ give wave‐
normal directions along the raypath. Dotted green curves
show the fate of the two obliquely incident rays aa′a″ and
cc′c″ as they diverge away from the satellite location.
Figure 5b illustrates the magnetospheric reflection experiences of rays dd′d″ and ff ′f ″ as they too diverge away from
the satellite. Here again the short black lines associated with
the rays give wave‐normal directions along the raypath.
[39] When f < flh,Sat, changes in the refractive index
topology, say from closed to open, may occur at altitudes
<Rflh,max1 if there are certain changes in the details of the flh
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Figure 5. Propagation and reflection of whistler mode waves and development of WM echoes for f <
flh,Sat (see text for details).
profile at such altitudes. However, because the topologies of
the closed and open refractive index surfaces are similar for
small wave‐normal angles, these changes do not matter for
NI‐SR echoes. And because magnetospheric reflections
occur above Rflh,max1, changes in topology below <Rflh,max1
do not affect propagation and reflection of MR echoes. Thus
for all frequencies f < flh,Sat we expect NI‐SR echoes irrespective of the details of the flh profile at the lower altitudes.
[40] Although called specular, SR reflection may be
understood to include penetration of the ionospheric lower
boundary by a fraction of the incident wave energy.
2.3.2. Case of flh,Sat < f < flh,max1
[41] Consider now the frequencies f2 and f3 in Figure 2b at
which MR echoes can be expected. For the density model
shown in Figure 2, these frequencies lie in the 6.3 kHz (flh,Sat)
to 9.9 kHz (flh,max1) frequency range. The situation is illustrated in Figure 4b in terms of refractive index topology and
in Figure 6 in terms of ray tracing results for a frequency f =
8.4 kHz. As in the case of 4a, the waves injected at low wave‐
normal angles point outward from B0 all the way to the bottom of the ionosphere. This occurs in spite of changes with
altitude in the refractive index topology and size. The corresponding ray tracing results, green curves in Figure 6a, are
therefore similar to those in Figure 5a, again showing divergence from the satellite after reflection except for the single
ray bb′b″, launched at i ∼21.9°, that is able to retrace its path
after reaching the ionosphere at normal incidence.
[42] With flh,Sat < f, the refractive index surface at the satellite is open, as illustrated in Figure 4b and again schematically in Figure 6c, where ray bb′b″ is shown (green curve)
as well as a red ray ee′e″ launched at the initially large wave‐
normal angle 88.22°. Significant changes in the red ray
direction occur where the refractive index surface changes
topology or size. An initial ray direction away from B0 toward
higher L shells (shown most clearly in Figure 4b) changes to
point toward lower L shells as the ray penetrates a region of
magnetospheric reflection where flh > f. The ray becomes

transverse to B0 and then turns upward, pointing toward
lower L‐shells. The ray again points toward higher L shells
after returning to an altitude above which flh < f.
[43] The altitude at which the raypath of an MR echo
becomes transverse to B0 can be defined as its reflection
altitude. This is the altitude indicated in the schematic of
Figure 2b as the reflection altitude for flh ∼ f. In general,
the local lower hybrid frequency at the MR reflection point
will be greater than but close to the wave frequency. Thus
we will have flh,max1 > fMR,max, where fMR,max is the upper
cutoff frequency of the MR echo.
[44] The ray tracing details of these changes are shown in
Figure 6c, indicating that the red MR ray for f = 8.4 kHz
becomes transverse to B0 at a point where flh = 8.9 kHz
(Figure 6b). The directional changes are such that the raypath
forms a loop and intercepts the satellite. The wave‐normal
directions of MR echoes arriving at the satellite are consistently large, between G and R. The satellite can also be
intercepted by a ray launched along the same path ee′e″ but
in the opposite direction (e″e′e). In general, two oppositely
directed echoes, based on their time delays alone, will not be
distinguishable in a smooth magnetosphere. However, the
presence of irregularities may affect the two echoes differently. Depending on the properties of the radiating antenna,
the amplitudes of these two echoes may also differ.
[45] Other rays launched at large but slightly different
initial wave‐normal angles, for example dd′d″ and ff ′f ″ in
Figure 6b, undergo magnetospheric reflection at different
altitudes and L‐shells and follow looping trajectories, but
their return upward paths do not intercept the satellite. As in
the actual MR echo case, the local flh at the reflection altitude
is higher than the wave frequency.
[46] As in the case of f < flh,Sat, again depending on the
values of f relative to the lower altitude flh profile features
flh,min, flh,max2, and flh,Bot, the topology of some of the
refractive index surfaces shown in Figure 4b may be different at altitudes below Rflh,max1 and near RF2. For the reasons
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Figure 6. Propagation and reflection of whistler mode waves and development of WM echoes for flh,Sat <
f < flh,max1 (see text for details).
discussed above for the f < flh,Sat case, we still expect to
observe NI and MR echoes.
2.3.3. Case of flh,max1 < f < fce,Sat /2
[47] When sounder frequency f exceeds flh,max1 the maximum value of flh below the satellite, only reflections from
the bottom of the ionosphere (SR echoes) are expected.
Figures 4c and 7 illustrate this situation for that part of the f4
frequency range in Figure 2b in which flh,max1 < f < fce,Sat/2, in
this example f = 18.9 kHz. For the density model shown in
Figure 2a, fce,Sat = 321 kHz and f4 lies in the frequency range
9.9 kHz (flh,max1) and 160 kHz (∼fce,Sat /2). We see that the
refractive index surface is open all the way to the bottom of
the ionosphere and that once again, a ray bb′b″ (solid green
curve in Figure 7a), launched in this case at 21.6°, returns to
the satellite after reflection at normal incidence. Meanwhile,
other low wave‐normal‐angle rays aa′a″ and cc′c″ (dotted
green curves in Figure 7a) reflect at RBot and diverge away
from the satellite, as we have come to expect.
[48] Some surprising behavior occurs along raypaths
launched at large wave‐normal angles as shown in Figures 4c
and 7 with gold color. One might have expected that after
SR reflection, any wave arriving with oblique incidence at
RBot would diverge away from the satellite, as in the cases of
low‐initial‐wave‐normal rays aa′a″ and cc′c″ in Figure 7a.
However, an important change in ray direction occurs at low
altitude (∼600 km) above the F layer region, where the wave‐
normal direction  becomes less than G, due to an increase in
size of the refractive index surface. As a result the raypath
changes from pointing toward higher L shells to pointing

toward lower L shells. Then, after oblique ionospheric incidence and reflection, a looping path ee′e″ back to the satellite
is formed. As in the MR case, this path can (in principle) be
traversed in either direction. Figures 7b and 7c show various
details of the path, as well as a Poeverlein construction of the
OI‐SR reflection. The wave‐normal directions of the OI‐SR
echoes arriving at the satellite are large, between G and R, as
in the MR case. Rays dd′d″ and ff ′f ″, launched at neighboring
large wave‐normal angles (dotted gold curves in Figure 7b),
reflect at RBot and then diverge away from the satellite.
[49] In this OI case the looping behavior is due primarily to
a change in size of the refractive index surface that brought
the wave‐normal inside the Gendrin angle. Meanwhile, the
loop effect in the case of the MR type reflection was primarily
caused by a change in the form (open to closed) of the
refractive index surface as the wave frequency fell below flh.
[50] We note that unlike NI echoes that are partially
reflected and partially transmitted, OI echoes undergo total
internal reflection.
2.3.4. Case of fce,Sat /2 < f < min( fpe,Sat , fce,Sat)
[51] For this range of frequencies f4 in Figure 2b, the frequency used for ray tracing was 200 kHz. For the density
model shown in Figure 2a fpe,Sat = 525 kHz and fce,Sat =
321 kHz and f4 lies in the frequency range 160 kHz (∼fce,Sat /2)
and 321 kHz (fce,Sat). Figure 4d shows that the refractive
index surface is open all the way to the bottom of the ionosphere. The main difference from the case of Figure 4c is that
at the highest altitudes, the refractive index topology is as
shown in Figure 3c: open but without a Gendrin angle. The
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Figure 7. Propagation and reflection of whistler mode waves and development of WM echoes for flh,max1 <
f < fce /2) (see text for details).
distinction between the initial directions of small and large
wave‐normal angle waves is not present here. All wave‐
normal angles initially injected toward lower L‐shells have
rays directed toward higher L‐shells. As altitude decreases
and local fce increases, the wave frequency f falls below
local fce /2 and the ray that began at the larger wave‐normal
angle may now be outside the Gendrin angle while still
directed toward larger L shells, as in the case of Figure 4c
for f < fce,Sat /2. The NI ray, at the lower wave‐normal
angle, now points toward lower L shells and continues to
do so until RBot. In the dense F region at RF2, with the large
increase in size of the refractive index, OI ray behavior
is similar to that for f < fce,Sat /2, but in this case, the Snell’s
law condition for partial reflection from the ionosphere may
be met by both the NI ray at normal incidence and the gold
OI‐SR ray at oblique incidence (see Figure 4d, bottom).
[52] The ray tracings in Figures 8a and 8c show that
at intermediate frequencies between fce,Sat /2 and fce,Sat, the
OI‐SR echo’s looping path is such that the ray leaves the
satellite toward higher L‐shells and on return again approaches
the satellite from higher L‐shells. The initial wave‐normal
angles for NI‐SR (b = 21°) and OI‐SR (e = 17°) echoes are
comparable (Figures 4d and 8b). The wave‐normal directions
of arriving OI‐SR echoes (e″ = 25°) in this range are also
comparable to those of NI‐SR echoes.
[53] We find that the OI echoes are totally reflected at the
lower end of the fce,Sat /2 < f < min(fpe,Sat, fce,Sat) range and
partially reflected for frequencies in the middle of this range.
At very high frequencies, near the WM cutoff, there is no
OI‐SR echo. Furthermore, we find that at transmitted frequencies close to fce,Sat an NI echo is not possible.
[54] As can be seen in Figures 8a and 8b, for f > fce,Sat /2,
the echo propagation paths of both the NI‐ and OI‐SR echoes
remain close to B0 within DL ∼0.14 L. This is in contrast

to the lower frequency ranges (Figures 5c, 6c, and 7c), where
the NI‐SR echo paths cover a larger range in L‐shells
(DL ∼0.3 L) than those of the MR and OI‐SR echoes, which
remain close to B0 within ∼0.003 L and ∼0.05 L, respectively.
[55] Overall, we found that the round trip WM time delays
as a function of frequency calculated from the ray tracings
agree with those measured. This agreement for the case when
the satellite is above Rflh,max1 altitude is discussed in the next
section.
2.4. General Comments Based on the Ray Tracing
Analysis
[56] The OI‐SR echo differs from the NI echo in several
important respects: (1) The NI echo is expected over the entire
range of WM frequencies, whereas the OI echo is expected
for f ∼ flh,max1 and above. The lower cutoff of an OI echo,
fOI,min, is close to but can be lower or higher than flh,max1.
fOI,min is always greater than the MR echo upper cutoff
fMR,max. (2) The NI is normally incident, such that m sin d = 0,
where m and d, respectively, are the refractive index and
wave‐normal direction with respect to the local normal, and
we have partial reflection at RBot. The OI echo is obliquely
incident, such that m sin d > 0 and we may have partial or total
reflection. The ray tracing calculations discussed above
indicate that for frequencies below fce,Sat /2 the reflection is
total. At frequencies greater than fce,Sat /2, the reflection may
be total or partial.
[57] MR and SR echoes observed when the satellite is
below Rflh,max1 (Figures 2c and 2d) can be explained through
application of Snell’s law in a manner similar to that
employed in the discussion of Figure 4. The analysis presented here can also be applied to other possible cases such as
those of echoes that undergo reflection from the conjugate
hemisphere or of echoes when the density model is different

10 of 24

A11211

SONWALKAR ET AL.: WM RADIO SOUNDING OF ELECTRONS AND IONS

A11211

Figure 8. Propagation and reflection of whistler mode waves and development of WM echoes for fce/2 <
f < min(fpe, fce) (see text for details).
I

(e.g., flh,max2 > flh,max1). Such discussions are beyond the
scope of this paper.
[58] Our discussion of WM echo production is applicable
at low altitudes (]5000 km) where WM echoes have been
observed on IMAGE. Above ∼5000 km, altitude dependent
variations in key frequencies such as fce,Sat /2 and flh,Sat
become of critical importance and pose problems for a
monostatic approach to echo detection. These issues will not
be further discussed here.

3. Formulation and Solution of the Whistler
Mode Radio Sounding Inverse Problem
[59] In the previous section we analyzed the direct problem
of WM radio sounding: given a typical magnetospheric
plasma distribution, determine the type and characteristics
of the WM echoes that can be observed on the satellite.
In this section we address the inverse problem: given the
characteristics/properties of observed WM echoes, determine
the magnetospheric plasma distribution along the echo raypaths.
[60] The spatially varying unknown plasma distribution,
characterized by electron density (Ne), fractional ion abundance (ai), and the geomagnetic field (B), must satisfy the
following constraints.
flh;Sat ’ fMR;min
flh;max 1
I

> fMR;max


and flh;max 1  fOI;min



ds=vg f ; ; B; Ne ; meff ¼ tg ð f =MRÞ

MR Echopath

fMR;min < f < fMR;max

ð6Þ
ð7Þ

ð8Þ



ds=vg f ; ; B; Ne ; meff ¼ tg ð f =NI Þ

NI Echopath

ð9Þ

fNI;min < f < fNI;max
I



ds=vg f ; ; B; Ne ; meff ¼ tg ð f =OI Þ

OI Echopath

ð10Þ

fOI;min < f < fOI;max

where variable s denotes the distance along the raypath, vg is
the group velocity along the raypath, tg( f/MR), tg( f/NI), and
tg( f/OI) are the measured time
H delays for MR, NI, OI echoes,
respectively. The integral ds/vg gives the total round trip
echo propagation time (time delay). The integral is evaluated
along the echo raypaths, which are distinct for MR, NI, and
OI echoes, as discussed in the previous section. The group
velocity is a function of wave frequency ( f ), wave‐normal
angle (), and medium parameters B, Ne, meff.
[61] In equations (8)–(10) we have described the vg
dependence on meff and not on individual ion concentrations.
As discussed in Appendix B, for whistler mode propagation
at frequencies well above local ion gyrofrequencies ( fci),
the refractive index depends on the ion effective mass and not
on the relative concentrations of the individual ions. Thus
sounding at frequencies f  fci can in principle provide
remote sensing of Ne and meff . Further assumptions are
required in order to obtain the fractional abundances of
individual ions.
[62] Because constraints (8)–(10) are integral equations,
the inverse problem of determining the plasma distribution is
ill‐posed. Infinitely many plasma distributions can satisfy
these equations as long as the boundary conditions given by
(6) and (7) are satisfied. We also note that while equation (7)
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provides the approximate value of flh,max1 along the MR and
OI echo raypaths, or essentially along B0 (because the MR
and OI raypaths lie close to B0) the equation does not provide
the altitude of flh,max1.
[63] A general procedure to solve an ill‐posed problem
of this kind is to assume a parametric model for the density
and then determine the parameters of that model that are
consistent with experimental measurements. This procedure
has been used for radio sounding of the bottomside and
topside ionosphere using cold plasma R‐X, L‐O, and Z
modes [Benson, 2010, and references therein]. The parametric model is chosen so as to be flexible enough to
encompass a large variety of the past plasma density and
composition measurements at a wide range of locations
within the magnetosphere.
[64] Our specific method of analysis is based on ray tracing
calculation of WM propagation in a magnetosphere described
by a parametric diffusive equilibrium density model and a
dipole magnetic field. Our first step is to choose parameters
such that the resulting density model satisfies constraints
given by equations (6) and (7). With this model, ray tracings
are then carried out to simulate MR, OI, and NI echoes. The
calculated time delays are compared with the measured ones.
Based on the discrepancies, a new density model is built and
the entire process is repeated until a model is found for which
the calculated and measured time delays agree within the
experimental uncertainties.
3.1. The Stanford 2‐D Ray Tracing Program
[65] As noted earlier, we use a Stanford 2‐D ray tracing
program for predicting WM propagation in the magnetosphere [Inan and Bell, 1977]. The program solves the
Haselgrove equations [Haselgrove, 1955] in order to determine the raypath in the magnetic meridional plane, assuming
the magnetospheric density model described below.
[66] Reflections at the Earth‐ionosphere boundary are
modeled as specular reflections at a specified altitude, typically 90 km. This approach therefore falls short of providing
the type of full wave treatment that would be essential for a
complete analysis. The ray tracing program also neglects
D region absorption, which is important in daytime and
increases with frequency [Helliwell, 1965].
[67] The Stanford ray tracer employs a dipole field model, a
diffusive equilibrium model for density along field lines
within the plasmasphere, and an (r−n) density falloff outside
the plasmasphere. The dipole field model is characterized by
a single assignable parameter, fce,Eq, the gyrofrequency at the
geomagnetic equator at the Earth’s surface.
[68] The diffusive equilibrium density model, described
quantitatively in Appendix A, is characterized by a few key
parameters, including electron density Nb and ion composition ai, i = 1, 2, 3 at the altitude base rb of the diffusive
equilibrium model, and temperature T . The lower ionosphere
is characterized by a scale height HBot and the geocentric
distance r0 to the lower ionosphere where density becomes
zero. The plasmapause is characterized by its magnetic shell
parameter Lp and width Wp.
[69] One of the limitations of the diffusive equilibrium
model in the ray tracing program is that it uses a single
temperature (T) for all three ion species H+, He+, and O+,
which leads to scale heights of the ion species that are
inversely proportional to their masses. This limits the possible
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altitude variation of relative ion concentration and therefore
of meff. Despite this limitation, the density model allows much
flexibility in calculating desired densities at different points
along the field line [e.g., Inan and Bell, 1977; Inan et al.,
1977].
3.2. Application of the Sounding Method to Echoes
Observed on 22 October 2005
[70] As shown in Figure 1, on 22 October we observed MR
(6.6–9.3 kHz) and OI (10.2–33.3 kHz) echoes with time
delays ranging between ∼85–180 ms and ∼110–180 ms,
respectively. No NI echoes were observed on this day.
From the observed MR and OI echoes we found that flh,Sat ⋍
fMR,min = 6.3–6.6 kHz, flh,max1 ^ fMR,max = 9.3 kHz and
flh,max1 ≈ fOI,min ] 10.2 kHz.
[71] The dipole field parameter fce,Eq is chosen such that
fce calculated from the model value at the satellite location is
equal to that obtained from the IGRF (experimentally measured fce, if available, could be used instead of an IGRF
value). We start with an initial guess for the model parameters. The location of the plasmapause Lp is chosen to be ∼4 as
obtained from the sharp fall‐off of the upper hybrid ( fuh)
emission observed on the dynamic spectra recorded at a
nearby time. The width of the plasmapause Wp is chosen to
be 0.1. We assume an r−4.5 density variation outside the
plasmasphere so as to closely match a collisionless model
(r−4) at middle invariant latitudes [e.g., Eviatar et al., 1964;
Angerami and Thomas, 1964; Angerami, 1966] as well as an
r−5 empirical model at high latitudes [e.g., Persoon, 1988].
Since the satellite was well inside the plasmasphere when
the echoes were observed, our results are not sensitive to the
values of Lp and Wp and the exponent in the r−n model. As an
initial guess, we choose nominal values for the diffusive
equilibrium model parameters: rb = 1000 km, T = 1800 K,
HBot = 140 km, r0 = 50 km. The electron density Nb and the
fractional ion abundances ai at the base are chosen so that the
resulting density model agrees with the constraints given by
equations (6) and (7).
[72] Ray tracings are carried out at frequencies covering the
range of frequencies of the observed MR and OI echoes. Rays
are launched at initial wave‐normal angles from 0° to res.
The downgoing rays, depending on their frequency and the
initial wave‐normal angle, reflect either magnetospherically
or at the Earth‐ionosphere boundary, as discussed in the
previous section. The rays that return to the satellite are
assumed to represent the propagation paths of MR, OI, and
NI echoes (two closely spaced rays arriving on two sides
of the satellite are used to estimate this ray).
[73] The ray tracing calculations provide time delay (tg) as a
function of frequency for the MR, OI, and NI echoes. The
calculated delays are compared with the measured ones (since
NI echoes were not observed, the calculated NI delays need
not satisfy equation (9)). If there is a discrepancy between the
calculated and measured delays, the process is repeated until
agreement is found within experimental constraints.
[74] Considerations of how various types of echoes accumulate their time delays help us in making the adjustments
of our density model during the iterative process described
above. The measured tg‐versus‐f values of MR echoes, which
reflect above flh,max1 ∼1400 km altitude, provide information
about the part of the magnetosphere that is dominated by light
ions H+ and He+. The time delays of MR echoes are sensitive
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Table 1. Ray Tracing Model Parameters
Parameter

22 Oct 05

26 Oct 05

fce,Eq
Lp
Wp
n
Nb
rb
T
aH+ (rb)
aHe+ (rb)
aO+ (rb)
r0
HBot

850
4
0.1
4.5
7895
1180
1550
0.45
0.3
0.25
6420
140

850
4
0.1
4.5
7645
1180
1700
0.4
0.3
0.3
6420
140

to both Ne and meff. At any given frequency, two thirds of the
MR echo time delay is accrued in the turn‐around region
where flh > f and the refractive index surface is closed.
[75] The time delays of OI at frequencies near flh,max1
(where delays rapidly increase with decreasing echo frequency) are sensitive to both Ne and meff. OI‐SR echoes
accrue about 50% of their time delay above flh,max1 altitude.
(At frequencies much greater than flh,max1 the time delays
of OI are sensitive to Ne only.) Since OI echoes accumulate
a large part of their time delay near Rflh,max1 and near RF2,
they provide information on the light‐ion dominated region
above flh,max1 altitude as well as the heavy O+ ion dominated
region below.
[76] Thus both MR and OI echoes provide information on
the region close to Rflh,max1, which is a few hundred kilometers above the O+‐H+ transition height, considered to be
the nominal boundary between the ionosphere and the magnetosphere. Combined ray tracing analysis of MR and OI‐SR
time delays therefore provides information on ion composition from the sounder altitude down to 90 km.
[77] Like OI echoes, NI echoes accrue about 50% of their
time delay above flh,max1 altitude and about 50% below. But
unlike OI echoes, NI echoes propagate at low wave‐normal
angles and their delays are not sensitive to ion composition
at any altitude. Relative to OI, NI echoes accrue a greater
fraction of their time delay near the F2 peak.
[78] When we take into account the propagation characteristics (tg − f) of MR, OI, and NI echoes, it is possible to
devise an efficient algorithm which, typically in 2–3 iterations, will lead to a density model that provides a close match
between the simulated and observed properties of WM
echoes, including time delays and cutoffs.
[79] We found a density model that satisfies equations (6)
and (7) as well as the equations (8) and (10) that relate to
MR and OI time delays and cutoffs. The parameters of this
density model are given in Table 1 under the column labeled
22 Oct 2005. A two ion model with only H+ and O+ was also
found to satisfy the equations, but was rejected on the basis of
the known presence of He+ in the region of interest. The
delays for NI echoes calculated from the three ion and two ion
models differed by more than 20 ms at each transmitted frequency. Had we observed an NI echo on this day, it would
presumably have been possible to assess the applicability of
the two ion model solely on the basis of the measured and
calculated NI time delays.
[80] Figure 9a shows a plot of electron and ion densities
along B0 for the model. The arrow on the altitude axis at
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∼3400 km indicates the satellite altitude and the arrow on the
altitude axis near ∼1100 km indicates the O+‐H+ transition
height. Figure 9b shows the characteristic plasma frequencies
and meff. The green circles near the satellite altitude in
Figures 9a and 9b show the in situ electron density deduced
from the upper hybrid frequency emissions seen on the RPI
dynamic spectra at a time near that of our WM echo observations, (see Paper I, section 4.1.1). Figures 9c and 9d show,
respectively, examples of MR and SR echo ray propagation
paths. The MR and OI raypaths lie close to the field line,
whereas the modeled NI echo deviates from the field line up
to 0.3 L. The calculated time delays as a function of frequency
for the MR and OI‐SR (black) and NI‐SR (gray) echoes are
shown in Figures 9e and 9f, respectively. The measured time
delays for the MR (9(e)) and OI (9(f)) are represented by
vertical red bars, indicating that the calculated time delays for
the MR and OI echoes agree with those measured within
experimental uncertainties.
[81] In general at higher frequencies (e.g., f > 20 kHz in
Figure 9f) the slope of the tg vs f curve is greater for NI
echoes. This distinction can be used to identify OI and NI
echoes when they occur at higher frequencies.
[82] The ray tracing analysis shows that fMR,max = 9.3 kHz
and fOI,min = 9.5 kHz (see Figures 9e and 9f). There is a range
of frequencies 9.3 < f < 9.5 kHz for which neither MR nor OI
echoes are possible. Thus there is a caustic phenomenon for
waves injected at large wave‐normal angles in this frequency
range. The ray tracing shows that all large wave‐normal
angles injected toward higher L‐shells reach the satellite
altitude below/above the L‐shell of the satellite after MR/OI
reflection and vice versa.
[83] Comparisons of the density and ion composition
measurements obtained from WM radio sounding with those
obtained by other methods are summarized in section 4. Here
we discuss several key issues related to WM radio sounding.
3.2.1. Uncertainties in the Measurement of meff
and Ion Composition
[84] As mentioned earlier and as shown in Appendix B, for
f  fci, the WM refractive index and thus all propagation
characteristics are determined by Ne and meff along the raypath and not by the details of the ion composition. Therefore,
any ion composition that is consistent with meff obtained
from radio sounding will satisfy the equations (6)–(10). Thus
if we substitute the values of meff obtained from radio
sounding (black curve in Figure 9b) in equation (2) and solve
it subject to the constraint given by equation (3), we can
determine the ranges of fractional abundances ai for each
species that will be consistent with particular values of meff .
Figure 10 shows the ranges of possible ion fractions for H+,
He+, and O+. Uncertainty is minimum for H+ and maximum
for He+. The uncertainty in He+ is maximum when meff = 4.
[85] Any set of smooth curves that satisfy (2) and (3) at each
altitude and lie within the specific area shown for each species, represents a possible ion fractional composition. Additional assumptions are needed if we want to reduce the
uncertainty in ion composition. For example, our assumption
of a ray tracing density model in which every ion species has
the same temperature (i.e. scale height above rb is inversely
proportional to ion mass) leads to a specific ion composition
model such as the one shown in Figure 9b and also by solid
curves in Figure 10. Another assumption, such as different
temperatures for different ion species, will give another
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Figure 9. Results of ray tracing calculations performed to determine electron density and ion composition
along B0 on 22 October 2005, 20:04:42 UT. (a) Density model along B0 passing through the satellite for
electrons (green), H+ (pink), He+ (brown), O+ (cyan) ions. Arrows on the altitude axis indicate the satellite
altitude (upper arrow) and O+‐H+ transition height (lower arrow). (b) Plasma parameters corresponding to
the model shown in Figure 9a: plasma frequency fpe (green), gyrofrequency fce (blue), ion effective mass meff
(black), lower hybrid frequency flh (red). The black solid vertical lines give the range of measured flh at the
satellite altitude and the black dashed vertical line shows the measured upper cutoff of the MR echo fMR,max <
flh,max1. The solid green circles in Figures 9a and 9b, respectively, show the in situ electron density and
plasma frequency obtained from RPI passive recordings. (c) Ray tracings illustrating raypaths for the
MR (red) and NI (green) echoes at 7.8 kHz. (d) Ray tracings illustrating OI (gold) and NI (green) echoes
at 10.2 kHz. (e) Comparison of the measured time delays (dark red) of MR echoes with those from ray tracing calculations (black curve) for the density model shown in Figure 9a. The yellow area centered at 6.3 and
6.6 kHz is shown to indicate the flh,Sat ⋍ fMR,min and the associated uncertainty (0.6 kHz). The yellow area
centered at 9.3 kHz is shown to indicate the maximum measured MR echo frequency ( fMR,max indicated by
arrow) and the associated uncertainty (0.3 kHz). (f) Comparison of the measured time delays (dark red) of OI
echoes with those from ray tracing calculations (black curve) for the density model shown in Figure 9a. The
gray curve shows the time delays calculated from ray tracing for NI echoes (not observed).
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Figure 10. Uncertainty in the measurement of relative ion
compositions determined from the measured m eff (black
curve and equations (2) and (3)). The uncertainty is
removed if additional assumptions about ion distributions are
made. The solid curves show hydrogen (pink), helium
(brown), and oxygen (blue) ion relative concentrations
assuming that the three ion species have the same temperature
and follow the diffusive equilibrium model.
result. In situ measurements of ions can also be used to reduce
uncertainties in ion composition measurement.
3.2.2. Wave‐Normal Angles, Refractive Index, Landau
Damping, and Hot Plasma Effects
[86] In addition to time delays, the ray tracing calculations
provide quantitative information on wave characteristics
along echo raypaths (e.g., Figures 5–8), including wave‐
normal angle, refractive index, wavelength, group velocity,
amount of group delay accrued as a function of distance along
the raypath, MR echo reflection altitude, flh at this altitude,
length of the echo path, and details of the magnetospheric and
specular reflections. This information, coupled with the satellite motion and the transmission format, explains many
features of the observed echoes. In addition, it reveals the
advantages and limitations of the whistler mode sounding
method and provides a basis for considering how it can be
improved. In the following subsections we discuss these
various aspects of the method.
[87] A key parameter that distinguishes NI echoes from
both MR and OI echoes is the value of the wave‐normal angle
along the raypath. For both MR and OI‐SR echoes, the wave‐
normal directions throughout the ray trajectory (including
initial and arrival angles) are large and for NI they are rela-
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tively small (see Figures 5, 6, and 7). Because the wave‐
normal angles of MR and OI echoes are large, and close to
the resonance cone angle over at least a part of the echo
raypath, the corresponding refractive index values can
become large, and thus hot plasma effects may become
important [James, 1973; Hashimoto et al., 1977; Sonwalkar
et al., 1995]. In our case the maximum refractive index
values for MR echoes vary between ∼150 (9.3 kHz) and
∼300 (6.6 kHz) and those for OI echoes between ∼50
(33.3 kHz) and ∼200 (10.2 kHz). Following an analysis
similar to that of Sonwalkar et al. [1995], we estimate that for
thermal electron temperatures of ∼1–10 eV Landau damping
will become important for MR echoes when the refractive
index becomes larger than 10,000 and for OI echoes when the
refractive index becomes larger than 2000. Using hot plasma
theory, James [1973] has found that the damping of whistler
mode waves does not become significantly different from that
obtained with cold plasma theory using only electron‐ion
collisions until m cos  exceeds value of about 100. In our case
m cos  ] 4 and m cos  ] 18 at all points along the echo
raypaths for MR and OI echoes, respectively. We conclude
that in the present case and in similar ones, neither MR nor
OI echoes will suffer significant Landau damping. James
[1973] has also pointed out that hot‐plasma WM dispersion
surfaces are more open than the cold‐plasma surfaces, and are
flared on the extremities of the resonance cone, thus affecting
direction of group velocity as well as limiting its magnitude.
He found that for refractive index values up to a few hundred
the hot plasma refractive index surface lies within about 1° of
that for the cold plasma theory. We thus believe that our
application of cold plasma theory to analysis of whistler mode
echoes is justified for the most part, and that small hot plasma
corrections may be needed in certain cases where the
refractive index becomes large (e.g., MR echoes close to flh).
3.2.3. WM Sounding and Issues of Wavelengths
and FAI Scale Sizes
[88] The applicability of ray tracing to simulate wave
propagation in the magnetosphere requires that the plasma
density not change significantly over one wavelength. The
calculated wavelengths for MR, OI, and NI echoes range over
∼150–350 m (6.6–9.3 kHz), ∼150–430 m (10.2–33.3 kHz),
and ∼300–4300 m (6.6–33.3 kHz), respectively. These are
much smaller than those magnetospheric density variations
characterized by the scale heights of ion distributions,
∼100 km, ∼400 km, and ∼1600 km for O+, He+, and H+ ions at
rb = 1000 km and T = 1600°K. They are also smaller than the
typical scale height ∼150 km of the bottom side of the ionosphere. Thus our use of ray tracing to describe WM wave
propagation in a “smooth” magnetosphere is reasonable.
On the other hand, while justifying a ray tracing analysis, they
determine the scale sizes of FAIs whose scattering effects
may need to be included within the overall propagation
analysis.
3.2.4. WM Sounding and Issues of Antenna Radiation
[89] For a given input power, the amount of radiation from
an antenna depends on its length (Lant) relative to the wavelength of the radiated wave. In free space the power radiated is
large if the antenna length is comparable to the wavelength
and decreases rapidly as the antenna length becomes smaller
than the wavelength. In fact, in free space the radiated power
increases until Lant ∼ l/2 and then decreases. We expect
qualitatively similar behavior for antennas in plasmas,
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although the actual relations between the radiated power and
antenna length are more complex because of nonlinear
plasma sheath effects [Wang and Bell, 1970; Inan et al., 1981;
Sonwalkar et al., 2001]. The wavelengths (at large wave‐
normal angles), at the injection points, of ∼160–340 m of MR
(6.6–9.3 kHz) and of ∼300–400 m of OI (10.2–33.3 kHz)
echoes are of the order of a few hundred meters, comparable
to the length of the RPI radiating X‐antenna (see Paper I).
In contrast, the wavelengths (at small wave‐normal angles),
at the injection point, of ∼1600–3800 m of NI echoes (33.3–
6.6 kHz) are much larger than the antenna length. Thus we
expect relatively strong radiation at the large initial wave‐
normal angles of MR and OI echoes and relatively weak
radiation at the small wave‐normal angles that correspond to
NI echoes, particularly at low frequencies. At high frequencies
(>100 kHz), the wavelengths of NI echoes at the injection
point are reduced (e.g., ∼830 m at 119.6 kHz and ∼370 m at
326 kHz for echoes shown in Figures 9a and 9b of Paper I)
and we expect higher levels of radiation. This appears to
explain why at the lower frequencies we see relatively few NI
as compared to MR and OI echoes, and also why at higher
frequencies we begin to see more NI echoes, as evidenced by
the simultaneous OI and NI echoes described in Paper I.
3.2.5. Role of Echo L‐Shell Excursions, Time Delay,
Satellite Motion, and Transmission Format in WM
Sounding: Limits on Spatial Resolution
[90] A key echo parameter is the raypath in the magnetic
meridional plane, particularly its excursion DL in L‐shell.
This parameter along with echo time delay, satellite motion,
and transmission format (including frequency resolution,
frequency step, and time interval between frequency steps)
gives the spatial resolution possible with WM radio sounding.
Typical time delay for whistler mode echoes at low altitudes
is of the order of 200 ms or less. In this time the satellite will
typically move ∼2 kilometers distance, a distance smaller
than that covered by the typical WM echo excursions,
which, as shown below, determines the limiting spatial resolution and also indicates optimal time duration for transmission format. In the following we illustrate with the help
of specific example involving results obtained from our ray
tracing studies to outline various factors that play a role in
determining spatial resolution possible with whistler mode
sounding.
[91] Consider the range DL that is covered by WM
sounding during a 1‐min long Program #38 transmission
from 6 kHz to 63 kHz in 190 frequency steps of 300 Hz
bandwidth. For the echo raypaths only, the ranges of L‐shells
covered are DL ∼0.0006–0.012 (MR), ∼0.02–0.14 (OI‐SR),
and ∼0.3–0.31 (NI‐SR) and the widest excursions occur,
respectively, at altitudes ∼3200–1900 km for MR, ∼700–
800 km for OI‐, and 90 km for NI‐SR (Figures 6 and 7). The
widest excursions in L‐shell correspond to cross‐B distances of ds? ∼2–25 km (MR), 40–230 km (OI‐SR), and
500 km (NI‐SR) at the altitudes of maximum excursion (see
Appendix A for the relation between DL and ds?). Thus the
best spatial resolution DL ∼0.012 or ds? ∼25 km is obtained
on the basis of the MR echo only. But this will give information only to the distance Rflh,max1 km, and that also with
substantial uncertainty because multiple density models with
different Rflh,max1 but the same flh,max1 can fit the observed
tg − f for MR echoes. If we simultaneously analyze MR and
OI or NI echoes, we can identify a unique density model

A11211

down to 90 km, but now the spatial resolution is reduced to
about DL ∼0.1–0.3 or ds? ∼500 km. The cross‐B extent of
echo excursions ranging from 25 km (MR only) to 230 km
(MR and OI) to 500 km (MR, OI, and NI) imply that for
discrete echoes, the medium must be relatively smooth over
several tens to hundreds of km. Conversely, if the medium is
irregular over these distances we should expect to see the
effects of FAIs: multipath, diffuse, or patchy echoes, or an
absence of echoes.
[92] During a transmission (e.g., Program #38) that lasts
about 60 s, the satellite moves about 500 km, a number
comparable to that obtained on the basis of L‐shell excursions
of MR, OI, and NI echoes. This implies that a transmission
format lasting about 1min is optimum for WM sounding at
low altitudes. A shorter format will not improve the spatial
resolution and a longer one will make it worse. The time
separation between two transmitted frequencies is determined
by the time delay and the pulse length at each frequency is
determined by the required range resolution, which should be
smaller than typical scale sizes of the plasma distribution
(e.g., 100 km O+ scale size). The frequency range covered by
the transmission format should be such as to include frequencies both below and above ∼10–15 kHz, typical value
of flh,max1. The minimum transmitted frequency should be
smaller that the expected local flh. The maximum frequency
should be well above flh,max1. Within these restrictions, the
format should be such that the frequency step is as small as
possible so that accurate measurements of local flh and
flh,max1 are made. We note that fortuitously the Program #38
satisfies reasonably well all these conditions. This may well
be the reason for the many good observations of MR and SR
echoes in 2004 and 2005 during the transmission of this
program.
3.2.6. Whistler Mode Echo Raypaths in 3‐Dimensional
Magnetosphere
[93] In our analysis of WM echo propagation paths as well
as in our demonstration of the new radio sounding method we
have used 2‐D ray tracing calculations. Our general conclusions are mainly the result of propagation of whistler mode
waves in a magnetosphere with certain altitude dependence of
electron density, ion effective mass, and geomagnetic field
intensity (Figure 4). These conclusions would remain the
same had we used 3‐D ray tracing calculations. Based on the
past 3‐D Ray tracing studies, however, we can speculate
on the nature of whistler mode echo propagation paths in
3‐D. Three dimensional ray tracing studies at 15 kHz by
Sonwalkar et al. [1994] indicate that in a smooth magnetosphere rays injected in the magnetic meridional plane spread
about 5–10° in longitude and those injected in the plane
normal to the magnetic meridional plane spread about 30° in
longitude. Thus in order for rays to return to the satellite and
form an echo requires the presence of sharp density gradients
or field aligned irregularities. Based on our close match of
observed time delays and those calculated from 2‐D ray
tracing calculations of MR and SR echoes, presented in this
and the next subsection, we speculate that discrete MR and
SR echo raypaths remain close to the magnetic meridional
plane, and that some of the multipath and diffuse echo raypaths may lie outside the meridional plane. The general nature
of the dispersion of such multipath and diffuse echoes will be
the same as that of the examples shown in Paper I: an average
time delay as a function of frequency—determined mainly
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Figure 11. Schematic to illustrate ray tracing calculations of
WM propagation in the presence of field aligned irregularities
and generation of multipath/diffuse MR echoes.

by whistler mode group velocity as a function of frequency—
and a spread of time delays at each frequency resulting from
multiple echoes.
3.3. Application of the Whistler Mode Radio Sounding
Method to Multipath and Diffuse Echoes: 26 October
2005 Case Study: Remote Sensing of Electron Density
Irregularities
3.3.1. Approach to Analysis of Multipath and Diffuse
Echoes
[94] In Paper I we suggested that the spread in the time
delays of multipath and diffuse WM echoes can be attributed
to refraction or scattering due to FAIs. With the help of ray
tracing analysis of multipath/diffuse MR echoes and discrete
OI echoes observed on 26 Oct 2005 (Figure 1d), we now
demonstrate that such echoes provide both measurement of
Ne and meff along B0 as well as estimates of locations, scale
sizes, and density enhancements or depletions of FAIs
responsible for the spread in time delays. Because discrete
and multipath/diffuse MR echoes differ only in the amount of
spread in time delays, we consider the analysis provided here
applicable to both types of echoes.
[95] Analysis of propagation through FAIs that are small
compared to the WM wavelength requires a type of full wave
solution that is beyond the scope of this paper. To simplify the
problem we adopt an heuristic approach, using ray tracing
analysis that proceeds in steps.
[96] First, from the observed data we extract some “average” tg,avg − f curve for multipath/diffuse MR and SR echoes.
Using this average dispersion and the ray tracing method
described in the previous section, we determine the parameters of the magnetospheric density model that will provide
a match with the data.
[97] Second, we assume that some of the RPI signal paths
that in a smooth magnetosphere would not return to IMAGE
do in fact return because of refraction or scattering by FAIs.
We assume that the FAIs are so located and have such
properties that the time delays of the additional raypaths
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returning to the satellite are equal to those observed. We treat
FAIs as “black boxes" and deal with rays incident on FAIs
and those that are refracted or scattered by them. This procedure is illustrated schematically in Figure 11 and is further
discussed in the example below.
3.3.2. Determination of a “Smooth” Density Model
[98] A “smooth” density model was constructed such that
the time delays of the MR echoes calculated from the ray
tracings were between the measured minimum and maximum
MR time delays and the frequency cutoffs of MR and OI
echoes were matched to those observed. Figures 12a and 12b
show the resulting density model and the characteristic
plasma frequencies as a function of altitude along the
field line passing through IMAGE. The parameters of this
density model are given in Table 1 under the column labeled
26 Oct 2005.
[99] The green circles near the satellite altitude in
Figures 12a and 12b show, respectively, the in situ electron
density and plasma frequency deduced from the upper hybrid
frequency emissions seen at a nearby time. In general, raypaths similar to those shown in Figures 9c and 9d are obtained
for the MR and OI echoes. The black curve in Figure 12c
shows the calculated time delays for simulated MR echoes,
the black curve in Figure 12d the time delays for the simulated
OI echo, and a gray curve in Figure 12d the time delays for an
NI echo (not observed). The time delays calculated at specific
frequencies are shown by black diamonds. The red vertical
bars give the range of the measured time delays at each
transmitted frequency for which an echo was observed. The
density model and ion composition obtained from radio
sounding of 26 October 2005 (Figures 12a and 12b) are found
to be very similar to those obtained for 22 October 2005
(Figures 9a and 9b). This is to be expected, because the field
lines in both cases are close, 2.13 and 2.31, and the geomagnetic conditions were similar (Kp = 4).
3.3.3. Remote Sensing of Electron Density
Irregularities
[100] Figure 11 illustrates the case of forward scatter, i.e.
transmitted rays encounter FAI on the return leg after they
have undergone MR reflection. Path a is the path through the
smooth magnetosphere, which corresponds to the average
time delay calculated above (black diamonds). b is a raypath
that after magnetospheric reflection in a smooth magnetosphere would pass close to the satellite as ray b′ but not
encounter it unless deflected by a FAI at point P. The ray
direction of b′ is tilted such that it arrives as ray b″ at IMAGE
with an overall time delay different from that of a. For each
transmitted frequency between 7.8 and 9.3 kHz we determined two sets of bb″ echo raypaths such that their total
calculated time delays matched the observed minimum and
maximum time delays. There are thus two sets of points P(s),
one identifying the launch points of rays bb″ that represent the
minimum delays at each MR frequency and the other the
maximum delays.
[101] Figure 12c shows the results of our ray tracings carried out to match the observed spread of the MR echoes. The
blue diamonds represent calculations at particular frequencies
for echoes that take the minimum and maximum time delays.
The two numbers above and below each set of diamonds are
the initial wave‐normal angles of the rays b and the altitudes
(km) of the set of points P corresponding to the minimum and
maximum delays.
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Figure 12. Results of ray tracing calculations performed to determine electron density, ion composition,
and features of field aligned irregularities (FAI) along B0 on 26 October 2005, 09:32:42 UT. (a) Electron
(green) and H+ (pink), He+ (brown), and O+ (cyan) ion densities along B0 through the satellite. Arrows
on the altitude axis indicate the satellite altitude (upper arrow) and O+‐H+ transition height (lower arrow).
(b) Plasma parameters corresponding to the model shown in Figure 12a: plasma frequency fpe (green), gyrofrequency fce (blue), ion effective mass meff (black), lower hybrid frequency flh (red). The black solid parallel
vertical lines give the range of measured flh at the satellite altitude and the black dashed vertical line shows
the measured upper cutoff of the MR echo fMR,max < flh,max1. The solid green circles in Figures 12a and 12b,
respectively, show the in situ electron density and plasma frequency obtained from RPI passive recordings.
(c) Comparison of the measured time delays (dark red) of the MR echoes with those from the ray tracing
calculations (black curve) using the model shown in Figure 12a. The MR echoes show a large spread in time
delay at each frequency. The blue diamonds represent time delays calculated assuming that the rays undergo
forward scattering after MR reflection. (d) Comparison of the measured time delays (dark red) of the
OI echoes with those from ray tracing calculations (black curve) using the density model shown in
Figure 12a. The gray curve shows the calculated time delays of NI echoes (not observed).
[102] Having demonstrated that WM propagation can
lead to the observed time delays, we conclude that: (1) the
RPI X‐antenna was able to generate the waves with initial
wave‐normal angles and refractive index values found in the
multipath solution proposed here; (2) FAIs of the type commonly observed in the magnetosphere refract or scatter waves
(rays) reaching points P(s) such that the scattered waves
(rays) return to the satellite.
[103] In regard to conclusion (1), we note from Figure 12c
that the initial wave‐normal angles corresponding to rays
representing the smallest and the largest time delays are close
to each other, within a degree at all frequencies. They lie
between the respective Gendrin and resonance cone angles.
The refractive index values of the rays corresponding to the
smallest and largest time delays are ∼228–608 (8.1 kHz) and

∼146–287 (9.3 kHz). The corresponding wavelength values
are ∼162–61 m (8.1 kHz) and ∼220–112 m (9.3 kHz). The
wave‐normal angles and wavelengths corresponding to the
average solution (black diamonds) lie between these values.
Since all these values are of comparable magnitude and are
comparable to the X‐antenna length, transmission requirements for producing such echoes can evidently be easily
satisfied.
3.3.4. The Apparent Action of Small Scale FAIs
as a Scattering Mechanism
[104] From Figure 12c we note that FAIs must be present
between ∼1460 and ∼2460 km altitude on the L‐shells covered by the rays corresponding to the smallest and largest time
delays. The L‐shells covered by the echoes are spread around
the L = 2.31 field line. The L‐shell excursions are ∼0.001–
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Figure 13. Regions of FAIs that can potentially influence the reception of MR, NI, and OI echoes on
IMAGE. (a) Ray tracing calculations at 8.7 kHz (<flh,max1) show that MR and NI echoes can be influenced
by FAIs present in the regions shaded in red and green, respectively. (b) Ray tracing calculations at 21.0 kHz
(>flh,max1) show that NI and OI echoes can be influenced by FAIs present in the regions shaded in green
(covering L = 1.94 to 3.0) and gold (covering L = 2.32 to 2.42), respectively. See the text for details.
0.003 (8.1 kHz) and ∼0.002–0.004 (9.3 kHz). These correspond to 2–6 km (8.1 kHz) and 4–8 km (9.3 kHz) at the
altitude where the L‐shell excursion is maximum. From the
ray tracing, the refractive indices and wavelengths of waves
incident on FAI at points P(s) are, respectively, ∼235–623
and ∼157–60 m (8.1 kHz) and ∼187–335 and ∼172–96 m
(9.3 kHz). The refracted or scattered wave refractive indices
and wave lengths are, respectively, ∼72–514 and ∼514–72 m
(8.1 kHz), and ∼130–296 and ∼248–109 m (9.3 kHz).
Because the incident wavelengths are of the order of 100 m
and the cross‐B extent of raypaths is a few kilometers, large
scale (1–10 km scale size) FAIs would not appear capable
of producing the required change in refractive index. Therefore, we suggest that a stronger mechanism such as scattering
was operative.
[105] In the few kilometers distance covered by MR echoes
in the direction perpendicular to B0, small scale FAIs can lead
to substantial scattering. The condition for scattering is that
the medium change rapidly over one wavelength. If we
characterize FAIs by two parameters, DNe and Li, where DNe
is the density enhancement or depression over the FAI scale
size Li in the direction perpendicular to B0, then the condition
for scattering can be stated by the following equation:
ðjDNe j=Ne Þð=Li Þ  1;

ð11Þ

where Ne is the electron density and l is the incident whistler
mode wavelength. The condition may be modified if the
irregularities are not field aligned. For about 10% enhancements or depressions, the scattering occurs when Li ∼(0.1)l
∼(0.1)(c/fmin). For the parameters of the multipath echoes, we
obtain Li to be of the order of 5–20 meters. Equation (11) is
actually a very conservative relation. The detailed calculations of scattering of WM waves by planar irregularities [Bell
and Ngo, 1988, 1990] indicates that density perturbations as
low as 5% are sufficient to cause substantial scattering of WM
waves by FAIs of scale sizes comparable to the wavelengths
of the scattered waves, which in our case are of the order of
100 m. We thus find that the FAI scale sizes are much smaller
than the ∼2–6 km distance over which the echo raypaths exist,
but much larger than the Debye length, about ∼0.1 m,

assuming a 1 eV plasma temperature and Ne = 3866 cm−3 at
the satellite altitude. Thus multiple FAIs that may exist over a
few km distance covered by raypaths can lead to substantial
scattering.
[106] To summarize, our ray tracing analysis suggests that
small scale FAIs of scale size from a fraction of a wavelength
(10 m) to about a wavelength (100 m) or larger led to the
observed spread in time delays of the MR echoes. These FAIs
were located on field lines covered by the echo raypaths over
DL ∼0.001 or equivalently a few kilometers in the cross‐B
direction. From considerations such as those presented above,
we find that Landau damping is not significant for the present
case of scattered waves.
3.3.5. Subsatellite Regions Within Which FAIs
Can Influence MR and SR Echoes
[107] The L‐shell ranges covered by MR and SR echoes
provide an estimate of the widths of the regions where FAIs
may exist when there is evidence of multipath/diffuse effects
on the echoes. Figures 13a and 13b show the ray trajectories
of all possible rays injected downward along which a point P
is found from which a scattered ray could reach the satellite.
The scattering could lead to one or more MR, OI, or NI
multipath/diffuse echoes or, alternatively, to patchy echoes
or to an absence of echoes. FAIs lying outside the red (MR),
green (NI), or gold (OI) regions in Figures 13a and 13b would
have no effect on those particular classes of echoes, and we
would expect to observe discrete echoes in such cases.
Because the regions covered by rays that may potentially lead
to MR, NI, and OI echoes are quite different, we should
expect to observe FAIs influencing one type of echo but not
the others.
[108] The propagation of WM waves through realistic FAIs
that are present over altitude ranges of a thousand kilometers
or more is a complex phenomena. WM waves at each frequency encounter these FAIs both during their propagation
downward to the reflection altitude and then again while
moving upward. Depending on the FAI size compared to the
WM wavelengths, the ray assumption may or may not be
valid, and the application of mode theory may itself be
questionable. Analysis of this situation may require a detailed
modeling of FAI and full wave propagation calculations.
However, it is quite surprising that as our analysis above
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Figure 14. Comparison of WM sounding results obtained for the 22 and 26 October 2005 cases with those
from the IRI‐2007 model, in situ measurements from the DMSP and IMAGE satellites, and bottomside
sounding. (a, d) Electron density; (b, e) H+ (pink), He+ (brown), and O+ (blue) relative ion concentrations;
and (c, f) meff (black) and flh (red).
shows, a simplified WM propagation scenario based on ray
theory and taking into account the effects of FAIs in an
heuristic manner can predict time delays that are indeed
observed. This lends support to our hypothesis that FAIs
can lead to the observed multipath propagation delays.

4. Comparison of Radio Sounding Results
With In Situ Measurements, Bottomside Sounding
Results, and Predictive Values From Empirical
Models
[109] We find that our measurements are in broad general
agreement with those obtained from in situ measurements on
IMAGE and DMSP‐F15 satellites, bottomside sounding
results from nearby Ionosondes, and predicted values from
the IRI‐2007 model.
[110] The electron density and plasma frequency values
calculated from fuh measurements are shown by solid green
circles in Figures 9a, 9b, 12a, and 12b for the cases of 22 and
26 Oct 2005, respectively. These values agree within 20%
with the whistler mode sounder results.
[111] The DMSP spacecraft are in polar orbits (fixed in
local time) sampling the ionospheric plasma at about 850 km.
DMSP‐F15 satellite is in a 0930–2130 local time orientation.
The SSIES instruments onboard DMSP are used for the
measurement of electron density and fractional ion composition [Rich and Hairston, 1994]. The Langmuir probe
instrument on SSIES measures the electron density. The
retarding potential analyzer (RPA) is used for the measurement of fractional ion composition (H+, He+, O+). For the

cases of 22 and 26 Oct 2005, respectively, at times close to
those of our observations, we found that the DMSP‐F15
satellite was on the same L‐shells, 2.13 and 2.31, and at
MLTs close to that of IMAGE. For the case of 22 Oct 2005,
20:04:42 UT, at 19:52 UT DMSP‐F15 satellite was at MLT =
8.8 (IMAGE MLT = 11.2). For the case of 26 Oct 2005,
09:32:42 UT, at 10:21 UT DMSP‐F15 satellite was at MLT =
10.3 (IMAGE MLT = 12.1). The values of the plasma
parameters obtained from the DMSP satellite are shown by
color coded triangles in Figure 14. These measurements are
also in good agreement with the sounder results. This is very
encouraging because as discussed below there are large discrepancies among upper ion transition heights derived from
different databases.
[112] Electron density data from ionosondes located at
Boulder, CO, USA (22 October 2005) and Pruhonice, Czech
Republic, Europe (26 October 2005), were used to compare
electron densities obtained from WM radio sounding. The
electron density values obtained from bottom side sounding
[Reinisch et al., 2004] are in close agreement with those from
RPI up to F2 peak altitude (Figures 14a and 14d, dotted
curves). Above the F2 peak the topside electron density
values predicted by an a‐Chapman shape of the profile fall
off rapidly compared to those obtained by WM sounding
(Figures 14a and 14d, dash dot curves). This result is consistent with that of Nsumei et al. [2010], who found that the
Chapman scale height values for the F2 layer peak derived
from topside profiles, Hm,top, are generally several times
larger than Hm,bot derived from bottomside profiles.
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[113] Finally, we compare our sounding results with those
predicted by the IRI‐2007 model [Bilitza and Reinisch, 2008].
IRI model results for the cases of 22 and 26 October 2005
along the same field lines as that of IMAGE, L = 2.13 and
2.31, are shown by dashed curves in Figure 14.
[114] Figures 14a and 14d compare electron density
between 90–2000 km obtained from WM sounding (solid
curves) with those predicted by IRI‐2007. An issue with
IRI‐2001 was an overestimation of electron densities in the
upper topside (from about 500 km above the F‐peak upward)
that increases with altitude reaching about a factor of 3 at
1000 km above the peak. This problem was apparently corrected in the IRI‐2007 model by incorporating over 150,000
topside profiles from Alouette 1, 2, and ISIS 1, 2 [Bilitza and
Reinisch, 2008]. However, we find that the electron density
predicted by IRI is greater than that obtained from WM
sounding at all altitudes. The difference is maximum at the
F2 peak where the Ne obtained from IRI is roughly two times
that from WM sounding. The Ne measurements from DMSP
at ∼850 km are in better agreement with RPI. The bottomside
sounding results for 22 Oct 2005 are close to IRI model
values, whereas for 26 Oct 2005 they are in between those
of WM sounding and the IRI model.
[115] Figures 14b and 14e compare relative ion concentrations between 300–2000 km, obtained from WM radio
sounding with those predicted by IRI‐2007 (dashed curves).
The aH+ obtained from the sounder and that predicted by IRI
are in good agreement. The DMSP measurements of aH+ are
also in general agreement with those measured by the sounder
and predicted by IRI. The IRI model substantially underestimates aHe+ at all altitudes compared to those obtained
by WM sounding. The DMSP measurements of aHe+ are
in better agreement with those measured by WM sounding
than with those predicted by IRI. Below 1000 km, the aO+
obtained from sounding agrees well with that predicted by
IRI. The DMSP measurements of aO+ at 852 km are in general
agreement with those measured by sounding and predicted by
IRI. Above 1000 km IRI overestimates aO+.
[116] From the above discussion we can say that the IRI
model substantially underestimates He+ at all altitudes and
overestimates O+ above 1000 km. The ion composition
model has traditionally been the weakest part of the IRI model
because of the scarcity of well‐calibrated global ion density
measurements [Bilitza and Reinisch, 2008]. WM sounding
provides a new method to generate improved empirical models
of ion composition.
[117] Another important parameter to compare is the
O+‐H+ transition, often considered to represent the boundary
between the O+ dominated ionosphere and the H+ dominated
magnetosphere. Despite many past measurements no good
empirical model is available for this parameter. For example,
a number of recent modeling studies have used different
data sets (e.g., Alouette and ISIS topside sounder data, Taiyo
in‐situ measurements, OGO‐6, IC‐2, Alouette‐1 and ISIS‐b
data) to deduce the global and diurnal variations of the upper
transition height (a parameter closely related to O+‐H+ transition height) and to develop models for this parameter.
However, large discrepancies remain between the different
models primarily due to the different databases used [Bilitza
and Reinisch, 2008, and references therein]. The O+‐H+
transition heights obtained from WM sounding are ∼1100 km
and ∼1140 km, respectively, for the 22 and 26 October cases,
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whereas those obtained from IRI are 1250 km and 1350 km.
We believe that the IRI overestimation of O+‐H+ transition
height is related to its overestimation of O+ (or underestimation of He+) at >1000 km as discussed above. Thus WM
radio sounding should permit improved estimation of O+‐H+
transition height as well as relative ion densities.
[118] Figures 14c and 14f show comparisons of flh and meff
between 300–2000 km obtained from WM radio sounding
with those predicted by IRI‐2007. Also shown are the values
of flh and meff at 852 km obtained by the DMSP satellite. The
differences between flh and meff predicted by IRI and those
obtained from WM sounding can be explained in terms of
corresponding differences in electron density and ion composition shown in Figures 14a, 14b, 14d, and 14e.
[119] In conclusion, we find that while the electron and
ion densities from WM radio sounding are in broad general
agreement with results or predictions from other sources,
there is a clear role for WM sounding in developing improved
empirical models of the important 300–2000 km altitude
region.

5. Summary and Concluding Remarks
[120] In Paper I we described magnetospherically reflected
and specularly reflected WM echoes observed during transmission of 3.2 ms pulses in the 6–63 kHz range from the
IMAGE satellite at altitudes below 5000 km. The present
paper discusses the physical principles of the echo generation
and introduces a new technique to measure electron density
and ion composition along the geomagnetic field. We show
that the WM echoes are made possible by a combination of
the unique properties of the WM refractive index and aspects
of the altitude distribution of ions and electrons such as:
1) the transition from a heavy‐ion to a light‐ion‐dominated
region and 2) the peak in electron density at around a few
hundred km.
[121] Because the echo properties are intimately tied to
the distribution of electrons and ions, they can be used to
remotely investigate that distribution. At frequencies much
greater than the ion cyclotron frequencies, the whistler
mode is sensitive to ion effective mass and not to the details
of individual ion concentrations. Thus the WM sounding
method in principle measures electron density and ion effective mass, and further assumptions are required to obtain ion
composition.
[122] Field aligned irregularities (FAIs) of scale size
comparable to WM wavelengths of 10 m–100 km can profoundly affect WM propagation and thus the characteristics
of observed WM echoes. They can give rise to multipath,
diffuse, or patchy echoes or can result in an absence of
echoes that would otherwise be obtained in a smooth magnetosphere. We have shown how the spread in observed echo
time delays can be used to estimate FAI scale sizes and
density enhancements/depresssions.
[123] Finally, with the help of two case studies, we have
illustrated this new satellite‐based method of sounding electron density, ion composition, and FAIs. Though the case
studies used for illustrating our method are based on WM
echoes observed at low latitude, our method and general
conclusions are valid for high latitude WM echo observations. This is so because, as shown in Figure 4, the key
features of whistler mode propagation depend mainly on the
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general altitude dependence of electron density, ion effective
mass, and magnetic field intensity, which remain similar at
high and low latitudes. We have applied the whistler mode
radio sounding method to successfully determine plasma
parameters from WM echoes shown in Figures 6, 7, 8, 9, 10b,
10c, and 13a of Paper I. The method has been previously
applied to obtain electron density and FAI location and scale
sizes from SR echoes observed at both high and low latitudes. The details of ray tracing calculations in these cases
are available in the literature [Sonwalkar et al., 2004; Li, 2004].
[124] The sounding method discussed here can be
improved in several ways. The assumptions used in our ray
tracing density model are too restrictive, in that ion temperature is assumed the same for all species and is assumed
constant with altitude above a reference level. One way to
strengthen the probing method would be to apply a more
flexible density model to a number of cases and compare
the results with simultaneous or near‐simultaneous measurements on DMSP satellites and by ionosondes.
[125] Although we have described how multipath and diffuse echoes can be explained in terms of refraction or scattering by FAIs, we have not discussed the origin of patchy
echoes, echoes that lack definition at various frequencies
within the echo body. Our preliminary studies of patchy
echoes indicate that they may result from the refraction of
WM raypaths by ∼10–100 km scale‐size FAIs in the ionosphere. Furthermore, plasmagrams frequently show strong
MR echoes but no OI or NI echoes. The total absence of OI
and NI echoes on those records may be due to the presence
of large scale ionospheric FAIs.
[126] Future work will involve inverting additional echo
data sets to obtain plasma distribution profiles at all latitudes
as a function of geomagnetic activity. Those results may be
used to improve the IRI model at high latitude and altitude,
where the current model is not accurate. Results obtained here
and from such additional studies can be used to design the
next generation of whistler mode sounders in space.
[127] The importance of the results presented in this paper
lies in the fact that in the past, in order to obtain information
on plasma distribution as a function of altitude covering both
the bottomside and topside ionosphere, it was necessary to
piece together data obtained on multiple satellites and from
the ground. Most such information is statistical in nature,
because the conjunctions between two satellites or between
satellite and a specific ground station are infrequent. Whistler
mode radio sounding as described here is a unique and
powerful new method that provides measurement of electron density and ion composition from the satellite altitude
(<5,000 km) down to 90 km with a resolution of ∼500 km in
the cross‐B direction.

Appendix A
[128] The ray tracing program employs a dipole model for
the geomagnetic field, which is characterized by a single
assignable parameter, fce,Eq, the gyrofrequency at the geomagnetic equator at the Earth’s surface. The gyrofrequency at
a general point is given by
 3 qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r
1 þ 3 sin2 m ;
fce ¼ fce;Eq e3
r

where r is the geocentric distance, re the radius of the Earth,
and lm is the geomagnetic latitude. Along a field line
described by L, we have
r ¼ re L cos2 m

ðA2Þ

[129] At low altitudes (<5000 km) where most of the WM
echoes are observed, the dipole model is a good approximation to the actual geomagnetic field. In relating the FAI of
various scale sizes with the echo ray paths, it is useful to know
the perpendicular distance ds? between the two field lines
separated by dL:
ds? ¼ r3=2 dL=L

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4re L  3r

ðA3Þ

[130] As noted with caution in the introduction, limits on
the interpretive framework in Paper I and this paper are
imposed by our assumption of a diffusive equilibrium plasma
density model inside the plasmasphere, composed of electrons and H +, He+ , and O + ions [Angerami and Thomas,
1964]. Outside the plasmasphere, the density model is multiplied by a plasmapause factor that includes an (r−n) density
falloff outside the plasmasphere. The electron density Ne(r, L)
at any point is given by
Ne ðr; LÞ ¼ Nb NDE ðrÞ NLI ðrÞ NPL ðr; LÞ;

ðA4Þ

where r and L are, respectively, the geocentric distance
(in km) to and the L‐shell of the point where the density is
evaluated. Nb is the reference electron density at the base of
the diffusive equilibrium model inside the plasmasphere.
[131] NDE is the factor due to the diffusive equilibrium
model:
v"
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
#
u 3
u X
ðrr Þ
 Hb
t
NDE ðrÞ ¼
i e i ;

ðA5Þ

i¼1

where, rb is the geocentric distance (in km) to the base of the
diffusive equilibrium model; ai are the relative ionic species
at rb, where i = 1, 2, 3 represent H+, He+, and O+, respectively.
The scale height Hi for i = 1, 2, 3, is defined as
Hi ¼ 1:1506ðT Þ

 r 2  r  1
b
;
rb 4ði1Þ
7370

ðA6Þ

where T is the temperature at the base of the diffusive equilibrium model.
[132] NLI is the factor due to the lower ionosphere:



NLI ðrÞ ¼ 1  e

2
rr0
HBot

;

ðA7Þ

where r0 is the geocentric distance in km to the level of the
bottom of the ionosphere where the density goes to zero and
HBot is the scale height of the bottom side of the ionosphere.
[133] NPL is the factor due to the plasmapause. Lp is the
location of the plasmapause. This factor is unity for L ≤ Lp.
For L > Lp,
NPL ðr; LÞ ¼ e

ðA1Þ
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þ

1e
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r n   rrc
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HS
e
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;
r
r

ðA8Þ
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where, L is the L‐value defining the particular field line, Wp
is the half width (in L) of the plasmapause boundary, rc is
the geocentric distance to the level at which density outside
the plasmapause field line is equal to the density inside, n
is the exponent decrease outside the plasmapause, r−n, and HS
is the scale height of the radial density decrease for r ≥ rc
and outside the plasmapause.
[134] The ion densities are given by
rrb

Ni ¼ Ne

P3

 i e  Hi

i¼1

i e

ðrrb Þ

;

ðA9Þ

Hi

where Ne, N1 = NH+, N2 = NHe+, N3 = NO+ are electron,
Hydrogen, Helium, and Oxygen ion densities, respectively.
[135] From equation (A9), as expected, we note
Ne ¼ NH þ þ NHeþ þ NOþ

ðA10Þ

[136] Equations (A4)–(A9) show that the density model
provides much flexibility to adjust Ne and Ni as a function
of altitude.
[137] The diffusive equilibrium factor, NDE(r), determines
the altitude variation of the relative concentration of three
ions. The ion composition is prescribed by fractional abundances aH+, aHe+, aO+, respectively, of H+, He+, and O+ at rb.
Note that aH+ + aHe+ + aO+ = 1.
[138] As seen from equations (A6) and (A9), the relative
concentration of each ion as a function of altitude vary with
a scale height Hi, which is proportional to T , rb, r, and
inversely proportional to ion mass.

Appendix B
[139] The Stix [1992] parameters, S, D, P, R, L, defined in
terms of characteristic plasma frequencies, completely determine the propagation characteristics of wave propagating in
a cold plasma.
[140] Assuming fci  f where, fci is the ion gyro frequency
and f is the wave frequency, we can show
R’1þ

L’1



fpe2
fpe2
1
 2
1836  meff
f ðfce  f Þ f
fpe2
f ðfce þ f Þ



fpe2
f2



1
1836  meff

ðB1Þ


ðB2Þ



fpe2
fpe2
1

S ’1 2
f  fce2 f 2 1836  meff

ðB3Þ

fce fpe2

D’  2
f fce  f 2

ðB4Þ

P ¼1



fpe2
fpe2
1

1

1
þ
f2
f2
1836  meff

ðB5Þ

[141] Since the Stix parameters depend only on electron
plasma frequency ( fpe), the gyro frequency ( fce), and ion
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effective mass (meff), it follows that WM propagation in the
cold plasma approximation depends only on these parameters
and not on the details of ion composition. For typical values
of fpe and fce at altitudes ]2000–3000 km where meff > 1, it is
easy to show that the term containing meff in expression (B3)
is important for frequencies in the VLF range. The terms
containing meff in expressions (B1)–(B3) become important
in the ELF frequency range. This implies that a future radio
sounder should include transmitted frequencies as low as
possible. We recommend Shklyar et al. [2010, and references
therein] for a detailed discussion of dependence of WM
propagation on meff at small (quasi‐longitudinal) and large
(quasi‐transverse) wave‐normal angles.
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