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ABSTRACT

As a magnetoplasma, the earth’s magnetosphere can support a variety of electro-
magnetic wave modes in a wide range of frequencies. An important example is the
right-hand elliptically polarized whistler mode wave that propagates at frequencies
below the electron gyrofrequency. The whistler mode waves can interact through
doppler-shifted resonance with energetic electrons trapped in the geomagnetic field.
Due to these interactions, the waves can be amplified and the distribution of the
energetic electrons can be disturbed. In this work we consider one important class
of wave-particle interactions in the inner magnetosphere, namely, the cyclotron
resonance interaction between coherent VLF waves and radiation belt electrons.
One consequence of such interactions is the pitch angle scattering of the electrons
and the resultant precipitation of these electrons into the ionosphere where they
can cause ionization and conductivity enhancements, heating and the emission of -

X rays and light.

We employ a test particle simulation method to study the wave-induced pertur-
bations of electron trajectories. To include the quasi-relativistic electron energies up
to at least hundreds of keV, the well-known equations of motion for the cyclotron
resonance wave-particle interaction are rewritten by taking into account relatlvmtlc_
effects. Based on these equations and the test particle scheme, a computer model
is developed for determining the transient evolution of the energy flux into the
ionosphere of electrons precipitated due to interactions with VLF wave packets
propagating longitudinally along the geomagnetic field lines. By taking account of
the group travel times of wave components of different frequency as well as the wave
.amplit_ude vatiations resulting from the signal dispersion, the transient precipitation
model is applied to the cases of variable frequency VLF signals, such as whistlers,
- chorus emissions and triggered emissions. Our results show that, under conditions
of moderate wave intensities, the total deposited energy density is not strongly
dependent on the frequency-time format of the input signal. However, when wave
growth is considered, the signal with rising frequency is shown to be more eﬁicsent
in inducing particle precipitation than the signal with falling frequency. '

The computer model is useful in examining the characteristic shape of the wave-
induced precipitation pulse under a wide range of magnetospherie conditions. It thus
provides a theoretical basis for experiments designed to detect precipitation induced
by coherent VLF waves. We have compared the predictions of our model, i.e., the
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precipitation flux level, pulse shape and associated time relé.tionships, with ground
based observations of the ionospheric effects of particle precipitation. The results
demonstrate that our model can be used to interpret the observed experimental
results and to diagnose some features of the energetic electron distributions in
the magnetosphere. A potential application is to plan future experiments to detect
'wa_vé—induced electron precipitation.
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L. INTRODUCTION

This research concerns the eyclotron resonant interactions between radiation belt
electrons and whistler mode electromagnetic waves in the earth’s magnetosphere.
One consequence of these interactions is the pitch angle scattering of the particles
which in turn results in the precipitation of these initially trapped particles into the
ionosphere. The purpose of this chapter is to give a brief introduction to the topic
and to review specific contributions of the present work.

A. WAVE-PARTICLE INTERACTIONS IN THE MAGNETOSPHERE

Surrounding the conducting earth is the non-conducting atmosphere, roughly
60—80 km thick, depending on its precise definition. The next layer above the
neutral atmosphere is the ionosphere which extends upwards to ~1000 km. The
ionosphere is a conductive medium, in which a small percentage (<0.1%) of the at-
mospheric constituents are fonized due to solar UV and X ray radiation. The region
“outside the ionosphere is called the magnetosphere. The word ‘magnetosphere’ was
first used by Gold [1959]. In this volume of sﬁace the motion of charged particles
is largely governed by the geomagnetic field. The magnetosphere is filled with a
tenuous neutral gas, mainly hydrogen, and an ionized gas with protons as the
dominant positive ion. The collision rate is so low that for many purposes the region
can be considered éollisionle‘sé. Thus each particle moves under the influence of the
earth’s magnetic field, essentially independently of its néighbors. :

The large scale morphology of the magnetosphere is controlled by the interaction
- between the solar wind and the earth’s magnetic field. A sketch of the magneto-
sphere is shown in Figure 1.1. The solar wind, a hot gas of ~10°°K consisting
mainly of protons and electrons traveling outward from the sun at supersonic speeds -
of ~500 km/s, exerts a pressure on the earth’s magnetic field and distorts it into the
shape shown in Figure 1.1. The particles of the solar wind enter the earth’s mag-
netosphere in various ways. Some of the energy is introduced at the outer boundary
of the magnetosphere, called the magnetopause, located at a distance of about 10
earth radii in the solar direction. In the anti-solar direction there is the magnetotail
with undefined length, due to the dragging of the geomagnetic field lines by the
. solar wind. A bow shock is formed at about 12 earth radii where the kinetic pressure
of the solar wind is balanced by the pressure of the earth’s magnetic field. In the
cusp region the solar wind plasma follows open field lines directly to the ionosphere,
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meridian plane view.




giving rise to auroras, heating and electromagnetic radiation such as VLF hiss and

" kilometric radiation.

The magnetosphere is dominated by the magnetic field of the earth. In the inner |
magnetosphere, Le., in the region within about 6 earth radii and between about
+66° geomagnetic latitudes of the earth, the geomagnetic field can be approximated
by a centered dipole. However, further out the dipole symmetry is distorted and the
field lines are compressed into a form that departs rather markedly from a dipole
field at large radial distances.

The inner magnetosphere 1s basically a magnetoplasma with thermal electrons -
and positive ions (mainly protons, and some He* and O%) in the 1-eV or less energy
range constituting the background cold plasma. Ionization by solar UV radiation in
the daytime F region of the ionosphere is believed to generate the cold plasma, which

‘then flows upward along field lines to fill the inner magnetosphere. The cold plasma

electron densities measured at the geomagnetic equator gradually decrease with
increasing distance away from the earth up to the region called the plasmapause,
at which the electron concentration drops by as much as two orders of magnitude
[Carpenter, 1963]. The location of the plasmapause is often near L=4~5 during

- geomagnetic quiet conditions. The region inside this aBrupt-boundary of cold plasma

population is called the plasmasphere.

As a magnetoplasma, the magnetosphere can support a variety of wave modes
in a wide rangé of frequencies. In this repor't,we consider one of these modes, that
is, the whistler mode electromagnetic waves propagating in the magnetosphere.
The frequency of propagation of the whistler mode waves is below the electron
gyrofrequency. In the region of interest the whistler mode wave [requencies are
generally in the kHz range, or within the VLF band. The wave is elliptically polarized
in general and is right-hand circﬁlarly polarized for the case of longitudinal propaga-
tion along the static magnetic field line, with the wave field vectors rotating'in the
same sense as an electron gyrating around the field line,

In addition to the cold plasma composed of thermal particles, the inner mag-

| netosphere is also populated by energetic particles, mainly protons and electrons

with energies extending from ~ 100 ¢V up to hundreds of MeV. These particles are
magnetically trapped in the geomagnetic field and form the earth’s radiation belts.
These charged energetic particles execute a helical gyro motion around the field
lines. They also bounce back and _fdrth between two conjugate hemispheres and
drift slowly in longitude across the field lines. These undisturbed trajectories are
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adequately described by the weil-known adiabatic theory, that is, the gyro motion,
- latitudinal motion, and drifting motion are governed by three adiabatic invariants
[Alfvén and Falthammar, 1963|.

This report deals with the resonant interactions between the trapped radiation
belt energetic electrons and the whistler mode VLF waves in the magnetosphere.
During these wave-particle interactions the waves can be amplified or damped. One
important result of these interactions is the loss of the trapped particles out of the
magnetosphere. The wave fields perturb the adiabatic motion of the particle and
change the particle’s pitch angle, that is, inclination angle of the particle momentum
with respect to the static magnetic field direction. The result is that the mirror
altitude of the latitudinal bounce motion of some particles is lowered, causing those
particles to experience increased number of collisions with 'atni'ospheric constituents

and hence to be precipitatéd. '

The wave-particle resonant interactions can be in the form of either longitudinal
(Landau) resonance or cyclotrbn (gyro) resonance. In the Landau resonance the in-
teractions are achieved through the match of the particle’s parallel velocity along
the magnetic field line with the phase velocity of the wave, while during cyclotron
resonances the particles see a doppler-shifted wave frequency approximately equal
to their gyrofrequency [Brice, 1964]. The cyclotron resonance is an important wave-
particle interaction process in the inner magnetosphere. Perturbations in the par-
~ ticles’ momenta can occur through these cumulative resonant interactions in which
the particles observe an approximately stationary wave field for a significant period
of time. Exchange of energy between the wave and the particles can also take place
through the wave's electric field. '

One important class of magnetospheric signals is the narrow-band coherent VLF
waves that have attracted much attention in the past two decades. Examples of such
signals are natural whistlers generated from lightning, chorus emissions, signals from
ground based VLF transmitters, and emissions triggered by these signals. During
the past decade active VLF wave injection experiments have been carried out us.ing
the Stanford University VLF transmitter at Siple Station in the Antarctic {Helliwell
and Katsufrakis, 1974). This transmitter is able to generate both fixed and variable
frequency signals. The goal of the wave ihjedtion experiments is to study the wave-
particle and wa.ve-wave‘interactions in the magnetosphere on a controllable basis.
Such interactions can lead to such interesting processes as amplification, suppres-
sion, triggering, and entrainment of waves in the ma.gnetdsphere_. These experiments
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have been highly successful in achieving new discoveries and in understanding the
complex response of the magnetosphere to the injection of coherent VLF signals
[Helliwell, 1974; Carpenter and Miller, 1976; Inan et al.,, 1977; Helliwell, 1977;
Raghuram et al.,, 1977a, b; Helliwell and Katsufrakis, 1978; Chang and Helliwell,
1979; Helliwell et al., 1980b; Bell et al., 1981; Park, 1981; Tsuruda et al., 1982].

Wave growth and triggered emissions due to the phase bunching and trapping
of the energetic electrons are important results of the coherent cyclotron resonance
wave-particle interactions in the magnetosphere. These processes have been theoreti-
cally studied by numerous authors [Bell, 1964, 1965; Brice, 1984; Bell and Buneman,
1964; Helliwell, 1967, 1970; Das, 1971; Dysthe, 1971; Nunn, 1971, 1974; Sudan
and Ott, 1971; Palmadesso and Schmidt, 1971, 1972; Aahour—AbdulIa, 1972; Brinca,
1972; Bud’ko et al., 1972; Matsumoto, 1972; Helliwell and Crystal, 1973; Crystal,
1975; Karpman et al., 1974a, b, 1975; Rour and Pellat, 1976, 1978; Vomvoridis
and Denavit, 1979, 1980; Vomvoridis et al., 1982; Matsumoto et al., 1980; Bell and
Inan, 1981; Matsumoto and Oﬁzura, 1981; Hellswell and Inan, 1982; Omura and
Matsumoto, 1982).

B. VLF-WAVE-INDUCED ENERGETIC ELECTRON PRECIPITATION

In this report we examine the scattering in pitch angle and the resultant precipita-
tion of energetic electrons from the magnetosphere due to cyclotron resonance in-
teractions. In the auroral region at magnetic latitudes between 65° and 75°, the role
of wave-particle interactions in terrestrial auroral precipitation is not well known,
although recently Coroniti et al. [1980] have attributed the observed Jovian auroral -
luminosity to pitch angle scattering by observed VLF chorus emissions. We are espe-
cially interested in the precipitation at latitudes below the auroral zones, or at mid--
latitudes. Wave-induced precipitation at these latitudes is an important loss process -
for the population of radiation belt electrons trapped in the inner magnetospher_e
[Paulikas, 1975]. The precipitating electrons, when colliding with the atmospheric
constituents at ionospheric altitudes, cause optical emissions and bremsstrahlung X
rays, and create ionization enhancements in the lower ionosphere.

Dungey [1963] and Cornwall [1964] were the first to calculate explicitly the pitch
angle scattering of a trapped electron due to the cyclotron resonance intera.ction'_
with a lightning-generated whistler. The lightning-generated whistlers are but one
example of the variety of both coherent and incoherent ELF /VLF waves in the mag-
netosphere. ELF/VLF plasmaspheric hiss which is always present within the plas-
masphere [ Thorne et al., 1973] is one example of incoherent wide band electromag-
netic signals. Lyons and Thorne [1973] have suggested that ELF whistler mode hiss
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is an effective electron scatterer throughou£ the outer plasmasphere, In the process
of interactions with such wide band incoherent waves, individual particles execute
a random walk in velocity or momentum space and the pitck angle scatterings can
thus be considered as a diffusion process and can be described by computing the
diffusion coefficients [Roberts, 1966]. Theoretical estimates of the diffusion coefficient
and resultant pitch angle distributions of trapped electrons have been presented by

Kennel and Petschek [1966], Lyons et al. [1972], .S’pJeIdmk and Thorne [1975], and '

others.

The pitch angle distribution of geomagnetically trapped electrons is an important
factor in dét_ermining the trapped flux level as well as the long term behavior of
the radiation belts, which are the result of the balance between losses due to wave-
induced diffusion and sources, such as radial diffusion. Lyons et al., [1972] used
the observed wave turbulence characteristics to derive electron lifetimes and found
agreement with observed decay rates. Based on these wave-particle interactions
involving incoherent whistler mode turbulence, Lyons et al. [1972] and Lyons and
Thorne [1973] were able to explain the two-zone structure of the population of
radiation belt electrons and attribute the slot in the quiet-time electron population
to a lo¢al maximum in the rate of pitch angle scattering of electrons by cyclotron

- resonances with Whlstler mode waves.:

~ In the present work we investigate the pitch angle scattering induced by another
class of whistler mode waves, that is, highly coherent narrowband VLF signals.
We shall in particular study the cases of short-duration signals such as natural
and triggered emissions, wave pulses injected from ground based transmitters, and
lightning-generated whistlers. When interacting with such coherent waves, particles
can undergo large pitch angle changes since they can be in resonance with the
coherent wave over distances of many hundred wavelengths [/nan ef al., 1978]. This
process, especially that of transient scattering thfough the one-pass interaction of
the particles with short discrete waves, can not be Smely modeled as diffusion in

pitch angle.

Electron precipitation induced by natural discrete VLF wave events (whistlers,
chorus emissions, noise bursts; etc.) have been observed on numerous occasions
[Rosenberg et al., 1971;. Helliwell et al., 1973; Foster and Rosenberg, 1976; Lohrey
- and Kaiser, 1979; Helliwell et al., 1980a; Mende et al., 1980; Rosenberg et al., 1981;
Di'ngle and Carpenter, 1981; Carpenter and LaBelle, 1982). In these observations
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the ionospheric effects of precipitated electrons, such as sub-ionospheric VLF per-
turbations, X ray emissions, or photoemissions, were found to be in one-to-one
correspondence with and therefore believed to be induced by natural VLF waves.

Recent satellite measurements show that electrons in the drift loss cone precipitate
from the slot region between the inner and outer radiation zones (L~2 to ~3.5)
and from the outer edge (L~1.5 to ~1.8) of the inner radiation zone {Imkof
et al., 1974, 1981a, b; Vampola and Kuck, 1978; Koons et al., 1981]. Detailed |
study of the spectral characteristics of the precipitating electrons has suggested
that these electrons were precipitated by first-order eyclotron resonance interac-
tions with nearly monochromatic waves, possibly from ground based VLF trans-
mitters. While these measurements amount to indirect evidence of wave-induced .
precipitation, the first direct observation of energetic electrons precipitated by
controlled injection of VLF waves from ground based navigational transmitters
has been achieved in the recent SEEP experiments [Imhof et al., 19834, §).

The effect of coherent VLF waves, both natural and manmade, relative to that
of incoherent waves such as plasmaspheric hiss on the long term spatial distribution
of trapped electrons is as yet not determined. However, the experimental observa-
tions reveal that these waves can have significant short term effects on the loss
of electrons from the magnetosphere. One important goal of the Siple wave injec-
tion experiments is to investigate how the injected waves can affect the energetic
electron population in the magnetosphere and therefore achieve a measure of control
of various precipitation-induced processes in the ionosphere. '

The purpose of the present work is to study the cyclotron resonant pitch angle
scattering of energetic electrons induced by coherent VLF signals propagating in
the magnetosphere. One particular goal is to model the transient electron precipita-
tion into the ionosphere due to short-duration discrete VLF' waves such that the
precipitation signatures of artificially injected VLF wave pulses, natural whistlers,
triggered emissions, and other coherent wave events can be quantitatively predicted.
It is hoped that this model study can be used to interpret the experimental results .
related to particle precipitation and to plan future experiments designed to detect:
- such wave-induced particle precipitation.

C. OVERVIEW AND ORGANIZATION OF THE REPORT

- The major task in the determination of wave-induced pitch angle perturbations
of trapped electrons involves the solution of a set of nonlinear coupled differential
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equations. We adopt a test particle computer simulation approach similar to that
employed by Inan {1977} and Inan et al. [1978]. Using this method the trajec-
tories of individual test particles during the interaction with a prescribed wave can
be numerically obtained. The wave-induced perturbation of a full distribution of
electrons can then be modeled by considering a sufficiently large number of test
particles distributed in velocity or momentum space. |

The test particle simulation model is generalized by emp.loying' a set of equatiohs
of motion with relativistic corrections in order to cover a wide range of electron
energies as is required in the study of the cyclotron resonant wave-particle interac-
tion for certain magnetospheric parameters. Based on this test pé.rticle simulation
method and the fundamental concept of a linear slowly time-varying system, a com-
puter model is developed o determine the detailed time variation of the transient
precipitated energy flux induced by short-duration VLF waves propagating along
the inhomogeneous geomagnetic field lines. This model is capable of dealing with
propagating VLF wave packets of either fixed or variable frequency by taking into
account the signal dispersion of different wave frequency components. As such, it
provides a technique for determining the pitch angle scattering and therefore the
precipitation of energetic electrons induced by various coherent signals such as fre-
quency ramps, rising or falling emissions as well as hooks and natural whistlers.
This model is useful in examining the dependence of the characteristic shape of the
wave-induced precipitation pulse on various magnetospheric parameters

We limit ourselves to the case of longitudinal wave propagation along the static
magnetic field lines in which the wave normal direction is parallel to the direction of
the magnetic field. This simplification is suitable for wave propagation in a whistler
mode duct and thus for the study of ground based observations. It should be noted
that although the present work emphasizes wave-induced pitch angle purturbations
of those electrons that could contribute to the precipitation at ionospheric heights, -
the test particle model is general and can be used in the study of coherent wave
amplification which involves phase bunching and trapping of electrons with higher
pitch angles as well as the wave-induced modification of the trapped pérticle dis-
tribution in a wide range of pitch angles. One example of the full distribution cal-
culations related to the ‘quiet band’ phenomenon [Raghuram et al., 1977%] is given
in Appendix C.

We outline the organization of this report as follows.
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Chapter II describes the basic physics of cyclotron resonant wave-particle inter-
actions including models of the magnetoplasma, characteristics of whistler mode
waves, dynamics of trapped particles, and relativistic equations of motion.

Chapter III formulates the problem of computing the transient electron precipité—
tion induced by short-duration VLF wave pulses ﬁrdpagating along the geomé.gnetié
field line including the case of variable frequency waves. Input signals of different
frequency-time format are then examined.

In Chapter IV we apply the transient precipitation computer model to observed
precipitation-induced ionospheric disturbances correlated to VLF wave events. Three
cases corresponding to sub-ionospheric VLF perturbétions, X ray emissions, and
photometer observations are studied in detail. We also compare our theoretical
calculations of pitch angle scattering with electron energy spectra observed in
satellite measurements.

In the last ch'a.pter we summarize and discuss our results and give suggéstions

for future work.

D. CONTRIBUTIONS OF THE PRESENT WORK

The present work has been reported in a series of papers in the Journal of
Geophysical Research [Inan et al., 1982; Chang and Inan, 19834, b; Chang ef al.,
1983]. The specific contributions are listed as follows.

1) The well-known equations of motion for the cyclotron resonance interaction
between energetic electrons and coherent VLF waves in the magnetosphere are
extended to relativistic energies for the first time. Based on these equations and the
relativistic eyclotron resonance condition, a test particle simulation method is used
to study the wave-particle interactions betweeh coherent waves and Quasi-telativistic
electrons. It is suggested that the exact equations be used for electron energy higher
than 50 keV (corresponding to a 10% correction in average pitch angle scattering
with respect to. a nonrelativistic fdrmulation). | |

2) The root mean square pitch angle scattering of the near-loss-cone quasi-
relativistic electrons and the corresponding precipitated energy spectrum are cal-
culated and compared with observations of recent satellite experiments. The agree-
ment in the spectral width between the computed and measured spectra supports
the suggestions that the observed narrow peaks in precipitated energy spectra may
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be caused by monochromatic signals injected into the magnetosphere by VLF trans-

. mitters.

3) By numerically taking account of the group travel times of wave components
of different frequency as well as the wave amplitude variations resulting from the
signal dispersion, a transient precipitation model is generalized to include the case
of variable frequency VLF waves. For the first time the time evolution of the
precipitated electron energy fluxes into the ionosphere due to magnetospheric signals

“such as natural whistlers, emissions, hooks can be quantitatively calcillated.

4) From the examination of input signals of different freQuehcy—time format, it is
concluded that under condition of moderate wave intensities (B,, <10 pT at L==4),
the total deposited energy density induced bjr coherent slowly varying signals is not
strongly dependent on the input frequency-time format. However, it is found that
when wave growth is present, a signal with rising frequency is more efficient than a
signal with falling frequency in inducing electron precipitation.

5) The transient precipitation model is applied to three observed correlations

“between electron precipitation and VLF wave events. The precipitation flux level,

pulse shape, and associated time relationéhips obtained from the model agree well
with the reported data. o
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II. PHYSICS OF GYRORESONANT WAVE-PARTICLE INTERACTIONS

A. MODELS OF THE MAGNETOSPHERIC MEDIUM

In this report we are mainly interested in the ‘inner magnetosphere’, defined here
as the.region within ~ 6 earth radii and between ~ + 66° geomagnetic latitudes of
the earth. In this region the earth’s magnetic field is a moderately good centered
dipole field with the dipole axis tilted with respect to the rotation axis by about
11.5 degrees. A sketch of the dipole field geometry is shown in Figure 2.1. In this
dipole model the equation'of a field line in any meridional plane is described by the
relation :

Rcos?he = Rycos?), ()

where R is the distance from the center of the earth, Ry (=56370 ki) is the mean
radius of the earth, X is the geomagnetic latitude, and \g is the latitude of the point
where the field line intercepts the earth surface. A field line can be identified by the
Mecllwain’s magnetic shell parameter L defined as

L = Req/Ry = 1/ cos® X, | (2.2)

where Req is the geocentric distance of the field line at the equator The strength
of the magnetic field in this dipole model is given by

| . |
Bo(R,)) =3.12 X 10-5(“1‘?) (1+3si0?\)¥2  wh/m?. (2.3)

The inner mé.gnetosphere is populated mainly by electrons and protons with
energy in the order of 1 eV, constituting a background cold plasma. In the presence:
of the static magnetic field, a charged particle undergoes a motion of gyratlon along
the field line. Electrons and protons gyrate in opposite directions because of their
different signs of charge. The frequency of gyration for the ‘cold’ plasma electrons,
called electron gyrofrequency, is given by

WH = —, (2'4)

where e and m are the electronic charge and rest mass of electron, respectively. One
important feature of this region is the existence of the plasmapause, discovered in
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FIGURE 2.1  COORDINATE SYSTEM FOR THE DIPOLE FIELD GEOMETRY.

the early 1960's [Carpenter, 1963, 1966]. At the plasmapause the electron density

. often drops suddenly by roughly two orders of magnitude within a couple of tenths
of an earth radius. The location of the plasmapause can vary from L=3 to L=7,
depending on magnetic activities, but is often near L=4~.5 during geomagnetic
quiet conditions. The region inside the plasmapause is called the plasmasphere
{Carpenter and Park, 1973|. '

The distribution of the cold plasma within the plasmapause is often modeled as

a neutral isothermal mixture of electrons and positive ions (H* with some He* and
O+) in diffusive equilibrium a.long the geomagnetic field lines under the influence
of the earth’s gravitational and centrifugal forces [Angerami and Thomas, 1964].
The cold plasma densities around the geomagnetic equator at the inner edge of the
plasmapause are typically in the range of from ~300 to ~ 1000 particles/cm? [Park
et al., 1978]. Outside the plasmapause, where the electron densities are quite low, the
_cold plasma distribution is better approximated by a collisionless model [Angerami,
1966). The collisionless model can be very closely approximated by the R-4 model,
in which the electron density is proportional to R—*, R being radial distance [Park,
1972]. In so far as the modeﬁng of interactions with field-aligned propagating waves
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FIGURE 2.2 NORMALIZED ELECTRON DENSITY VERSUS GEOMAGNETIC LATI-
TUDE AT L=4 FOR DIFFUSIVE EQUILIBRIUM AND COLLISIONLESS MODELS
The electron density is normalized to the equatorial value.

is concerned, the collisionless model differs from the diffusive equilibrium model in
that its electron density varies much. faster, "pa.rticularly near the equator. Figure
2.2 shows the variation of the cold plasma density with geomagnetic latitude along
the L=4 field line for the diffusive equilibrium (DE) and R-4 models. |

B. VLF WHISTLER MODE WAVES IN THE MAGNETOSPHERE

As a magnetoplasma, the magnetosphere can support a variety of waves of
frequencies from less thar one Hz up to one MHz. In non-magnetized isotropic
plasma, there exists a stop band for propagating waves below the electron plasma
frequency defined by

n.e?
mey

wp = (29)
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with n. being the cold plasma density and ¢o being the.permittivity of free space.
However, in the presence of a static magnetic field, there exists among others a lower |
frequency pass band below the electron gyrofrequency wy. The earth’s magnetic
field then ‘opens’ the magnetosphere to low frequencies. Propagation in this band
is referred to as the ‘whistler mode’ [Helliwell, 1965].

- For frequencies in the whistler mode range (i.e., w < wg), the magnetosphere is a
highly dispersive and anisotropic medium. In other words, the refractive index, and
therefore the phase and group velocities, depend strongly on the angle between the
wave normal k and the static magnetic field Bg. These properties can be explained

with the aid of the magneto-ionic theory, described in detail by Rateliffe [1959].In

this theory it is assumed that the medium is homogeneous. The magnetosphere is

* an inhomogeneous medium in which the parameters of the medium vary in space.

However, for whistler mode waves these parameters are believed to vary sufficiently
slowly in the space of one wavelength that the WKB approximation {Budden, 1961]
can be used. The whistler mode is in general elliptically polarized. For propagation
parallel to Bo, the wave polarization is circular with the sense of rotation being the
same as that of the electrons.

The whistler mode waves propagating in the inner magnetosphere generally have
frequencies from a few tens of Hz up to the electron gyrofrequency (~ <1 MHz),
which includes the VLF band. These waves can be generally classified as ducted
and nonducted. ‘Ducted’ waves are believed to propagate in tube-like ﬁeld-align'ed
electron density enhancements called ‘ducts’, which are thought to terminate above
the F layer of the ionosphere [Bernhardt and Park, 1977]. The ducts can trap whistler

~ mode waves and confine the wave normals to small angles from the static magnetic

field [Smith, 1961]. These waves can penetrate the lower ionosphere in the conjugate
hemisphere. Most VLF signals propagating through the magnetosphere and received
on the ground are believed to be in this ducted mode. Trapping in an enhancement

‘duct is possible only for wave frequencies less than half the local gyrofrequency

[Helliwell, 1965].

Ornly a small part of the inner ma.gnetosphere is thought to be occupted by
ducts. Most of the whistler mode signals travel in the nonducted mode in which the
propagation of wave does not generally follow the magnetic field lines. Nonducted
waves are not generally received on the ground, although they have been seen
on various satellites [Edgar, 1972; Bell ¢t al., 1981; Inan and Helliwell, 1982 and’
references therein]. Most features of ducted and nonducted wave propagatlon are
well explained by cold plasma theory.

— 14—
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In this report we consider wave-partficle interactions involving longitudinally
propagating waves so that the wave number vector k is parallel to the static
magnetic field Bg. This is a reasonably good approximation to the whistler mode
wave propagation within a duct {Smith, 1961]. For this case, the whistler mode
refractive index in a cold magnetoplasma is given by
wp(z)? 17

ulz) = [‘ * en() -

, (2.6)
~ where w is the angular wave frequency, z is the coordinate along By, and wp(z) and
wg(2) are local plasma frequency and gyrofrequency, respectively. Within the inner
magnetosphere, wp? is appreciably greater than wy? and the 1 on the right of (2.8)
can often be dropped since w < wy.

Using the WKB approximation, the wave magnetic field intensity vector of a
circularly polarized monochromatic whistler mode signal propagating longitudinally
along By in the slowly varying magnetospheric medium can be expressed as

Bu(z,8) = Bu(2)[az cos(wt — [ k(z)d2) + ay sinfut — [Kaaz),  (@n
S | 0 o

where By(z) is the magnitude of B,(z,¢) and is slowly varying according to the
square root of the local refractive index, k(z) is the wave number and a, and a,, are
the unit vectors in the x and y directions, respectively. The wave number k(z) is
equal to p(2)w/e, c being the speed of light. (2.7) indicates that the wave is right
hand polarized.

The wave magnetic field intensity changes due to the changing refractive index.
Also for ducted wave propagation considered here, the cross-sectional area of the
duct varies along the field line, being inversely proportional to the static magnetic
field intensity By. The intensity of a ducted VLF wave will also vary as the duct
cross section changes if the whistler mode wave is assumed to be the superposition
of a large number of rays that fill the duct. Including both of these effects, the
amplitude B,(z) of the wave magnetic field can be expressed as

Bu(e) = Bueqlom(M umeqbed,  (28)

where Byeq, wheq, and keq are equatorial values. Equivalently, we assume that the
total power flow of the wave in the duct is constant. Since By, wp, wg, and k are
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all slowly varying quantities, in the rest of this report we drop (z) for the sake of

. eonvenience.

From (2. 6) and the definition of the group refractive index 4’ == d(pw)/dw, we

find the phase velocity v, and group veloclty vy for longitudinal propagatlon are

given respectively by

1200 — uA1/2 .
vp i -c- = Cw (WH W) ’ (2‘9)
# wp
/20 8f2 -
vy = & = 9 B — WP (2.10)

N wpWwH
‘Ina sIoWIy varying medium, v, and v, are both functions of position z.

C. DYNAMICS OF TRAPPED RADIATION BELT PARTICLES

In addition to the particles which constitute the magnetospheric cold plasma and

support the propagation of the whistler mode waves as discussed above, a relatively

small number of particles of higher kinetic energies, extending up to hundreds

of MeV, are also present in the magnetosphere. These energetic particles, mainly
electrons and protons, constitute the earth’s radiation belts and are magnetically
- trapped in the static magnetic field [Roederer, 1970].

A charged particle in a uniform magnetic field executes a helical motion. This.
-motion is a combination of circular motion around a'ﬁeld line and linear motion

~ along the field line. In the case of slowly varying magnetic field in space and time,
the motion can still be described as composed of a near-circular motion around a

field line and a linear motion along a field line. This helical motion is generally

accompanied by an additional drift across field lines [Hess, 1968].

In the earth's dipole magnetic field a charged particle performs a motion that
can be broken down into three components. It rotates rapidly around a field line,
bounces back and forth between its two mirror points along a line, and slowly drifts
in longitude around the earth. The speed of these three motions are so different
that they can be separately treated [Hess, 1968).

We denote the parallel and perpendicular components to the field line of the
particle veloclty v by v, and v, respectively. By definition the relation between the
total momentum p and the total velocity v is glven as

p=_M'rv, | o (211)
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where M is the rest mass of the particle and y=(1 — v¥/¢%)~1/2 is the relativistic
factor. The parallel and perpendicular components of p are represented by p, and
p., respectively. The angle between the field line and v or p, i.e., the pitch angle, is

given by a=tan~!(v, /v,)==tan~(p, /pu) The kinetic energy (referred to as energy

henceforth in this report) of the particle is
E= Mcz('r — 1),

where Mc? is the rest energy of the particle, being 511 keV for electroﬁs.

Electrons and protons gyrate in opposite directions around a field line. The
gyrofrequency wg,, and the radius of rotation RHM for a partlcle of rest mass M
are given by

Re = Mqv, MAvsina __psina
™ "B T b ¢Bo ’
where ¢ is the charge of the particle and By is the local magnetic field.

(2.12)

The maghetic force v X By on the particles changes the direction of the par-

- ticle momentum without doing work on the particle. The total energy of the par-

ticle is therefore conserved along its trajectory. It can be shown (e.g., Alfvén and
Falthammar, 1963) that when the change in the magnetic field during one gyro
period is small enough, the quantity p,2/Bg is constant to the first order. It is thus
an ‘adiabatic invariant’, meaning that its variation due to a given change in By can
be made arbitrarily small by letting the change in By take place sufficiently lglowly
in space and time. This approximation is well satisfied in the inner magnetosplrere.
Using the conservation of energy, i.e., p=constalit, and p, 2/Bg=constant, we have

sin? &

By

= constant. (2.13)

According to (2.13), the particle pitch angle a increases as By increases along the
particle’s trajectory. When By is large enough such that the local a=90° (i.e.,
p,=0), the particle is said to havé_ mirrored back and spirals back up the field line.
The point at which this turn-around occurs is called the ‘mirror point’. Figure 2.3
shows a particle trajectory along the earth’s dipole field line. There are two mirror

points near the conjugate ends of the field line. The particle is ‘trapped’ in the sense

_1"7..
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Trajectory of
trapped particle

Drift of
5 protons

FIGURE 2.3 TRAJECTORY OF AN ENERGETIC PARTICLE IN THE EARTH'S
DIPOLE FIELD. The motion is composed of three components: (1) spiraling along field
lines, (2) bouncing back and forth between mirror points along field lines, and (3) drifting
slowly in longitude around the earth. The elect.rons drift east and the protons drift west.

(From Hess [1968].)

that it spirals back and forth between the conjugate mirror points. The position of
the mirror point depends on the equatorial pitch angle aeq of the particle. From
(2.13) aeq associated with a mirror point of field strength By, is given by

. Be
) q .
: =t 2.1
sin” aeq B | _ (2.14)
where Beq is the equatorial magnetic field. The particle travel time from one mirror
point to the other and back again is known as the ‘bqunce period’. In the inner
magnetosphere the typical bounce periods for particles trapped in the radiation

belts range from a fraction of a second to a few seconds [Liemohn, 1961].

~ In addition to the gyro and bounce motions a charged particle in the magneto-

sphere undergoes a drift motion across the magnetic field lines. The direction of
drift motion is perpendicular to the static magnetic field and may be in either
the azimuthal or the radial direction. The azimuthal motion is caused by the
gradient VB of the earth’s dipole field which causes electrons to drift eastward

and protons to drift westward, as indicated in Figure 2.3 [Hess, 1968]. The drift

periods generally range from minutes to days and are much greater than the gyro
- and bounce periods. The radial motion is mainly E X B drift caused by azimuthal
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electric fields [Carpenter and Seely, 1976] and is usually slower than the azimuthal
motion. The dynamics of charged particles in a dipole field includilsxg‘cross field
drifts are discussed in details by Hess {1968] and Roederer [1970].

~ In this report we focus our attention on the phenomenon of ‘precipitation’ of
trapped energetic particles out of the magnetosphere: From the discussion in con-
nection with (2.14) it can be seen that particles with smaller equatorial pitch angles
have lower mirror heights. If the mirror point is located in the denser regions of the

lower jonosphere, the particle collides with the atmospheric constituents and may
be absorbed. Such a particle is said to be ‘precipitated’ out of the radiation belts

since it does not travel back up the field line, but is deposited in the ionosphere.

It can be shown that the equatorial pitch angle of a particle gyrating around a
dipole field line on Lshell with a mirror height of Ay, is given by [fnan, 1977]

. [ H,3 ]112 ' (2 9
sin aeq = ., _ ' .
/i —am.L '

‘where Hy,==(Ry+hm)/Ry. Corresponding to a given mirror height A,,, an equatorial

‘loss cone’ can be defined using the associated aeq in (2.15) as its half angle. This
half angle is denoted as akﬁl and is known as the equatorial loss cone angle. The
atmospheric altitudes where a significant number of particles are removed from the
trapped population are generally about 100 ~300 km [Berger et al., 1974]. The loss
cone angle defined by (2.15) does not significantly depend on h,, in this range.
For our purposes we choose to define the equatorial loss cone angle (ale%l) as the
equatorial pitch angle associated with an k,,=100 km and we assume that any
particle with A, smaller than 100 km (i.e., aéq < ag&) is precipitated.

Although in the content of the ideal dipole model we consider the mirror heights
in the two conjugate hemispheres for a given aeq to be the same, for the earth’s
magnetic field significant asymmetries along some field lines do exist [Barish and
Wiley, 1970]. In such cases the loss cone corresponding to one hemisphere is different
from that corresponding to the conjugate hemisphere.

One of the major processes for precipitating trapped particles out of the radia-
tion belts is the ‘scattering’ of particles during wave-particle interactions in the
magnetosphere. ‘Scattering’ in this context refers to the particles’ pitch angles be-
ing altered from their adiabatic values as a result of wave-induced perturbations.

The particle may thus be lost to the atmosphere if ils aeq is lowered below a!gl,
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during either one or more encounters with a given wave. Specifically, in this i'eport
we study such precipitation of energetic electrons induced by cyclotron resonant
wave-particle interactions involving coherent whistler mode waves.

D. CYCLOTRON RESONANT WAVE-PARTICLE INTERACTIONS

We now discuss the equations of motion of an energetic electron in a longitudinally
propagating whistler mode wave. As will be discussed later, for an electron to
interact with the wave in the cyclotron resonance sence, lt must travel in a dlrec-

tion opposite to that of the wave, as shown in Fi igure 2.4.-

In the absence of the wave the electrons are adiabatica.lly tra;i_p_ed in the earth’s
magnetic field. Using the first adiabatic invariant (i.e., p,2/By=constant) their
motion, neglecting the small longitudinal drift across the field line, can be described
by the following equations

dPu —_ p.® %
dt 2Bom‘7 0z

dp p.py 9B :

dt.L = ,_2B_;n:'7 dz’ (2.16)
where the coordinate system and the variables are defined in Figure 2.4. From the
Lorentz force equation and Newton's second law, the wave-induced acceleration of
the particle can be described in the laboratory frame as

dp, eB, |
( T )w = ey PLSiné

(%)wwe == —eF,, sin ¢ - f'%p,, sin ¢, ' (2.17)7
where ¢ is the angle between the electron’s perpendicular momentum vector p,
and —B,, and E,, is the wave electric field intensity. Note that for plane wave
as is assumed here, By, = (w/k)By. Superimposing the adiabatic motion of the
celectrons as given by (2.16) on the wave-induced perturbatlons, we obtain the
complete equations of motion for the cyclotron resonance wave—partlcle interaction

with electrons:

2

dj eB, ) dwp
oy _ .pr- in 6 Dy H

dt T my / s " 2wymy 9z (2'18‘1)
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(b)

FIGURE 2.4  COORDINATE SYSTEM FOR THE EQUATIONS OF MOTION. The
particle and the wave are traveling in opposite directions. The z axis is everywhere aligned
with the magnetic field line. Dashed line indicates the orbit of the electrons in the z—y
plane. : e
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Tommy 92 " - (2.18h)

dp, _ eBy w .
at e (o + km7)3m¢+

- - where wy =eBo/m has been used. Also the rate of change of ¢, which controls the
. cumulative change in p, and p, is given by

d¢=w_H“_w__.kPn eBw(u 4”

—m’r)

= ko > (2.18).

Equations (2.18) are written in the laboratory frame, with the coordinate system
as shown in Figure 2.4. The quantities wy and k are functions of z, the coordinate
"along the field line.

Although (2.18) describes the particle momentum, the velocity components can
be obtained from (2.11) with ~ given by

ot = ‘/pzcz + mzc“/mcz. | _ (2.19)

Note that (2.18) are the general form of the erjuations of motion valid also for
relativistic energies. For the nonrelativistic case, y=1, and (2.18) reduces to the
nonrelativistic equations of motion which are often written in terms of velocity

- .components:
'?Tu = e_,%y’”* sing — %%- | (2.20a)
d:; (vu + - )sm ¢+ ”*2" a;; :’ (2.205)
% = wH —w— kv, — %(vn + -‘E c:iqs._ (2.20¢)

Equations (2.20) in whole or in part have been used to study VLF wave-particle
interactions by many authors [Dysthe, 1971; Inan et al., 1978 and references therein}.
It has been suggested [Chang and Inan, 1983] that the exact equationé (2.18) be
used for particle energies higher than 50 keV, corresponding to a 109% correction in
average pitch angle s_cattering'with respect to the nonrelativistic formulation.

Cyelotron Resonance Condition

Since the first terms on the right hand side in {2.18a) and (2.18b) are proportional
to sin ¢, cumulative changes in p, and p, will only result when ¢ — 0. For most
magnetospheric parameters, the last term on the right hand side in (2.18¢) is
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negligible unless v, —0 [Inan, 1977). Neglecting this term, (2.18¢c) can be rewritten

as

dt k

where vp = (wgy /v — w)fk is commonly designated as the ‘éyc’lotron resonance

velocity’. From (2.18a), (2.18b), and (2.21) it is clear that the wave-induced pertur-

bations in the particle trajectory are negligible unless the following condition holds
between the wave and the electron:

W
o= og = (T —w)/k

or w4 kv, >~ wy /. _ | (2.22)

Equation (2.22) is known as the (fundamental) relativistic cyclotron resonance con-
dition and represents the case when the Doppler shifted wave frequency experienced

by the electron is approximately equal to the gyrofrequency of the electron as ob- .

served in the laboratory frame. Note that y=(1 — v,2/¢? cos? a)~1/2

pitch angle of the resonant electron. The parameter  accounts for the heavier mass

and reduced gyrofrequency of the electron in the relativistic sense. When =1,

(2.22) reduces to
Cwtky =wy, (2.23)

which is the nonrelativistic cyclotron resonance condition and is often used in the
literature for the study of lower resonant energies (e.g., £<10 keV).

The wave vectors seen by an electron that is in cyclotron resonance with a whistler
mode wave are approximately stationary. When the resonance lasts (.., (2.22) is
 satisfied) for a significant length of time, cumulative energy and/or momentum
- changes of the electron can occur.

Given local values of wy, k, and w, there always exists a positive solution for v,
of (2.22) for any specified value of the local pitch angler a, given by |

—wk + {W2k2 + (wa? - )+ (w]rz/c2 cos az)]l/2
k2 +wpl/ctcos?a

Yy = UR= (2.24)

It can be shown that for pcosa>1, where g is the refractive index, the above

solution is the only one which satisfies (2.22). However, for g cos a<1, there exist two

~93 -
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, where a is the '
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solutions: one is positive and is given by {(2.24), the other is negative and corfesponds

 to y>wp/w. Negative v, represents electrons traveling in the same direction as the

wave. For typical magnetospheric parameters, g cos a<1 requires a very high pitch

| angle. For example, for =10, a should at least be 84.3°. In this report we shall

consider only electrons with v, as described by (2.22). In this case, w<wg/7, a.nd
the resonant electrons and the wave travel in opposite du‘ectlons

Unlike the nonrelativistic case (2.23), the cyclotron resonant parallel velocity for
relativistic electrons is a function of pitch angle «. Figure 2.5 shows the equatorial
resonance velocity as a function of a for different values of A=w/wyeq for interac-
. tions at the geomagnetic equator at L=2, with fgeq=wHeq/27=109.2 kHz, and

for cold plasma density of 800 el/em3. The resonance velocity is higher at lower

pitch angle and decreases with increasing a. At lower frequencies the decrease is
much faster since the total velocity of the electron canrot exceed the speed of light.
It is observed from (2.22) that « approaches wy /w as v, approaches zero or a ap-

proaches 80°. Therefore, the asymptotic behavior of the resonance velocity near 90°

pitch angle is given by

vp— eyl —w?fwg?cosa  a—90°.

Figure 2.6 shows the energy of the resonant electrons as a function of the pitch angle
for the corresponding cases in Figure 2.5. Since 4 approaches wy/w, the energy at
resonance approaches mc?(wy/w — 1) as a approaches 90°.

~ For resonant interactions in the inner radiation belt and for cases when the
cold plasma density and/or the wave frequency is low, e.g., propagation outside
the plasmapause, the energies of the resonant electrons are in the quasi-relativistic
range (energies in the range of several tens up to several hundreds of keV). Figure 2.7

shows the equatorial resonance energy as a function of the equatorial cold plasma

density for different frequencies at L=>5 and for a=3.87°, the half width of the
equatofial loss cone at L=>5. This particular value of « is chosen since in the rest of
this report we study the wave-induced scattering and precipitation of near-loss-cone
electrons. Note for example that for neq<20 el/cm typical of the region outside
‘the plasmapause, waves with frequency less than 700 Hz can interact with electrons
of energy higher than 100 keV.

Method of Study

Since the equations of motion (2.18) are highly nonlinear, it is generally difficult
to solve them using analytical methods. For our study, we employ a test particle
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FIGURE 2.5 EQUATORIAL RESONANCE VELOCITY VS. EQUATORIAL PITCH
ANGLE FOR DIFFERENT NORMALIZED FREQUENCIES A-—w/wHeq The resuit

shown is for L==2 and neq=2800 el/cm?.
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simulation method for computing the individual particle traj ectories. This method is
similar to and is an extension of the one used by /nan [1977] and Inan et ol. [1978]. :
The method of solution is described in details in the above references. Basically

it empioys a centered dipole model for the static magnetic field and a diffusive

equilibrium model or a collisionless model fbr_ the background cold plasma. Then by
integrating the full equations of motion (2.20), the effect of the wave on individual
test particles, i.e., deviation from their adiabatic trajectories, can be obtained. By

‘considering a sufficient number of test particles that are appropriately distributed

in ¢, v,, and v,, the wave-induced perturbation of the full particle distribution is
inferred. ' '

For our particular application we have employed the relativistic equations of mo-
tion (2.18) and the relativistic cyclotron resonance condition (2.22) and have thus
extended the computer model to relativistic energies. The equations of motion (2.18)
written in terms of the particle momentum components instead of velocity com-
ponents are utilized. The velocity space trajectories followed by particles at various
pitch angles during cyclotron resonance interactions under various magnetospheric
conditions has been described in detail by Inan [1977]. The importance of phase
trapping of particles in the wave's potential well was emphasized. In this report we
are particularly interested in the wave-induced perturbation of the near-loss-cone

particles and their contribution to the particle precipitation. In the next section

we give some examples of the cyclotron resonant scattering of near-loss-cone quasi-
relativistic particles by monochromatic VLF waves.

E. SCATTERING OF NEAR-L0OSsS-CONE PARTICLES

In this section we shall determine the efficiency of scattering of the near-loss-cone
quasi-relativistic particles by moderate intensity VLF waves. In this context, ‘near-

loss-cone’ represents the particles with pitch angles very close to the edge of the

bounce loss cone. We consider the case of L=2, representing the outer boundary
of the inner radiation belt, and an equatorial cold plasma electron density of 800
el/cm®. For a dipole model of the static magnetic field line the equatorial half
angle of the loss cone corresponding to a mirror altitude at 100 km is found to be
aeq=16.77°. We consic!_er a monochromatic wave at f=>5.46 kHz==0.05 fHeqv where
fgeq is the equatorial gyrofrequency. Its intensity is taken to be B,=7.5 pT so that
the wave power density would be the same as a wave at f=0.5 JHeq and By==5 pT.

Figure 2.8 shows the trajectory of a test particlé having an initial Larmor phase
(o) of 120° and a pitch angle equal to the half angle of the loss cone. The particle
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FIGURE 2.8 TRAJECTORY OF A RELATIVISTIC TEST PARTICLE UNDER THE
INFLUENCE OF A MONOCHROMATIC WAVE OF 5.46 KHZ HAVING B,=7.5 pT
AT L=2. Both the total scattering Aaeq (solid line) and the phase ¢ (dashed lines)
are shown as functions of time. The equations of motion are.integrated over the time
when the particle parallel velocity is within +£2% of the local resonance velocity. The test
particle has an energy of 523 keV and an equatorial pitch angle of 16.77°. The initial
Larmor phase was taken to be 120°.

resonates with the wave at the geomagnetic equator and has an initial energy of
523 keV. The equations of motion are infegrated over the time when the partidé's
parallel velocity is within 2% of the local resonance velocity. For the parameter
ranges used in this case we have found that the wave-induced perturbations can
then be estimated to within an error of 10% at most. It can be seen in this case
that the particle's equatorial pitch angle is changed by ~0.9° during its resonance
encounter with the wave. ' |

Figure 2.9a shows the total scattering Acaeq as a function of ¢ for equatorial -
resonant particles of the same energy and pitch angle. The sinusoidal variation of
Aaeq with ¢ reveals the linearity of the scattering for the parameters considered,
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due mainly to the relatively low L shell, and thus its high inhomogeneity [Inan,
1977). This is also demonstrated by Figure 2.95 which shows the root mean square
(rms) scattering of the same particles as a function of wave intensity. It indicates
that the rms scattering is proportional to the wave intensity at least up to 45 pT. It
is noticed in Figure 2.8 that for particles with the initial parameters used here, the
_ interaction region, which can be roughly defined as that part of the field line within
which the particles go through a 180° phase variation about the resonance point
[Helliwell, 1867], is within 1.6° in latitude around the equator. We have computed
p, which is the ratio of the wave and inhomogeneity terms as defined in Inan et al.
[1978] for this case and it was found that p varies from 0.01 at 0.16° latitude up to
only 0.16 at 0.01° latitude. This confirms the linearity property since the p values
within the interaction region are much smaller than p=1 which has been defined
as a threshold of linearity [/nan et al., 1978]. |

To demonstrate the efficiency of scatteri.ng for particles that resonate with the
wave at points off the equator, we plot in Figure 2.10 the rms scattering as a function |
of the particle energy. For each energy we have considered particles uniformly
distributed in initial phase and having the same unperturbed pitch angle, ie.,
agq=16.77°. In general, particles with given initial energy higher than 523 keV
. resonate with the wave in the vicinity of two points on both sides of the equator.
According to the linear theory the total scattering Aa due to one resonance depends
on the initial phase of the particle and is a sinusoidal function as shown in Figure
2.9a [Inan, 1977). The quasi-periodic variation of the scattering shown in Figure
2.10 is due to the phasing between these two resonance points. A similar result
was obtained by using a linearized solution of the equations of motion [Ashour-
Abdalla, 1972]._The decrease in period as particle energy increases in Figure 2.10
is attributed mainly to the faster phase variation experienced by the higher energy
particles. Note that the maximum scattering, which is represented by the peﬁk of
the main lobe, oceurs when the resonance points are located slightly away from the
equator and the strength of scattering decreases rapidly for particles with energy
below the equatorial resonance energy. This causes the asymmetrical behavior of the
scattering with respect to the strongest--interaction. On top of Figure 2.10 is shown
the latitude of resonance as a function of energy. It indicates that the maximum
scattering results from interactions within 2° latitude around the equator in this
particular case. '

The dashed curve in. Figure 2.10 shows the envelope of the rms scattering pattern.
This envelope is important since it reveals the relative magnitude of the scattering
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FIGURE 2.9 DEPENDENCE OF PARTICLE SCATTERING ON THE INITIAL LAR- -
MOR PHASE AND THE WAVE INTENSITY. (a) Total scattering Aaeq versus initial
phase ¢o for equatorial resonance particles. All other paramters have the same values as
in Figure 2.8. (b) The root mean square (rms) scattering as a function of wave mtensaty

for the same resonant particles in (a).
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FIGURE 2.10 THE RMS SCATTERING VERSUS THE PARTICLE ENERGY FOR
THE SAME MAGNETOPLASMA AND WAVE PARAMETERS AS IN FIGURE 238.
For each energy, particles aniformly distributed in initial phase and having the same un-
perturbed pitch angle agq=16.77‘ are considered. The dashed curve shows the envelope

of the scattering pattern. Also indicated is the latitude of resonance corresponding to
different particle energy. '
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as a function of the location of the resonance point. In the following discussion
we use this envelope for the purpose of comparing the wave-induced pitch angle
changes for different cases.

Up to now we have considered a wave structure which is symmetrically distributed
on both sides of the equator; the scattering differs if the wave intensity is taken to be
zero on the down stream side of the particles. Such a model may represent a wave
which has been a.hipliﬁed due to the wave-particle interactions near the equator
[Helliwell, 1967]. Since this amplification can typically be 30 db or more [Helliwell
and Katsufrakis, 1974, we take the wave intensity to be 7.5 pT on the upstream
side of the particles and negligibly small on the other side. Figure 2.11 shows the
rms scattering of the test particles in the same energy range as in Figure 2.10 due to
this half-sided wave structure. The total pitch angle scattering is less than that of
the full wave case since the eflective interaction length has been halved. Within the
interaction region the pitch angle change of a particle, and thus the rms scattering
of a sheet of particles, usually undergo a quasi-sinusoidal variation with respect
to distance. The relative phase of the quasi-sinusoidal oscillation observed at the
equator is then dependent on the distance from the equator of the resonance point.
This results in the sinusoidal-like variation in the rms pitch angle scattering versus
energy curve in Figure 2.11, since the location of the resonance point is a function
of energy. Although the details of the rms scattering patterns for the half-wave and .
full-wave distributions are different, both patterns show the same dependence on
particle enefgy.

Figure 2.12 shows the ehvelope of rms scattering for wave frequencies of 5.46 kHz, .
10.9 kHz, and 21.8 kHz, corresponding to equatorial resonance energies of 523, 265,
and 107 keV, respectively. The wave power density at the equator was taken to be
the same for all cases, resulting in different equatorial wave amplitudes, namely, 7.5
pT, 6.4 pT, and 5.6 pT, respectively, due to different refractive indices. For waves at
half the equatorial gyrofrequency the amplitude corresponding to this power density
would be 5 pT. The result for 5.46 kHz is the same as that shown in Figure 2.10
and is repeated here for comparison. The initial equatorial pitch angle was taken to
be 16.77° in all cases. The peak rms scattering is larger for higher wave frequencies
(lower resonance energies) due to the longer interaction times. The dashed curves in
Figure 2.12 show the latitude of resonance as a function of particle energy. For the
~ same percentage deviation above the equatorial resonance energy, the latitude of
resonance is further away from the équator for the higher frequency case, resulting
in the narrower peak of the rms scattering curve. '
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FIGURE 2.1} THE RMS SCATTERING VERSUS PARTICLE ENERGY FOR A HALF-
SIDED WAVE STRUCTURE. The wave 1s turned off in the southern part of the ﬁeld ‘
line. All other parameters are the same as in Figure 2.10.
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F. ENERGETIC ELECTRON DISTRIBUTION FUNCTIONS

- In the rest of this report we shall consider wave-induced perturbations of a
distribution of energetic electrons. trapped along the earth’s magnetic field line.

Perturbation of trapped distribution near the loss cone causes the scatteringA of

electrons into the loss cone and results in their pr_ecipitatioﬁ into the ionosphere.

Using the adiabatic invariant, the parallel velocity and pitch angle of trapped
particles can be inferred at each point along the field line for specified values of these
pardmeters at the geomagnetic equator. Therefore, the energetic electron population |
in a magnetic flux tube can be represented by a distribution function defined at the
equator [fnan et al, 1978].

The particle distribution function used in our analysis is the velocity space
distribution which when integrated over the velocity space volume gives the number
density (el/cm®) of electrons. When the velocity space is specified by using the
spherical coordinates v, @, and ¢, the volume element becomes v?sin advdadg,
where ¢ is the Larmor phase angle. In the case of cyclotron resonance interactions,
the resonance condition (2.22) is written in terms of the particle’s parallel velocity
;. It is therefore more convenient to use the v,, a, and ¢ as the independent
variables in velocity space in our test particle simulation. It can be shown that
in these coordinates the velocity space volume element is v,%(sin a/ cos® a)dv,dadg
[Inan, 1977].

We denote the (equatorial) distribution function as f{E, a), where E is the energy
and « is the equatorial pitch angle of the electron. In this report the a employed in
the distribution function or in the manipulation related to distribution function will
implicitly represent the equatorial pitch angle. Since E=mc*|(1—v,2/c% cos? a)~1/2—
1}, f(E,a) is a function of v, and a and would be defined such that the number
density of electrons within v, + % and « + 42 in velocity space, when Av, and
A« are sufficiently small, is given by |

AN = 2xf(E,a)v.? %%M,,Aa, (2.25)

- where we have assumed 2 uniform distribution in ¢, and 27 is due to the integration

over ¢.

Assuming that electrons with equatorial pitch angle less than a};‘:{l are precipitated
at the ionosphere, the total number density of such precipitated electrons in the
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energy range of Ey to E2 is given by

a]écq !J||2

Np=or | [f(E,a){
0

oy

e ] 2 fyda, (228)
where v, and v,, are given by Ey=mc%[(1—v,,2/c? cos? a)~1/2—1] and Ep=mc?{(1—
v,22/c? cos? a)1/2 — 1], respectively, and B; and a; are the magnetic field strength

“and the pitch angle, respectively, at the ionospheric height. The variables o and «;
are related by the adiabatic mirror equation sin a/Beq sin® a;/B;. The factor
{(cosa/ cos a;)(B;/Beq)] in’ (2.26), which can be obtained from the above mirror
equation, accounts for the reduced volume element of the flux tube at the lonosphere
compared to that at the equator due to the convergence of the field lines.

The precipitated energy flux, or the energy deposition rate (in units of energy
per area per second) associated with (2.26) is obtained by integrating the quantity
Evcosa;f(E, a) over the velocity space and is given by

ak:q Yng . B .
- - cosa B; | ,sina
Q=2r 6[ y ;{ FEvcosa; f(E'a)[cos p Beq]vu p— adv"da,

where v is the total velocity of the electron with energy E. From (2.3) B;/Beq can
be expressed as L3(1 + 3sin®);)!/2, where )\; represents the latitude at which the
field line on L-shell crosses ionospheric altitude where the precipitation takes place.
Substituting this for B;/Beq and v, for v cos a, the expression for Q can be rewritten
as

le

aeq vy,
Q=2 [ [ Busi, ao? sin rdndol(1 35PN (2.)
0 vy

In this report we consider unﬁerturbed trapped energetic electron distribution
functions of the form

AEg(a), i a2alS;

flE,a) = {0, f o< ag{ .' (2.28_)_

'wh_ere A is a constant, n/2 is an exponent that can be adjusted to obtain a fit with
observed distributions, and g(a) represents the pitch angle dependence. The func-
tion g(a) determines the isotropy or anisotropy of the distribution, with g{a)=1
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representing an isotropic one. For the purpose of comparing with observed dis-
tributions conventionally described in terms of the ‘differential energy spectrum’ in
el/em?® s st keV, the constant A can be related to the differential energy spectrum |
&g, of electrons at a given energy Ep (keV) and with a=00° pitch angle as

m? \(  ® -,./2
e E S

where mc? is the rest energy of the electron and g is the relativistic factor associated
with the energy Eg (in keV). The relationships between A and &g, and between
f(E, @) and ®g are derived in Appendix A. It can be seen from (2.29) that A is
proportional to ®g, and thus the absolute values of the precipitated fluxes shown
in the later sections of this report are directly proportional to the trapped electron
differential energy spectrum ®g,. - '

The energy spectrum of the precipitating electrons in el/cm? s keV can also be
calculated by simply integrating (1/AE)v, f(E, a) over the loss cone in the velocity
spacé; where AF is the differential energy corresponding to a given energy E. Figure
2.13 shows the caleulated energy spectrum of precipitating electrons for the case
of Figure 2.10. The energetic electron distribution was taken to be as given by
(2.28) or (2.29), with g(a)=1 (isotropic), n=4 and ®g,=4.5% 10° el/em? s sr keV
for Eq==100 keV. Note that if we assume the energy dependence of the enrergetic
electron distribution to be E~2, then this gives $g, of 108 el/ cm? s st keV for Eg=1
keV, which was the reference flux level used in previous work [Inan et al., 1978] and
will be adopted in most cases in this report.

The energy spectrum of the flux exhibits a pattern similar to that of the rms
scattering. The small irregularities result from the finite bin width used in the
numerical calculations. By comparing Figures 2.10 and 2.13 it can be noted that
the maxima and minima in the energy spectrum show a one-to-one correspondence
to those in the rms scattering pattern with negligible shift in energy. This in
turn indicates that the energy change suffered by the electrons is hegﬁgibly small
compared to the pitch angle change, since Figure 2.10 is plotted as a function of
initial resonance energy while Figure 2.13 is in terms of the precipitated or scattered
energy. Also note that the rms scattering pattern is not dependent on f(E, a) while
the precipitated energy spectrum which results from the integration of v, f(E, a)
strongly depends on the assumed distribution function. |
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FIGURE 2.13 THE ENERGY SPECTRUM OF PRECIPITATING PARTICLES FOR
THE CASE OF FIGURE 2.10. The energetic particle distribution is given by equations
(2.28) and (2.29), with g(a)=1, n=4, and ®p,=4.5X10° el/cm s sr keV for Ey==100
keV at 90° pltch angle ,
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The spectral details of the result shown in Figure 2.13 cannot be detected with
presently available particle detectors due to lack of éuﬂiciently high resolution [Imhaf
et al., 19814]. However, the envelope of the energy spectrum represents measurable
information. The variation of the envelope is determined by the relative strength of
" scattering given by Figure 2.10 and the relative population of particles at different .

energies. The decrease of envelope as enefgy increases in Figure 2.13 is faster than
that in Figure 2.10 since we assume an £~2 variation of the electron distribution. If
we define the equivalent width of the energy spectrum as the full width in energy at
half maximum of the flux (FWHM), then the width seen in Figure 2.13 is ~20 keV.
By using the same definition the equivalent width of the rms scattering in Figure
2.10 is more than 20 keV. The width of the energy spectrum would be smaller for
initial trapped distributions that have steeper falloffs in energy. ' '

In the present calculation we have assumed a sharp loss cone edge and an
otherwise isotropic initial trapped electron distribution. The maximum pitch angle
scattering at a given energy determines the range in pitch angle above the loss
cone of the trapped electrons which contribute to the precipitation at that energy
during a single encounter with the wave. For energies near the equatorial resonance
- energy the maximum pitch angle change is larger and thus the contributing range
in pitch angle is wider. Due to this factor, an electron distribution with a smoother
loss cone edge, e.g., a linear or an exponential increase with pitch angle (rather
than a step), will result in a narrower width in the precipitated energy spectrum.
Assumption of a smoother edge of the loss cone might be more realistic since the
particle distributions in the magﬁetosphere tend to have this property [Lyons and.
Williams, 1975]. :

Although the energy spectrum of the precipitated flux is strongly dependént
on the assumed trapped electron distribution, the equivalent width of the rms
.scattering pattern of the near-loss-cone electrons can give us an upper bound to
the equivalent width of the energy spectrum due to a full distribution of electrons.
In chapter IV we compare the experimentally observed peaks in energy spectrum of
precipitating electrons with the widths predicted by our results.
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IOI. TRANSIENT ENERGETIC ELECTRON PRECIPITATION INDUCED
BY VLF WAVE PACKETS IN THE MAGNETOSPHERE -

A INTRODUCTION

In this chapter we calculate the precipitation of energetic electrons into the
ionosphere due to the interaction of these electrons with short-duration VLF waves
-in the magnetosphere. A previous test particle simulation model |[Inan et al., 1978],
which was used to study the steady-state case of the interaction of a continuous
VLF wave {CW) with the trapped electrons, is extended to the transient case. It
is used to compute the detailed temporal variation of the precipitated energy flux
induced by VLF wave packets for various wave parameters and for different trapped
energetic electron distribution functions.

Precipitation of the radiation belt electrons is one result of the gyroresonance
wavé—particle interactions in the magnetosphere. The waves involved in these inter-
actions are (1) natural whistlers and chorus emissions, and (2) signals from ground
based sources, such as VLF transmitters and large-scale power grids, and emissions
triggered by these signals. Most of these signals are frequency-varying in nature. In
this chapter we shall consider both monochromatic and variable frequency signals.

During its propagation between the two hemispheres a VLF wave pulse can
interact with electrons of different energy and pitch anglé as determined by the
cyclotron resonance condition (2.22). The precipitated energy flux thus consists of
electrons that have encountered and interacted with the wave at different locations
" along the field line and that therefore arrive at the ionosphere at different times.
We take into account the full nonlinear interaction of all test particles with the
wave as well as the wave group travel time and the particle travel times. The result
obtained is the precipitated energy flux as a function of time after the injection
of the wave into the magnetosphere. The energy of the downcoming electrons is
also given as a function of time, since this determines the ionospheric altitude at |
which the flux is deposited [Rees, 1863; Walt et al., 1968; Banks et al., 1974] and is
therefore important for assessing the detectability of the computed fluxes by usmg
ground based intruments. ‘

In the next section we comparatively discuss the resonance locations of monochro-
matic as well as variable frequency waves. The formulation for the problem for
computing the transient electron precipitation is described in section C. Following
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that, typical results of transient precipitation due to fixed and variable frequency

wave packets are presented.

B. CYCLOTRON RESONANCE VELOGITY CURVES

We first demonstrate the differences in the resonance locations along the field
line between monochromatic waves and waves with slowly varying frequency. We
consider a longitudinally propagating whistler mode wave whose amplitude B,,
wave number k, and freqhency w all vary slowly within 27 period of the wave phase
(i.e., Aw/w < 1% within one wave cycle). The variation of the Larmor phase ¢ is
given by (2.20c), again with w béing a slowly varying quantity. In the following dis-

-cussion we use the nonrelativistic equations for simplicity. The cyclotron resonance

velocity is then given by vp = (wg — w)/k. For typical magnetospheric conditions,
B, /By < 1, and the wave-induced perturbations in the adiabatic trajectory of the
particle are cumulative only as long as the resonance condition v, = vp is satisfied.
The directions of v, and k are as shown in Figure 3.14a.

In Figure 3.15 we plot the resonance velocity vr as the dashed curve, assuming

- a continuous wave of constant frequency fo along the field line. For this case, vp

is symmetric around the equator due to the symmetry of the local wy and & for
the assumed dipole model of the magnetic field and diffusive equilibrium model
for the cold plasma. Also shown as a dotted line in Figure 3.1 is the adiabatic
parallel velocity v, of a particle, also symmetric around the equator. Note that the
latter is a function of the particle energy and pitch angle as determined by the
first adiabatic invariant. For the case when the vy and v, curves are tangent to
each other, the particle resonates with the wave at the equator. For other particles
there exist two intersection points as indicated in Figure 3.15, since the cyclotron

‘resonance condition is satisfied in the vieinity of two conjugate locations along the

field line. The strongest interaction takes place when the interaction point is at the
equator in which case ¢ =~ 0 [Helliwell, 1967; Inan et al., 1978].

We now consider the case of a short fixed frequency pulse. As shown in Figure 3.1
a short pulse of duration ¢py, and fixed frequency f3 is taken to be propagating from
south (negative latitudes) to north along the field line. The two boxes in Figure 3.1a
represent the portions of the field line occupied by the wave packet at times #; and
t2. Here we neglect the possible stretching and distortion of the front and tail ends
of the pulse {Chang and Helliwell, 1980, since the amount of such stretching is much
shorter than the pulse durations being considered in this paper. The corresponding
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FIGURE 3.1 RESONANT INTERACTION BETWEEN A PARTICLE AND A MONO-
CHROMATIC WAVE PULSE. (a) Schematic describing the motion of the particle and a
wave pulse. The two boxes represent the portions of the field line occupied by the wave -
packet at times ¢; and ¢5. (b) The dashed curve shows the resonance velocity vp for a
constant frequency f;. The dotted curve gives the adiabatic parallel velocity of a particle.
The solid segments represent the vp curves as observed by the particle as it encounters
the front end of the wave packet at time ¢; and ¢3, respectively.

portions of the resonance velocity curve as defined by the locations of the pulse
front and tail at times £; and {3, respectively, are shown by the two boxes in Figure
3.15. '

Now consider a particle which encounters the front end of the wave packet at
the equator and at time £y The solid segment which starts at the equator and ends
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at the point at which the particle exits the wave packet represents the resonance
velocity curve as ‘observed’ by this particle. Note that the exit point is different
from the location of the tail end of the pulse at time ¢, due to the relative motion
of the particle and the wave. The point of resonance for a given particle is the
intersection (if any) of the adiabatic parallel felog:ity curve for that particle and
this solid segment. The other solid curve in Figure 3.1} is the resonance velocity
variation ‘seen’ by another particle which encounters the wave packet at time ¢,

Note that for a monochromatic wave the vg variation observed by any partiéle
that travels through the wave packet a.lwa.ys lies on the dashed line in Figure 3.1b.
Thus for that particle whose adiabatic v, is shown in Figure 3.15, the point of
intersection between the v, curve and the vp segment determines the point of
resonance for the case when this particle encounters the front end of the pulse
at time {;. However, the cumulative scattering experienced by this particle will be
negligible if this particle encounters the pulse front at time t1, since at that point
it is far from being close to resonance.

We now apply these concepts to the more complicated cases of interactions with
wave pulses having slowly varying frequency. Figure 3.2 shows two such cases, a
riser and a faller. Both signals have the same intial pulse duration #p; and the
same upper and lower frequencies with an input f —¢ format that varies linearly in
frequency when observed at the injection point into the magnetosphere. Note that
the f — ¢ format varies along the field line due to the dispersion of the signal. This
variation has been taken into account in the following.

The two dashed curves in Figures 3.2a and 3.26 show vg, for constant frequency
waves with frequencies f} and f;, respectively. Each segment in Figure 3.25 represents
- the characteristic resonance veiocity curve seen by a particular particle that enters .
the wave packet at time £ (i = 1,2,-..,5) at the corresponding latitude along'
the field line. The segments start at the f; curve and end at the f» curve, since
f1 and fz are the frequencies of the front and tail ends of the wave pulse, respec-
tively. Particles of different velocities encounter a specific frequency component
of the wave pulse at different positions during their relative motion with réspect-
to the wave packet. Thus vg, which is determined by the wave frequency variation ‘
expenenced by the particle along the field line, is different for different particles that
encounter the wave at a given time. In Figure 3.2¢ we show vg for the case of a faller.
Note that the resonance velocity segments start at fo and end at f; in this case.
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with falling frequency from f; to f;, respectively. The dashed curves are the vy curves
for constant frequencies f; and f;. In (b) is shown an adiabatic parallel velocity curve of

a particle tangent to one vp curve.
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The strongest interaction between the wave and the p.arficlm takes place when the
resonance point is located in the neighborhood of the point where the gradient of the
resonance velocity vanishes. This occurs at the geomagnetic equator for a constant
frequency wave. Helliwell [1970] has shown that the strongest resonance point for a
variable frequency wave is located off the equator at a position (termed the ‘phase
equator’) where the spatial variation of the electron gyrofrequency is matched to
the spatial variation of the doppler-shifted wave frequency seen by the particle,
-In the context of Figure 3.2 this is represented by the point of tangency between

v, (dotted curve) and vg curves and (especially for the low pitch angle particles) is
located very close to the zero gradient point of the vp curve. Although the resonance
velocity is different for different particles, this point of strongest interaction can be
roughly defined by some representative vg curves. For example, in Figure 3.2 the
resonance point will be located between the positions of the leading edge of the pulse
at times ¢; and {5, since the vg curve of a particle which meets the pulse front at
t = tp shows a local minimum. On the other hard, for the faller as shown in Figure
-8.2¢ this point is located on the other side of the equator. The neighborhood of
this point will hereinafter be called the ‘principal interaction region,” within which
the variations of local g'yfofreqtiency and wave frequency as seen by the resonant
particle are roughly balanced, and the particle experiences an unperturbed phase
variation similar to that of a particle resonating with a monochromatic wave near
the geomagnetic equator [Helliwell, 1970].

C. FORMULATION OF THE TRANSIENT PROBLEM

In this section we review and summarize the main aspects of the formulation
deseribed in detail by Inan et al.. [1982]. In that paper a VLF wave pulse of finite
duration and of either fixed or variable frequency originating in a model magneto-
sphere at 1000 km altitude 2nd at time =0 was considered. The pulse duration was
assumed to be at least hundreds of wave periods, so that the pulse can be treated
as a narrow band coherent signal. The wave packet was assumed to propagate in
a whistler mode duct along a specific field line with the wave number vector k||By.
For the background magnetosphere, a centered dipole model of the earth’s magnetic
field and either a diffusive equilibrium model or a collisionless model for the cold
plasma distribution was employed. The wave magnetic field variation was taken to
be as given by (2.7) and (2.8). As the input wave packet propagates along the field.
line it interacts with electrons for which the resonance condition (2.22) is locally
satisfied. In general (2.22) is satisfied for electrons that travel in a direction opposite
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to that of the whistler mode wave as is depicted in Figure 3.1a. Cumulative energy
exchange between the wave and electron can occur only if {2.22) is satisfied for an

extended time period.

In the formulation described by Inan et al. [1982], the initial unperturbed electron
distribution was represented by an equatorial distribution function f(E, a) as defined
by (2.28). It was assumed that the initial distribution of electrons that interact
with the wave remains the same as the wave travels between the two hemispheres.
This should be a good assumption, since the resonant electrons travel in the op-
posite direction; those that are perturbed by the wave do not come back to the
equator before a time equal to their bounce period. Hence a fresh distribution
of electrons continually enters its leading edge as the wave packet propagates up the
field line. Using Figure 3.1a as an example, at a time ¢y, for the wave packet position
shown, a distribution of electrons represented in velocity space encounter the wave
front. Of these electrons only those corresponding to the shaded region, as shown in
Figure 3.34, are expecfed to contribute to the precipitated flux. That is, only a por-
tion of resonant electrons in a limited range of parallel velocity-and a narrow range

_ of pitch angle near the edge of the loss cone are scattered into the loss cone after

the interaction. The a,y,;, is determined by the loss cone, whereas a4 is determined
by the maximum individual electron scattering for the given wave and at that poirt.
The v, éx_ld Vimaz 7€ determined by the equatorial parallel velocity of electrons
that would go through a resonance with the wave at some time after ¢, as is shown

- in Figure 3.34, where the location of the wave pulse at time {3 and the corresponding

vp curve are identical to those plotted in Figure 3.15. These ranges would depend on
the position of the wave front, pulse duration, group velocity and the electron travel
time, as can be understood from the variation of the vg curves in Figures 3.1 and 3.2.

The shaded fegion' shown in Figure 3.3¢ is automatically determined by the
computer program, based on the criterion that all test particles that would be
scattered in pitch angle by more than a speciﬁed amount be considered. A typical
value used below would be Aa>>0.1° for a 5 pT wave intensity. In the simulation
model this shaded region is divided into mesh points in the v, — « domain as shown
in Figure 3.36. The population in each mesh point is represented by a number of test
particles distributed in Larmor phase ¢. The group of electrons that encounter the
wave front at time {3 is then modeled by inputting all test particles to the leading
edge of the wave pulse at time f5. Each test particle has initial pitch angle of g and
parallel velocity of v,. The interaction of the wave with the test particle is governed
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- FIGURE 3.3 SCHEMATICS DESCRIBING THE WAVE-PARTICLE INTERACTIONS
AND THE CALCULATION OF THE INDIVIDUAL RESPONSES. The response shown
is caused by the electrons that encounter the wave front at time ta. Each such response is
obtained by computing the perturbations of a full distribution of electrons represented by
a large number of test particles with different equatorial parallel velocities, pitch angle,
and Larmor phase. Note that the width of the response is determined by the range of
parallet velocities that corresponds to precipitated electrons; the arrival time depends on
the wave group velocity and the electron travel time. : -



by the equations of motion (2.18). The effect of the wave on the particle motion
is then obtained by integrating these equations for each test particle until either -
the time when the particle exits from the wave tail or the time when the particle
moves away from gyroresonance enough so that the wave perturbations becomes

negligible.

After the individual test particle trajectories are d_eterh:lined, the perturbed dis-
tribution function is obtained, with some electrons scattered into the loss cone, as
shown in the lower panel of Figure 3.3. The electrons that are scattered into the
loss cone have a range of parallel velocities, and thus energies. Consequently, they
are precipitated into ionosphere below 1000-km altitude at different times. In the
case of Figure 3.3, the arrival time of an electron at the precipitation region is ob-
tained by adding ¢ to the travel time of this electron from the position of the pulse
at time {3 to the ionospheric height. After taking into account these arrival times
and the contribution to the energy flux of different electrons, a precipitated energy
flux rate in ergs/cm? s can be obtained. The result is the energy flux per unit time
versus time, as shown in Figure 3.3¢. The energy flux in ergs/em? s due to those
‘electrons that meet the wave front between the times ¢ + }d7 can be obtained by
multiplying this precipitated energy flux rate by dr. The contribution due to those
electrons that encounter the wave front in the next dr interval can be calculated
in the same way by computing the precipitated flux rate corresponding to the next
position of the wave front at time £, + dr. The response corresponding to this new
position of the wave front will however be slightly different since the interaction
conditions, due to the inhomogeneity of the medium, are a function of latitude.

The cold plé.sma density and the static magnetic field intensity both change along
the field line; therefore the energy and pitch angle range of the resonant electrons
~ varies as well as the efficiency of the wave-particle interaction. Also the effective
puise length as well as the interaction length seen by each electron is also different
and have been taken into account in the computer model. Each energy flux rate
response is expressed as A[t,7(\/)], where )\, is the geomagnetic latitude of the
wave front and is related to the time 7 by

As
dz
)= !1 o™ (3.1)

where z is the distance along the field line, v;(\) is the local group velocity of the
whistler mode wave, and )\, is the latitude at 1000-km altitude. With this definition,
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h{t, r)dr is the precipitated energy flux in ergs/em? s at the precipitation region
versus time £ due to those electrons that meet the leading edge of the propagating
wave packet between times ¢=r — ldr and t=r + 1dr. Thus, h(t, 7) is equivalent
to the response at time ¢ due to an external excitation applied to a system at time
7. The total system response, or the total precipitated energy flux as a function of
~ time due to all downcoming electrons that encounter the wave packet at different
latitudes and times, is then the integral of A{¢, 7)d7. In other words,

o0

= [ he,nr, @2

0

where r{t) is the precipitated energy flux in the precipitation region as a function
of time after the wave injection.

Since by assumption the energetic electron motions do not affect one another,
h(t,7) for different 7's due to interaction with different incoming distribution of
fresh electrons can be calculated separately. Figure 3.4 illustrates the variation of
the responses A(¢, r) as a function of time 7 (or A ;) for a wave pulse of 0.4-s duration
. propagating along the L==4 field line. The wave frequency is taken to be equal to
half the equatorial gyrofrequency, or 6.83 kHz, and the equatorial wave intensity
~ is taken to be 5 pT. A diffusive equilibrium model and an equatorial cold plasma
density neq=400 el/em® corresponding to a plasma frequency of 180 kHz are used.

The top panel shows the response due to the electrons that encounter the wave at
—12° latitude at time 7;. The precipitated electrons arrive at the 1000-km ionosphere
altitude at {=1—2 s after the injection of the wave at the same point. The second
panel shows the response due to-electrons that encounter the wave front at the
equator, i.e., 0° latitude. The electrons arrive at the ionosphere at ¢=3.3—3.7 s,
indicating that the range of parallel velocities of electrons that enter the wave at
(and are able to resonate with it) is narrower. This result is due to the fact that the
variation of the cold plasma parameters and hence that of the ¢yclotron resonant
' velocity of electrons in the mnagnetosphere less at lower latitudes, as is clearly shown
in Figure 3.16. The third panel shows the response due to electrons that encounter
the wave front at +12° latitude and at a later time 73. The precipitated electrons
reach the ionosphere at {==3.2—4.2 s after transmission of the wave. The range of
arrival times of precipitating electrons involved in this case overlaps with that in
the second panel. An effect similar to this ‘arrival time convergence’ effect has been
previously reported [Helliwell et al., 1980¢] and can be roughly described by using
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' approximate analytical expressions for wave group velocity and the unperturbed
parallel velocity of the resonant electrons [Doolittle, 1982]. It results from the fact
that the near-resonance electrons interacting with the wave at highei' latitudes
beyond the equator are at a higher energy and therefore can overtake the lower-
energy electrons that are near-resonant at lower latindes. The bottom panel shows
the response due to electrons that encounter the wave front at time 74 at +24°
latitude. The resonant electrons have even higher energies such that they arrive at
the precipitation region earlier than those in the second and third panels.

The responses h(¢,7) corresponding to a number of latitudinal positions of the
wave front are computed by choosing the number of steps empirically as a function
of the L value and pulse length. As an example, for L=4 and a 400-ms wave pulse,
latitudinal steps separated by 4° were taken. Since the medium is slowly varying,
the responses due to the in-between wave front positions can then be calculated

-by using linear interpolation. The total response, i.e., the total precipitated energy

flux as a function of time, is then obtained from (3.2). For the case in hand, the .
energy flux versus time is given in the top panel of Figure 3.5. Flux in ergs/cm?®
‘s is shown as a function of time after the injection of the input wave packet. The
result shown is for an energetic electron distribution given by (2.28) or (2.29) with
g(a)=1 (isotropic), n==6, and ®=10° el/em? s sr keV for E=1 keV. The increase
in the flux after approximately {=2.5s is due to the arrival time convergence effect
mentioned above. The exact shape of this curve depends on the wave pulse length,
frequency, and the electron distribution function [/nan et al., 1982].

The lower panel in Figure 3.5 gives the energy range of the downcoming precipi-
tated flux as a function of time. In calculating A{{, 7} for a given 7, only a limited
range of electron energies will contribute to the energy flux. For different electron
energies the arrival times are different, and we can therefore plot an energy versus
arrival time curve for each r. We have plotted the energy versus arrival time for each
of the responses corresponding to the 7 steps used to compute r(¢). In this case the
7's are for latitudes of the leading edge of the wave pulse ranging from \ j=-16°
- (the curve to the very left) to \y=44° in steps of 4°. The curves progress from -
lower left to lower right and then to upper right. The diagram thus givesrthe energy
range of the downcoming precipitated flux as a function of time. For example, it
can be seen that the flux at =4 s consists of electrons from much narrower ranges
of energies (0.4—0.6 keV) than that at {=3 s (0.4—5 keV). The shaded area of this
diagram then represents the region in the time-energy domain where we expect to
observe the precipitated flux after the injection of the input wave pulse at ¢=0.
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- FIGURE 3.5 TRANSIENT PRECIPITATED ENERGY FLUX INDUCED BY A WAVE
PULSE AT L=4. The top panel shows the precipitated energy flux versus time after
injection of the wave into the magnetosphere at 1000-km altitude. The bottom panel

. shows the energy of the electrons that constitute the flux. Each separate segment shows
the energy versus arrival time for one of the responses corresponding to ome of the
positions of the wave front. In this case the individual responses were computed for

Ay=16° to 44° with steps of 4°.

The formulation described above has been applied to compute the transient
electron flux precipitated out of the magnetosphere by relatively short VLF wave

pulses under a broad range of magnetospheric conditions. The dependence of the
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results on the energetic electron distribution function, the normalized wave fre-
quency A=w/wgeq, L value of the path of propagatlon, cold plasma density n.,,
and wave intensity B, was reported in detail by Inan et al. [1982]. These results
have further been used to study the potential precipitation zones around major
ground based VLF transmitters [Inan et al., 1983]. In the following we summarize
the main results reported by Inan et al., [1982] about the roles of several magnetos-
pheric parameters which are essential in establishing the applicability of our model
results.

It was shown that the total and peak precipitated energy fluxes are linearly
proportion_al to the wave magnetic field intensity B,, for moderate wave intensities
(e.g., By, <10pT at L=4) Also these quantities are proportional to the reference
differential energy spectrum ®g, assumed in (2.29). Therefore the results of our
computations can be scaled up or down to obtain the flux values at other values of

@£, and B,,.

It was also demonstrated that the flux level and shape of the precipitation
pulse are strongly dependent on the spectral composition of the trapped electron
distribution, for instance, the falloff in energy, or the n value in (2.28), of f(E, a).
This fact has important implications in the diagnostics of the energetic electron
distribution near the loss cone from experimental observations and will be used when
we discuss the application of the theoretical model to the explanation of observed
data in chapter IV. One interesting finding by Inan et al. was that for A < 0.5
at L==4, the precipitated energy flux is proportional to approximately E®-")/2 15 .
other words, when n =~ 5 in (2.28), the flux would be roughly. independent of wave
frequency and thus resonant energy.

For most of the results presented in this report we shall be using an isotropic ener-
getic electron distribution with g(a)=1 with an abrupt loss cone. For an anisotropic
distribution peaked around a==90°, the precipitated flux values can be obtained
from those given by simple scaling as long as g(«) is flat for a few degrees above
the loss cone [Inan et gl., 1978]. In this case the flux values would be reduced by a
factor of [g(80°)/g(e)], where ), is the half angle of the loss cone.

In cases of strong anisotropy in the vinicity of the loss cone,' such scaling would
not be valid and it was shown that further reduction in flux would result depending
on the variation of g(a) near the edge of the loss cone.

D. PRECIPITATION INDUCED BY VARIABLE FREQUENCY SIGNALS
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We now consider two input wave pulses with linearly rising and falling frequencies,
the formats of which are shown in the upper panels of Figure 3.6. Both pulses have
the same initial duration of 0.3 s and upper and lower frequencies of 4.0 kHz and
2.5 kHz, respectively. Again we consider interactions on the L=4 field line with an
equatorial electron density of 400 el/cm® and a diffusive equilibrium model for the
cold plasma distribution. The wave pulses are normalized to have an input power
density of 1.67 X 10~® W/m? corresponding to that of a fixed frequency wave at
half the equatorial gyrofrequency (6.83 kHz at L=4) with magnetic field intensity
of 5 pT at the equatorial plane. ‘

Owing to the dispersive nature of the magnetospheric medium, the temporal
duration of a variable frequency wave packet changes as it propagates along the field
line. Assuming no dissipation of wave energy, the power density and the magnetic
field intensity of a propagating wave pulse will vary along the field line in accordance
with the variation of the instantaneous pulse duration, the local cross-sectional area
of the duct to which the energy is assumed to be confined, and the local refractive
index. Details of these properties are discussed in Appendix B. In our calculations
we have taken full account of these pulse duration and wave aniplitude variation -
effects. Indeed, these effects are found to be essential in the correct interpretation
of the following results.

The upper panels of Figure 3.6 show the precipitated energy fluxes versus time
induced by the riser and faller, assuming n===6 in (2.28). The lower panels, termed
‘energy diagrams’, show the energy ranges and arrival times at the ionosphere of the

‘particles constituting these downcoming fluxes. In the case of the riser, the leftmost

curve corresponds to the case where the pulse front is at —20° latitude (A = —20°)

and each following curve accounts for a 4° increase in latitude until the pulse front

reaches A = 24°. As the pulse travels up the field line, the curve shifts to the right
in the diagram due to the increased group delay of the wave packet and the travel
time for particles. The energy curves for the faller in the lower right panel of Figure
3.6 are shown from X = —16° to 32° latitude with a 4° step.

The shortest segments in the energy diagram, marked A = <12° for the riser
and X\ == +12° for the faller, represent the steps when the front end of the pulse is
within the principal interaction regioh as defined in section B. The fact that it has
the narrowest energy range can be understood from Figure 3.2; the range in particle
parallel velocity of the v, curves which could have points of intersection with the
vg curve is the smallest for the step around the principal interaction region.
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FIGURE 3.6 PRECIPITATED ENERGY FLUXES INDUCED BY VARIABLE FRE-
QUENCY WAVES. The top panels show the transient precipitated energy fluxes versus
time after the injection of the wave into the magnetosphere at 1600 km altitude for a
riser and faller, respectively, with their input formats given in the f — ¢ domain. The
bottom panels show the energy of the particles that constitute the corresponding fluxes.

We can infer from Figure 3.6 how particles interactihg with the wave at different

locations contribute to the time evolution of the precipitated fluxes. Both of the -

responses are composed of two parts, a high-flux region around the peak and a lower
flux region which arrives earlier. The occurrence of a high-flux or peak portion is
due to the accumulation of downcoming particles in a relatively wide energy range,
as can be understood from the energy curves. In the case of the faller the energy

range corresponding to the lower flux portion is narrower than that corresponding_

to the peak part. This range is even smaller for the case of the riser, thus accounting
for the low flux level in the leading part of the precipitation pulse.

The total precipitated energy density obtained by integrating the flux over time is
the same for the two cases shown in Figure 3.6. This can be understocd on the basis

- 56 -




of the fact that both pulses have the same input energy and the same frequency

range, so that they interact with the same ranges of energetic electrons along the '

field line. It should be noted that this result would not have been obtained if we
had pot included the wave amplitude variation due to the dispersion of the wave
pulse, as discussed in Appendix B. |

We have already discussed the locations of the principal interaction regions for
variable frequency cases. Referring to Figure 3.6, for the riser the precipitation flux
resulting from the interactions near the principal interaction region is significantly
lower than that of the main pdrtion of the precipitation pulse. Hqivever, for the
faller the interactions near the principal interaction region constitute part of the

peak flux.

The results of Figﬁre 3.6 were obtained by assuming that the total energy of the
propagating pulse is constant everywhere on the field line, i.e., that there is neither

‘wave damping nor growth. It is generally believed that the amplification or growth

of monochromatic VLF waves takes place near the geomagnetic equatorial plane.

By employing the same physical reasoning, the amplification of variable fréquency ,

signals would take place around the phase equator or the principal interaction region
[Helliwell and Inan, 1982]. As long as the pulse is long enough (300 ms in this case)
such that there is time for the particles to be phase bunched, the input wave might

be amplified up to 30 dB as it traverses the principal interaction region [Helliwell

and Kataﬁfrah‘a, 1974]. To study these cases we have computed the precipitation
due to amplified waves, and the results are shown in Figure 3.7. The parameters
and assumptions used are the same as those used in Figure 3.8 except that the wave
intensity is assumed to be 20 dB lower prior to the wave's traversal of the principal
interaction region. Thus the energy in the pulses in Figures 3.6 and 3.7 is the same

after they pass the principal interaction region, while the input power is 20 dB lower

in Figure 3.7 than that assumed in Figure 3.6.

For the riser case given in the left panel in Figure 3.7, only a small portion in
the leading edge of the transient precipitation pulse is reduced from that given in
Figure 3.6. However, for the faller in the right panel, both the peak flux level and

the width in time of the response are significantly reduced in comparison with that

in Figure 3.6. The response of the faller between § = 1 s and ¢ = 2 s is seen to be
zero because the pitch angle scattering induced by the 20 dB lower signal is smaller
than the resolution (Aaeq = 0.1°) employed in the computer calculations.
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FIGURE 3.7 THE' PRECIPITATED ENERGY FLUXES FOR THE SAME INPUT
SIGNAL FORMATS AS IN FIGURE 4.3 EXCEPT THAT A 20 DB WAVE GROWTH
NEAR THE PRINCIPAL INTERACTION REGION IS TAKEN INTO ACCOUNT.

The results of Figure 3.7 imply that a signal with rising frequency would be
more efficient than one with falling frequency in inducing particle precipitation in
situations in which signal growth might be present. Note that the same would apply
in cases of natural chorus emissions that may be spontaneously generated in the
vicinity of the principal interaction region.

The effect of the frequency-time slope df /dt of the input signal on the precipitated
flux has been analyzed by Chang et al. [1983]. The results showed that under
conditions of moderate wave intensities (B, <10 pT at L=4), slowly varying fre-
quencies, and the assumptions that the wave energy is conserved during propaga-
tion between the two heinisphefes, the total deposited energy density Er is the
same at least to first order for coherent wave pulses having the same input energy.
and frequency range. Thus for coherent slowly varying signals, E7 is not strongly
dependent.on the f — ¢ format of the input signal, although the temporal evolu-
tion and the peak value of the precipitation flux may vary due to the different
combinations of the wave and particle travel times. It was also concluded that
for n ~ 5 in (2.28), Fp and ET become independent of ‘the frequency range -

of the input wave, being consistent with the result given in the end of the last see-
tion that for f < 0.5fy, the energy flux is approximately proportional to E(5—n)/2,
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IV. APPLICATION OF THE THEORETICAL MODEL

A. INTRODUCTION

When penetrating the lower ionosphere, the precipitated electrons can cauSe_
ionization and -conductivity enhancements, heating and the emission of X rays

" and light. Recent experiments have shown an association between isolated bursts

of precipitating electrons at middle-latitudes (L<6) and whistlers and triggered
emissions. The first observed correlation between discrete VLF waves (propagating

“at L~~4.2) and bursts of bremsstrahlung X rays (>30 keV) observed at balloon

altitudes was reported by Rosenberg et al. {1971]. Helliwell et al. [1973] reported

" correlations between whistlers and perturbations in the intensity of fixed-frequency
- VLF signals propagating in the nighttime earth-ionosphere waveguide. The observed

perturbations were attributed to whistler-induced precipitation of energetic (>30
keV) electrons that cause a transient enhancement of the electron population in the
D region and thus perturb VLF propagation in the waveguide. Other related reports
include those of Foster and Rosenberg [1976], Rosenberg et al. [1981], Lohrey and
Kaiser (1979}, Dingle and Carpenter [1981], and Carpenter and LaBelle {1982]. The
work of Rosenberg et al. [1981] established a correspondence between VLF chorus
at Siple and electron precipitation microbursts at the conjugate Roberval station.

In addition to the X ray and sub-ionospherié VLF techniqueé, photometric mea-
surements of light emission caused by precipitated electrons have also been employed
to explore VLF wave-induced precipitation events. This method provides better
spatial resolution of the precipitating particles and is suitable for investigating the
effects due to the lower range of the electron energies. Helliwell et al. [1980] found
one-to-one correlations between bursts of A =~ 4278 A light emissions and quasi-

coherent ducted VLF waves observed at Siple station, Antarctica. Doolittle and

Carpenter [1983] reported a case of one-to-one correlations between optical emissions
and whistler-induced noise events recorded at Roberval.

AlI of the above mentioned observations of correlation events were attributed

_to a cyclotron resonance interaction between enrergetic electrons and whistler-mode

wave packets travelling along the earth’s magnetic field lines. The interpretation was
often based on comparing the measured time lag between the wave and precipitation
bursts with the estimated travel times of the wave and the particles from the
interaction region to the observation site. The models used have been steadily
refined; for example, Doolittle {1982] explored the distinction between the effects of
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scattered particles that mirror in one hemisphere before precipitation and those that

precipitate ‘directly’. The pfevious models also revealed features such as arrival time

focusing of particles of dlﬁ'erent energies and included oﬁ-equatonal interactions
[Helliwell et al., 1980].

The previous studies and models were largely based on analytical formulations
‘of varying complexity. In general it was not possible to estimate the amplitude or
the structure of the precipitation pulse that would be induced by a given wave.
The effects of changing frequency or full nonlinear scattering involving relativistic
energies were not considered. Although the previous caleulations constitute a first
order test of the assumed process of cyclotron resonance interactions, in this chap-
ter we apply the test particle computer model of the gyroresonant wave-particle
interaction, developed in the previous chapter, for the purpose of computing the
precipitation flux level, pulse shape and associated time relationships and compar-
ing these with the reported data.

In addition, recent satellite measurements have shown that electrons in the drift
loss cone precipitate from the slot region between the inner and outer radiation
zones (L~2 to ~3.5) and from the outer edge (L~1.5 to ~1.8} of the inner
radiation zone [Imhof et al, 1974, 1981a, b; Vampola and Kuck, 1978; Koons et
al., 1981}. The energies of the observed precipitating electrons in these experiments
are generally in the quasi-relativistic range of 100 to 500 keV. Detailed study
of the spectral characteristics of the precipitating electrons has suggested that
these electrons were precipitated by first-order cyclotron resonance interactions with
nearly monochromatic waves, possibly from ground based VLF transmitters. In this
chapter the theoretical results obtained using the method outlined in chapter IT will
be compared with the narrow peaks observed in the energy spectra of electrons
precipitating from inner radiation belt.

B.'APPLICA’I_‘ION TO A LIGHTNING-GENERATED WHISTLER

In this section we apply our formulation to estimate the precxpltatlon induced
by a lightning-generated whistler. We consider the case of a whistler originating in
the southern hemisphere and propagating northward along the L=4 field line. We
calculate the transient precipitated flux induced by this simulated one-hop whistler.

For simplicity, only that portion of the lightning stroke in the frequency range of
3.5 kHz to 1.0 kHz is considered, as shown in Figure 4.1. The frequency of the
leading edge of the propagating whistler packet will'always be 3.5 kHz since the
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- FIGURE 4.1 THE FREQUENCY-TIME FORMAT OBSERVED AT THE EQUATORI-

AL PLANE OF A LIGHTNING-GENERATED SIGNAL PROPAGATING ON THE L=4
FIELD LINE, TERMED A HALF-HOP WHISTLER. The solid segment represent that
portion considered in the calculation of particle precipitation.

assumed frequency range is below the nose frequency of 5.05 kHz in our model. The -

magnetospheric parameters along the L=4 line were taken to be the same as in the

previous chapter.

The input energy of the lighfning impulse is taken as equivalent to that contained
in a 0.5-s constant frequency wave pulse at half the equatorial gyrofrequency and
having an equatorial wave intensity of 5 pT. As the input lightning-generated wave
travels along the field line, the signal is dispersed and the wave magnetic field
intensity varies accordingly (see Appendix B). If we observe this whistler at the
geomagnetic equatorial plane, the signal format in the f — ¢ domain according to
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our model magnetosphere will be that represented by the solid segment in Figure
4.1. The front and tail ends of the wave packet arrive at ¢=0.96 s and .1.49 s,
respectively, so the equatorial pulse duration is 0.53 s. The dashed curve in Figure
4.1 shows the arrival times of frequency components other than those considered in
our case up to half of the equatorial gyrofreqliency. The arrow indicates the nose

frequency.

Figure 4.2 s'hows the resonance velocity curves for a particular particle with
equatorial parallel velocity of 1.2 X 10° m/s and at a pitch angle of aeq = 5.5°
corresponding to an energy of 47 keV. The dashed curve shows the adiabatic parallel
~ velocity along the field line. Each curve segment in Figure 4.2 starts at the latitude
at which the given particle encounters the leading edge of the whistler and ends at
the latitude at which this particle exits the whistler wave packet. As the whistler
propagates toward the north, it continually meets particles of this given equatoﬁal
velocity and the corresponding resonance curve varies from step to step. It is noted
that the envelope formed by the starting points of all the vg curves is the resonance
velocity curve corresponding to a constant-frequency wave at the leading frequency
of the whistler or 3.5 kHz. Similarly, the vg curve corresponding to the tail frequency
can be obtained by forming the envelope of the end points of the vg curves. Since
the whistler has negative slope in the f—¢ domain, it is expected that the resonance
velocity curves will show zero gradients in some portion of the field line in the
northern hemisphere [Helliwell, 1970}, as is the case in Figure 4.1. As the whistler
propagates and its front end reaches higher latitudes, the minimum in vp is due
to the lower frequency part of the whistler. Since the lower frequency portion has
smaller slope, as can be seen from Figure 4.1, the minimum is gradually shifted
toward the equator. |

Since the resonance point is determined by the intersection of the vp curve and
the v, curve, the particle shown in Figure 4.2 will interact with the whistler between
15° and 25° latitudes. But since vp varies rapidly in this region, the cumulative
pitch angle scattering of the particle is not large in comparison to the interaction at
locations where the gradients of the vz curves are smaller. This has been confirmed
by our computation and in fact the parallel velocity and the corresponding energy of |

'thi_s' particle, which suffers an equatorial pitch angle scattering less than 0.1°, have
been used as the upper limit of the test particle distribution in our calculation. For
particlés of lower energy, each vg curve will span a shorter range of latitude due to
the smaller parallel velocities; however, its shape will remain qualitatively similar.
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FIGURE 4.3  THE WAVE AMPLITUDE VARIATION VERSUS LATITUDE EXPERI--
ENCED BY THE TEST PARTICLE SHOWN IN FIGURE 4.2 AS IT TRAVELS WITHIN
‘THE WHISTLER WAVE PACKET. Each curve corresponds to a uR curve in Figure 4.2.

Thus we conclude from Figure 4.2 that particles with parallel velocity (energy)
between 5 X 107 (7.3 keV) and 8 X 107 m/s (19.4 keV) will interact strongly with the
whistler in the vicinity of 10° latitude in the northern hemisphere and consequently
play a major role in the contribution to the precipitation as will be demonstrated
later. '

Figure 4.3 shows the wave amplitude variation experienced at each step by the
test pai-ticl_e shown in Figure 4.2 as it travels within the wave packet. Since the
input energy of the lightning impulse is assumed to be uniformly distributed over
all frequency components, the lower frequencies have lower wave intensities because

~of greater dispersion.

The transient precipitatioﬂ flux induced by this one-hop whistler is shown in
Figure 4.4, assuming n=56 in (2.28). The energy diagram in the lower panel shows
that the energy of the precipitated particles ranges from about 2 keV up to 45 keV.
The upper panel indicates that the peak flux arrives about 2 s after the injection of
the impulse energy and consists of particles at lower energies as shown in the lower -
panel. Those particles which were noted to have undergone strong interactions with
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FIGURE 4.4 THE TRANSIENT PRECIPITATION FOR THE WHISTLER DESCRIBED

- IN FIGURE 4.1. The top panel shows the precipitated energy flux versus time. The
_bottom panel shows the energy versus arrival time at the wave injection point of the
precipitating particles. The shaded region indicates the locations of those particles that
undergo strong interactions with the whistler at around 10° latitude in the northern -
hemisphere. '
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the whistler at around 10° latitude in the northern hemisphere in the discussion of _
Figure 4.2 and whose locations in the energy diagram are indicated by the shaded
region in Figure 4.4 clearly contribute to the main portion of the precipitated flux.

The integrated energy density Er induced by this whistler is 0.023 ergs/cm? and
was shown by Chang et al. [1983] to be comparable to that induced by a linear
ramp with the same frequency range and the same input wave energy. This result
clearly indicates that Er is primarily determined by the input energy of the wave.

It is interesting to note that substantial leverage is involved in the transient
wave-induced precipitation process. For example, in the whistler case the input wave
energy is 8.3 X 107% ergs/cm?; comparing with Er = 0.023 ergs/cm?, the leverage
is =23000. In other words, the energy of the precipitating signal can be and in most
cases is much larger than the energy of the wave. This result illustrates the fact that
the interacting wave essentially acts as a means for converting particle perpendicular -
energy into parallel energy (i.e., lowering the pitch angle) with relatively small
energy exchange. The precipitated energy then is simply the existing kinetic energy
of the radiation belt particles. '

C. COMPARISON WITH GROUND BASED OBSERVATIONS

In this section we apply the transient precipitation model to observed corrélations '
reported by Rosenberg et al. [1971)], Helliwell et al. [1973] and Helliwell et al. {1980]. .

The Case of Sub-lonespheric VLF Perturbations

Helliwell et al. [1973] reported the observation of sudden changes in the amplitude
of long-distance sub-ionospheric VLF transmissions in association with whistlers. -
Sample- observations at Eights station in Antarctica of Station NSS (Annapolis,
Maryland) on 22.3 kHz showed increases in signal strength that averaged 3 dB.
Coincident with every rise a mid-latitude (L=<2.5) whistler originating in the nor-
thern hemisphere was observed. To expléin the association between the whistlers and
the changes in VLF signal strength, it was suggested that the whistler precipitates
energetic (30--300 keV) electrons into the D region. The resulting ionization then al-
ters the properties of the earth-ionosphere wave guide. The mechanism of precipita-
tion was thought to be pitch angle scattering of trapped electrons that resonate with
the whistler wave near the magnetic equator.

Figure 4.5 illustrates the model employed in our calculations. The [=2.5 field
line with an equatorial electron density of 1800 el/cm? and a diffusive equilibrium
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'FIGURE 4. 5  FIELD LINE MODEL SHOWING THE WHISTLER-INDUCED PRECIPI-

TATION. The one—hop whistler could interact with north-gomg trapped electrons near
the equatorial region and cause precipitation of electrons in the northern hemisphere.
Due to the asymmetry in the conjugate mirror altitudes, some resonant electrons can
mirror in the north and be precipitated in the south near Eights station.

model for the cold plasma is considered. These values correpond to the strongest
whistler trace observed in the correlation events. The input signal in this case
is a lightning stroke originating in the northern hemisphere, modeled as having
entered the medium at 1000 km altitude at ¢=0. The signal arrives at the southern
conjugate point (near the longitude of Eights station) as a one-hop whistler. The
whistler interacts with northgoing trapped electrons near the equatorial region 2nd
can cause precipitation of some electrons into the loss cone. Due to the asymmetry
in the conjugate mirror altitudes at this longitude [Barish and Wiley, 1870}, some
fraction of the resonant electrons would mirror in the north and thus preclpltatlon

~ in both northern and southern hemispheres is possible.

Frequency-time formats of the whistler propagating at L==2.5 are deplcted in
Figure 4.6. Only the 2—6 kHz portion is considered, being consistent with the
observed event in that the strongest whistler signals appeared in this frequency

" band. The duration of the signal observed at the equator (termed half-hop whistler)

is about 0.25 s and in the southern hemisphere (one-hop) is about 0.5 s. The total
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FIGURE 46  THE FREQUENCY-TIME FORMATS OF THE WHISTLER USED IN
THE COMPUTER MODEL. Only the 2—6 kHz portion was considered, being consistent
with the observed event. The duration of the signal observed at the equator (termed 1/2- -

- hop whistler) is about 0.25 s and that of the one-hop whistler received in the southern
hemisphere is about 0.5 s. '

energy of the wave packet is taken to be that of a monochromatic pulse of duration |
0.1 s and equatorial wave intensity of 5[3’[‘. The equatorial half angle of the loss cone
at L=2.5 has been taken as 11.6° in our calculation. Equatorial paralle] velocities |
of 2 X 108 km/s and 1 X 10® km/s are used as the upper and lower limits for the
test particle distribution in this case, corresponding to electron energies of 187 keV
and 31 keV, respectively.

- The calculated transient precipitated energy fluxes induced by this one-hop whis-
tler wave packet are shown in Figure 4.7. Left panels show the direct precipitation
fluxes in the north that would be bbserv_ed after the injection of the impulsive spheric
at {=0, assuming that all precipitated particles precipitate in the north without
either backscattering or mirroring back southward. Three different variations with
energy of the trapped particle distributions, i.e., n=56, 4, and 2 in (2.28), are used.
The differential energy spectrum $£ has been normalized to 1.78 X 10% el/ecm? s st
keV for E=40 keV, corresponding to & = 10® el/cm? s st keV for E==1 keV when
n=4. For smaller n values, particles with higher enefgy play a more dominant role.
The bottom panel gives the energy range of the precipitating particles at different
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times. One feature in this case is that the faster particles arrive later because they

are scattered by the wave at later times.

The right panels of Figure 4.7 give the mirrored precipitation fluxes at the
conjugate site assuming that all the scattered particles mirror in the north and
precipitate in the south. The total precipitated energies in the direct and the mir-
rored precipitation cases for a given trapped distribution function are then the same.
However, the peak flux of the mirrored case is at least 50 % higher. This is due
to the fact that the faster particles catch up with the slower particles, illustrating _
arrival time focusing of particles with different energies. The energy versus_time'
diagfams indicate that the precipitated electrons are sufficiently energetic (E>40
keV) to penetrate below the normal ionospheric reﬂectmg height for VLF propaga-
tion [Banks et al. , 1674].

According to Barish and Wiley [1970], a mirror height of 100 km in the south
| corresponds to a conjugate mirror height of about 500 km along the L=2.5 field for
the longitude of Elghts This amounts to about 1.2° difference in the half angle of the
equatorial loss cone a between the two hemispheres. It is found from individual
test particle trajectones that for the wave intensity of ~5 pT used in our model,
Aaeq<1.2°. In fact, an equatorial ‘wave intensity of >20 pT would be required
for a 2—6 kHz signal at L=2.5 to induce a Aaeq > 1.2° on at least some of the
interacting particles. Therefore, most particles scattered in a single encounter with
the wave would be outside the loss cone in the north and would thus mirror back to
be deposited in the southern hemisphere. Tolstoy et al. [1982] used a propagation
model to investigafe the effect of localized ionospheric perturbations on the sub-
ionospheric VLF wave propagation for the case reported by Helliwell ef al. {1973).
‘Their calculations suggest that two ionization regions, one very near the transmitter
‘and another near the receiver, may be needed in order to obtain amplitude increases
of >3dB. It was-suggested that the former was due to transmitter-induced electron
precipitation. The one near the receiver would then be due to mirrored precipitation
of the type indicated in Figure 4.7. From Figures 4.7 and 4.6 it is seen that the
(mirrored) precipitation pulse (<0.3 s) has a shorter duration than the one-hop
whistler packet (=<0.5 s), while their average arrival times are about the same.

The results of Figure 4.7 indicate that a precipitated flux of >1071 ergs/cm?
s could be obtained assuming ®x of = 10° el/cm? s sr keV for E=40 keV and a
wave intensity of =5 pT near the equatorial region. It should be noted that the
calculated flux is directly proportional to ®£ and thus can be scaled up or down
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according to different $£'s. Also, in the above calculation an isotropic distribution
(9(a)=1) has been assumed. For an anisotropic distribution (g(a)}£1 in (2.28))
peaked around a=90°, as discussed in chapter.Ill, another scaling (9(90°)/g9(ex),)) is
needed to account for the lower trapped flux level near the edge of the loss cone since
we use P at 90° pitch angle as the reference. Although ¥ is an unknown factor
in the present case, we know that the observation took place under relatively quiet
geomagnetic conditions and it is useful to estimate the possible precipitated flux
level by using typical quiet time values for ®g. Under these conditions, according
to Lyons and Williams [1975], &g =~ 10° el/em?® s sr keV at 80° pitch angle and
9(90°)/g(a},)==10 for E=40 keV and L=~3. Then our computed flux level would be
scaled down to ~ 1073 ergs/cm? s. Moreover, when strong anisotropy in the vicinity
of the loss cone rather than a sharp-edged loss cone is considered, a further reduction
in flux by an order of magnitude might be necessary as discussed in chapter INL.

The X Ray Case

The first one-to-one correlation between short bursts of bremsstrahlung X rays
(E>30 keV) and bursts of VLF discrete emissions was obtained on January 2,
1971 during balloon-borne measurements at Siple station, Antarctica [Rosenberg

et al, 1971]. This correlation was interpreted in terms of a cyclotron resonance

interaction in the vicinity of the geomagnetic equator and suggested that the wave-
induced energetic electron precipitation would create the observed X rays. From an
examination of the ground based VLF recordings, it was determined that the waves
led the arrival of the precipitating electrons by about 0.3 to 0.4 seconds.

It was found that every major burst of X rayé was associated with VLF rising

tones of duration =20.5—3 s. The rising emissions were deduced to be triggered

by whistlers from lightning discharges in the northern hemisphere. The triggering
region was presumed to be near the geomagnetic equator on the downstream side for
the particles. Two possible situations could cause precipitation of particles at Siple
station: a north-going wave could scatter south-going electrons into the loss cone
and result in direct precipitation, while a south-goihg wave could also scatter north-

going electrons which then mirror in the north and result in mirrored precipitation - |
in the south. For the case in hand, the mirrored precipitation was found to provide
a better explanation than direct precipitation based on the analysis of wave and
particle travel times, [Rosenberg et al., 1971].

Figure 4.8 shows a schematic description of the reported correlation event of

- January 2, 1971. A south-going wave packet of VLF emissions triggered. near the
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FIGURE 4.8 SCHEMATIC SHOWING THE PATHS OF SCATTERED ELECTRONS
AND THEIR PRECIPITATION EFFECTS. VLF emission signals triggered near the
equator along the Siple-Roberval field line can scatter north-going electrons which mirror
above Roberval and then precipitate over Siple station where they cause X rays and photo
emissions. :

equator scatters north-going electrons which mirror above Roberval and precipitate
above Siple station, generating bremsstrahlung X rays. Such mirrored precipitation
is possible due to the asymmetry in the conjugate mirror altitudes for the Roberval-
Siple field line. ' '

In our model calculation, a rising ramp with frequency varying from 2 to 4 kHzis
injected onto the L=4.2 field line above Roberval at 1000 km altitude at time ¢=0, '
such that the signal received at Siple would be a rising ramp with duration of 0.5 s.
To account for the triggering of the observed emissions near the equator, the wave
intensity of the input signal is assumed to be zero in the northern hemisphere along

‘the field line, while it is taken to be that corresponding to a 5 pT equatorial intensity
in the region to the south of the equator. The mirrored transient precipitation energy
flux above Siple is then obtained 2s a function of time after the injection of the input
signal, assuming that all the scattered particles would mirror above Roberval. Since
the bursts of X rays that were correlated with the waves had energies >30 keV,
and were mainly caused by electrons with energy >60 keV [Rosenberg et al., 1971;
Foster and Rosenberg, 1976], we have calculated the fluxes due only to particles -
with E>60 keV. On the Siple-Roberval field line a mirror height of 100 km in
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the south éorresponds to a conjugate mirror height of 280 km [Barish and Wiley,
1970]. In this case, our test particle calculations show that more than 95% of the
precipitated particles mirror at the northern end, since Aaeq experienced by most
of these high energy (£>60 keV) particles is smaller than the difference (abouf. 0.2°)
" in the equatorial half angle of the two loss cones. The above assumption that all
electrons mirror back is then a good approxuna.txon It is worth noting, however, that
this pitch angle difference due to mirror height asymmetry is easily overcome in the
case of higher intensity waves, so that particles can be precipitated directly in the
northern hemisphere. The saturation level of wave fields outside the plasmapause
could be higher than that inside the plasmapause [Helliwell and Inan, 1982). In
fact, particle precipitation effects due to VLF signals propagating southward just
outside the plasmapause have been observed using X ray detector |Rosenberg et al.,
1981] and photometer [Doolittle and Carpenter, 1983 at Roberval, Canada. The
wave intensity is less critical for the photometric detection since the photometer is
sensitive to the effects of lower energy electrons that can suffer larger pitch angle

changes.

' The equatorial electron density neq on the L==4.2 field line at the time of the
“observed correlation was estimated through whistler scaling to be 25412 el/cm?.
In this case we compute the precipitated fluxes for neq=13, 25 and 37 el/cm?®,
Although the above estimation was based on a collisionless model [D. L. Carpenter,
private communication], both diffusive equilibrium and collisionless models of the
cold plasma distribution along the field line have been considered in our calculation.
In Figure 4.9 is plotted the time lag between the peak of the flux and the arrival of
the wave front as a function of neq for both the diffusive equilibrium and collisionless
models. The shaded area indicates the observed time lag in the experiment. Qur
theoretical results based on the collisionless model and neq ~25 el/cm3 are in good
agreement with the observations. ‘

The Photoemz’ss:’on Case

One-to-one correlations were observed at L=~4.2 between bursts of VLF noise
in the ~2 to 4 kHz range and optical emissions at A~~4278 A at Siple station in
the austral winter of 1977 [Helliwell et al., 1980). The correlated VLF wave activity
usually consisted of clusters of discrete rising tones or chorus. In the case of July
24, 1977 all of the correlated wave events involved whistlers and whistler-triggered
emissions. In this particular case, the length of the wave train observed at Siple was
estimated to be about 1.2 s, and the observed bhotometér pulse was found to occupy
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FIGURE 4.9 TIME LAG BETWEEN THE PEAK OF THE FLUX AND THE ARRIVAL
OF THE WAVE AS FUNCTION OF neq FOR DE AND COLLIS{ONLESS MODELS.

The shaded area indicates the observed time lag.
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the time interval 2.6 to 4.3 s after the occurrence (=0} of the lightning-generated
spheric observed near Roberval. For propagation at L~~4.2, the equatorial cold
plasma density and the equatorial wave magnetic field were found to be neq==100
el/cm® and B,~8 pT, respectively. '

The field line model for this photometer case is the same as that depicted in
Figufe 4.8. As in the X ray case discussed in the previous subsection, both direct and
mirrored precipitations are candidates that may account for the optical emissions
over Siple station. The possible importance of direct precipitation is suggested by
the fact that at the top of the ionosphere the field intensity of the north-going wave
was estimated to be only 2 dB less than that of the south-going wave [Helliwell et
al., 1980], thus indicating re-triggering or efficient echoing of the wave back and
forth between hemispheres. -

We have calculated both the difect and mirrored precipitation fluxes induced by
the wave event corresponding to the case of July 24, 1977. The signal received at
Siple is modeled as a rising ramp with duration of 1.2 s and with frequency varying
from 2 to 4 kHz. For the mirrored case in which the wave is south-going, the wave
intensity in the northern hemisphere along the field line is taken to be zero to account
for the fact that the whistler-induced emission was probably generated near the
equator, while it is taken to be 8 pT to the south of the equator in accordance with
the estimation from the data. However, for the case of the north-going wave that
causes direct precipitation, the wave intensity is taken to be 8 pT on both sides of the
equator. It should be noted that if the northgoing wave resulted from 're-triggering'
near the equator, the wave intensity in the southern hemisphere should be taken to
be zero. We have, however, found that this different choice of wave distribution does
not change the main portion of the precipitation pulse. A diffusive equilibrium modei
is used for the cold plasma distribution along the L=4.2 field line with neq==100
el/cm®. Our results [Chang and Inan, 1983] show that the direct precipitation case
gives a slightly better fit to the data based on the arrival time interval of the flux.
- However, the significant overlé.p‘in time between the two responses suggests that
both the mirrored and direct precipitation may be contributing to the observed flux.

As mentioned in the introduction, in order to account for all the particles that
could contribute to the observed photoemission, a wide range of particle energies
needs to be considered. The pitch-angle resolution in this case is Aa==0.05° so that
particles with energies up to =180 keV, which have the maximum scattering in this
order, are included. The calculated flux level is a function of B, and the assumed
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FLUX (ergs/cm?-sec)

FIGURE 4.10 PEAK FLUX LEVEL VERSUS n IN EQUATION (2.28) WITH &g AS
A PARAMETER FOR THE CASE OF DIRECT PRECIPITATION FOR THE PHO- -
TOMETER CASE. The shaded area indicates the range of the precipitated energy fluxes
inferred from the data. ' L
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trapped particle distribution. In the present case, B, has been inferred from the
"data. The assumed particle distribution is then the main factor that determines the
computed flux level. For a case in which the particle energy covers a wide range as
in this one, the value of n in (2.28) is the key parameter that affects the relative
contributions to the flux of high and low energy particles. For fixed n, the energy ﬂux
level is proportional to ®g. In Figure 4.10, we plot the peak flux level versus n with
®r as a parameter for the case of direct precipitation. The shaded area indicates
the range {=0.04—0.1 erg/em? s) of the precipitated energy fluxes inferred from the
photometric data [Helliwell et al., 1980]. If &5 = 108 el/em? s sr keV for E=1 keV
then n=s5.5—6 would fit the observed downcoming flux. However, if ® is reduced
by two orders, n would be less than 4. Figure 4.10 implies that under typical flux
levels of £ = 10°—10% el/cm? s sr keV [Lyons and Williams, 1975] the value of n
- would fall in the range of ~~3.5 to 6 based on the observed precipitating fluxes. To
the best of our knowledge, this constitutes a new method of remotely estimating the
~ decrease with energy of the trapped particle distribution in the magnetosphere. Our
estimated value of n 223.5 to 6 is in substantial agreement with published direct
measurements {Schield and Frank, 1970]. Since the above results are obtained by
assuming g(a)=1 in (2.28), inclusion of any anisotropy would reduce the calculated
fluxes as discussed in the case of sub-ionospheric VLF perturbations and therefore
would result in smaller estimated n’s, or a less steep distribution with respect to E.

D. COMPARISON WITH SATELLITE OBSERVATIONS

In this section we adopt the method outlined in sections E and F of chapter II
to compare our model results with satellite based observation of energetic electron
precipitation. ' -

Data for Comparison

Recent satellite experiments have shown that the energy spectra of electrons
precipitating from the inner radiation belts contain peaks having central energies
which decrease with increasing L value [Vampola and Kuck, 1978; Koons et al., 1981;
Imhof et al., 1981a, §]. This observed characteristic suggests that the p'recipit_ation
may be due to first-order éyclotron resonance interaction of the trapped electrons
with monochromatic waves near the magnetic equator. The electrons involved in
these interactions had to be precipitated into either the drift loss cone or the local
bounce loss cone due to pitch angle scattering by the waves. The observed energies
of the precipitating electrons were generally in the range of 100 to 500 keV.
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FIGURE 4.11. THE EQUATORIAL COLD PLASMA DENSITY AND THE EQUATO- -
RIAL BOUNCE LOSS CONE AS FUNCTIONS OF L VALUE USED FOR THE RESULTS
SHOWN IN FIGURE 4.12. The gquatonal cold plasma density is proportional to 173, -

In the following we compare these observed narrow peaks in the precipitated
- energy spectra with our theoretical predictions. It should be noted that the prec:pltat-
ing electrons which were observed in the drift loss cone might have interacted
with the wave near the equatorial region a large number of times during their
bounce motions while dnftmg across a longitude sector. The total pitch angle scat-
tering accumulated from all such individual interactions must thus have been large .
enough to be observed. We argue here that the spectral content of the precipitat-
ing electrons resulting from the cumulative interactions would be similar to that
due only to one-pass interaction since the energy changes of these near-loss-cone
particles after being pitch angle scattered have been found to be negligibly small
compared to their unperturbed énergies under conditions of moderate wave in-
tensities. Therefore, the calculations of one-pass scattering of the test particles
at the edge of either the drift loss cone or the bounce loss cone will reveal much

of the spectral properties of the precipitating electrons.
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For our comparison, we choose the data for June 16, 1979, presented by Imhof
et al. [19818] for comparison with our theoretical study. For this day, seven energy
spectra at selected L shells from L ~1.57 to L~ 1.75 were presented. We select three
of these spectra, corresponding to L~1.57, 1.65, and ‘1.75, with peak resonance
energies of 277, 200, and 120 keV, respectively. It was suggested that a strong
monochromatic wave at ~ 23 kHz measured by plasma wave experiments may have
caused the sharp peaks in these spectra [Imhof et al., 19818]. To derive the equatorial

“cold plasma densities from the observed peak resonance energies, the waves were
assumed to be traveling parallel to the magnetic field lines. For this set of data
it was found that the plasma density profile varies as ™3, being consistent with
the plasma densities derived from the measured upper hybrid resonance frequencié.
From the extrapolated profile the equatorial plasma density corresponding to L=1.5
on this day is found roughly equal to 4500 el/ em3. In our calculation we used this
estimated value at L=1.5 as a reference and assumed an L3 dependence as shown
in Figure 4.11. Also shown in Figure 4.11 is the value of the equatorial bounce loss
cone as a function of L. The loss cone angles are derived from the dipole magnetic
field model by taking a mirror height of 100 km. Although propagation is likely
to be nonducted in the low-L shell regions, we have assumed ducted longitudinal
propagation for purposes of comparison. The equatorial wave amplitudes in all three
cases were taken to be 5 pT. This value is within the range of typical intensities of
signals from ground based VLF sources as measured on satellites [Scaiabucci, 1969;
Inan et al., 1977].

Model Caleulations

Having established the magnetospheric parameters for our computations, we
present in Figure 4.12 the computed rms pitch angle scattering versus energy of
- the near-loss-cone particles induced by onre-pass interactions with the 23-kHz waves
for the three selected cases. The results are shown in a format similar to that of
Figure 2.12. For cases of lower equatorial resonance energy in Figures 2.12 and 4.12
the peak scattering is larger while the absolute width of the pesak in keV is narrower.
The differences in peak width of the rms scattering for the different cases can be
attributed to the same factor as discussed in connection with Figure 2.12. The peak
energies corresponding to L=1.57, 1.65, and 1.75 cases'in Figure 4.12 are 257, 187,
and 126 keV, respectively; these are not exactly equal to those observed by Imhof
et al. since the cold plasma densities deduced by them are only approximately equal
to the extrapolated densities that we have used. However, this obviously will have
little effect on our results.
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The rms pitch angle changes in Figure 4.12 drop to about one half of the
maximum value when the latitude of resonance moves ~3° from the equator for
all three cases. The resonance energy corresponding to this latitude is less than
10 keV above the equatorial resonance energy in each case. Thus, in terms of our
definition of FWHM the peak width is less than 10 keV. For our computations
we have assumed a monochromatic wave with equal intensity on both sides of the
équa.tor, and the conjugate resonances have been treated as pha.se-correléted. In
the presence of other electromagnetic turbulence, however weak it may be, the
dephasing of the two resonances would occur at some latitude above the equator.
The resﬁlting smearing out of the interference pattern in rms écattering would cause
the total scattering to drop to a lower level and possibly a reduction in the effective "
peak also. ‘ .

We have shown in chapter II that the peak width in energy of the precipitatibn
flux is generally less than that of the rms scattering. Referring to Figure 4.12 and
the above discussion, the theoretical peak width of the precipitated energy spectra
will thus be less than ~ 10 keV for the cases shown. As reported by Imhof et al.
{19814, b], in some cases the electron energy spectra have FWHM values of the order
of 30 keV, which represent upper limit values since they include contributions from
the instrument resolution. Widths as narrow as ~ 20 keV or less could be derived
after the instrument resolution is unfolded. Therefore, our theoretical estimation of
peak widths is within the possible upper limit values obtained from the experiments.
Note that we have assumed a monochromatic wave with a sharply defined wave
-normal angle at 0°. Therefore the estimated peak results from the dependence of
the interaction strength on the latitude of resonance only. '

In the following we consider other possible effects which might cause the widening
of the observed peaks and thus confirm the presumption that equatorial interactions .
~ at these low L shells would produce narrow peaks in the spectra of the precipitating

~electrons. '

Diseusston

While our model results show agreement with those of Imhof et al. ({19814,
b], comparison with experiniental‘raults is complicated by a number of factors.
One is the angular spread of the wave normals in the general case of nonducted
propagation.

The parallel resonance velocity expressed by equation (2.22) applies only to lon-
gitudinally propagating waves. For a first-order correction for oblique propagation
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with k at an angle 8 to the static magnetic field, the & in (2.22) has to be replaced by
k(6) cos 8, which is the component of k along the magnetic field line, where £(8) is
the magnitude of k, a function of 6. Note that & is proportional to the refractive in-
dex g, i.e., k==(w/e)p. For cases of Figure 4.12 the équatorial refractive index would
increase from 8.30 to 8.48 as L varies from 1.57 to 1.75 under the cold plasma dis-
tribution given in Figure 4.11. If we take the angular spread of wave normals to be
within +30° with respect to the direction of longitudinal propagation, the range of
the corresponding equatorial refractive index variation is found to be within ~6%
below the equatorial refractive index for the longitudinally propagating wave. The -
broadening in the equatorial energy bands of electrons effected by this wave normal
'spread would be approxunately 23 keV, 17 keV, and 12 keV for L=1.57, 1.65, and

1.75, respectively.

One interesting feature revealed by our results is the asymmetry in the rms
scattering versus energy curve with respect to the peak. As pointed out in chapter
I in cornection with Figure 2.13, the strength of scattering decreases rapidly for
particles with energy below the equatorial resonance energy. If this asymmetry could
be detected experimentally, it might be used as an additional test of whether or not
the peaks of the precipitated energy spectra are due to wave-particle interactions
iﬂvolving monochromatic waves. '

E. DISCUSSION

In this chapter we have attempted to apply our theoretical formulation to the
parameters of various cases of ground or satellite based observations of wave-induced
precipitation events. In comparing our results, various limitations of the model and
its dependence on various parameters must be considered. In the following we discuss
the effect on our results of (i) the wave structure and intensity variation and (ii) the

energetic electron distribution.
The Wave Structure and Intensity Variation

The interaction model studied in this report has been limited to the case of
longitudinally propagating whistler mode wave as described by (2.7). In calculatmg
the electron pitch angle scatterings and wave-induced perturbations of the energetic
electron population, we have assumed that the wave structure is known as a function
of space and time and have not directly included the effects on the wave of the
electromagnetic fields generated by the perturbed particles. This amounts to, in ‘i

- 82 —




effect, assuming that the fields radiated by. the perturbed particles are negligible, -
as in the case of an unamplified wave, or that this effect has been included in the

model chosen for the wave structure.

To indirectly account for the effect of wave growth in some cases (e.g., Figure 3.6),

we have presumed that the signal undergoes an amplification of at least 20 dB across
the principal interaction region. Experimental and theoretical evidence suggest that
the region of temporal growth is within a few degrees of the geomagnetic equator
for the monochromatic waves [Helliwell, 1967; Helliwell and Katsufrakis, 1974]. Any
change in the wave amplitude structure will thus occur over a relatively small

portion of the field line [Helliwell and Inan, 1982]. The effect of such a nonuniform

amplitude variation on the total precipitated flux can be indirectly accounted for
by choosing a suitable wave structure.

The wave amplitude variation along the field line within a whistler mode duct

due to the dispersion and the inhomogeneous nature of the medium is discussed in
connection with (2.8) and in Appendix B. We have found that this consideration is
essential in the calculation of precipitation due to variable frequency signals.

_ We have considered cases of moderate wave intensities (e.g., By < 10 pT at L~4)
in most of the calculations in this report. It has been demonstrated that for this
range of wave intensities and for the parameters used, the precipitated flux is linearly
proportional to By, [Inan et al., 1982]. The results presented in this report can thus
be directly scaled up or down for estimating the precipitated flux levels induced

by waves with given intensities in this range. The typical unamplified intensities of
manmade VLF transmitter signals in the magnetosphere fall in this range {/nan et
al., 1977; Bell et al., 1981; Tsuruda et al., 1982|. However, the signal level might be
higher after amplification and triggering. For example, for natural emissions, such
as VLF chorus, measured wave intensities have been reported to be in the range
of 1—-100 pT [Burtis and Helliwell, 1975]. For such higher field intensity cases the
trapping of particles may play a more significant role so that the precipitated flux
can not simply be scaled up or down proportionally with B,,. However, our existing
formulation can easily be applied to such cases.

Energetic Electron Distribution ,

We have considered initial trapped electron distribution functions as defined by
(2.28). The coefficient A in (2.28) is proportional to the differential energy spectrum
® g, of the trapped particles, as given by (2.29). By proper choice of g(a), n, and ¢g,,
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one can match the function defined by (2.28) to most observed energetic electrons
in the magnetosphere. -

In most of our calculations we have used ®g, = 102 el/em? s sr keV for electrons.
| with energy Ep=1 keV and at a=80° pitch angle. This value is typi_cal of the flux
levels outside and just inside the plasmapause during geomagnetically disturbed
times ISchield and Frank, 1970; Anderson, 1976] and was the reference flux level
used in previous work [Inan et al., 1978]. Under other conditions, for instance,
relatively quiet geomagnetic period, @z, could be as low as 10°—10° el/em?® s sT
keV [Lyons and Williams, 1975]. We have also chosen to present our results with
the assumption that ®g, is constant with L, although ®g, has been observed to be
- a highly variable quantity. The precipitated energy fluxes given in this report are .
directly proportional to ®g,. Thus, for any realistic variation of ®g, as a function
of L or for any other values of ®g,, the precipitated flux values can be obtained
from the results given by proper scaling.

For most of the results presented in this report we have used an isotropic dis-
tribution for which g{a)==1 in (2.28). It should be noted that pitch angle isotropy
over the atmospheric bounce loss cone can only be maintained under strong diffusion
‘conditions [Kennel, 1969] and anisotropic distributions are more likely to occur in
the magnetosphere [Lyons and Williams, 1975]. For anisotropic distributions peaked
around a==90°, and for which g(a) is flat for a few degrees above the loss cone, the
“calculated flux values would be reduced by a factor (g(90°)/ g(a)c)), as discussed in
chapter IIl. Moreover, when strong anisotropy in the vicinity of the loss cone rather
than a sharp-edged loss cone is considered, a further reduction in precipitated flux
levels might be necessary {Inan et al,, 1982].
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V. SUMMARY AND RECOMMENDATIONS

A. SUMMARY

We ha_ve'emplc"yed a test particle'co.mputer simulation approach to study the
eyclotron resonance interaction between radiation belt energetic electrons and coher-
ent whistler'mbde VLF waves propagating longitudinally along the static magnetic
field lines in the magnetosphere. We have concentrated on the wave-induced pitch
angle scattering of near-loss-cone trapped electrons and their precipitation into the
ionosphere. - | |

In order to be able to study interactions involving electrons with quasi-relativistic
energies of up to hundreds of keV, we have rewritten the equations of motion for
the cyclotron resonance wave-particle interaction by taking into account relativistic
effects. Our simulation model is then based on these generalized equations and
the relativistic cyclotron resonance condition. It was suggested that the relativistic

formulation be used for particle energies higher than 50 keV, corresponding to a

10% correction in average pitch angle scattering with respect to the nonrelativistic

formulation.

We have computed the root mean square (rms) pitch angle scattering of the
near-loss-cone quasi-relativistic electrons and the corresponding precipitated energy
s;ﬁectrum due to wave-particle interactions occurring near the equatorial plane. It
was shown that although the energy spectrum of the precipitated flux is strongly
dependent on the assumed trapped electron distribution, the full width at half
maximum of the rms scattering patterh would give an upper bound to that of the
energy spectrum. These peak widths were compared with and demonstrated to be
consistent with those measured by recent satellite experiments. The results indicate
that the L-dependent narrow peaks observed by satellite particle detectors could
indeed be caused by w:ive—pa.rticle interactions involving monochromatic waves from
ground based VLF transmitters. '

Based on the test particle simulation method, we have developed a computer
model for determining the detailed time evolution of the transient precipitated

- energy flux induced by short-duration VLF waves propagating along the geomag-

netic field lines. The main purpose of this study is to provide a theoretical basis
for experiments designed to detect precipitation induced by discrete coherent VLF
waves, {or instance, the signals injected from the Siple transmitter. The computer
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model is useful in examining the characteristic shape of the wave-induced precipita-
tion pulse under 2 wide range of wave parameters as well as various magnetospheric

conditions.

During__its traverse between the two hemispheres a VLF wave pulse interacts
with energetic electrons of different energy and pitch angle. The precipitated energy
flux thus consists of electrons that have encountered and resonated with the wave
at different locations along the field line and that therefore arrive at ionosph_e'rié
heights at different times. In our model we take into account the wave group travel
time and the electron travel times and present the results as precipitated energy
flux versus time after the injection of the wave into the magnetosphere.

Natural variable frequency VLF waves, such as lightning-generated whistlers,
chorus emissions, triggered emissions, have been observed to induce energetic electron
precipitation and cause ionospheric disturbances. Coherent variable frequency waves
have also frequently been injected into the magunetosphere in the Siple VLF ex-
periments. To examine the role of the frequency-time format of the interacting waves
on the induced particle precipitationr, we have extended the transient precipita-
tion model to the more general cases of whistler mode waves with slowly vary-

ing frequency.

Our results show that although the temporal shape of the transient precipitation
pulse induced by a variable frequency signal depends on the location of its principal
interaction region, and thus its slope df /dt, there is little difference in total d.eposited
energy or peak flux induced by signals with different frequency-time slopeé under
conditions of moderate wave intensities (B, <10 pT at L=4). When there are
- differences, they are controlled more by the falloff in energy of the trapped particle
distribution function than by any other parameter. However, we have found that,
when the wave growth in the vicinity of the phase equator or within the principal
interaction region is taken into account, a signal with rising frequency is more
efficient than one with decreasing frequency in inducing particle precipitation. Based
on this result, the precipitation efficiency for the monochroma.tic cases falls between
- that of the riser and faller. '

The precipitated electrons can cause ionization and conductivity enhancements,
heating and the emission of X rays and light when penetrating to the lower iono-
sphere. Recent experiments have shown associations between isolated bursts of
~ precipitating electrons at middle-latitudes and whistlers and triggéred emissions.
We have compared the predictions of our transient precipitation model with three
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ground based observations of the ionospheric effects of particle precipitation. These
three different events represent three different methods of detecting the ionospheric
effects of precipitating electron fluxes, i.e., the observations of perturbations of sub- .

‘ionospheric VLF signals, bremsstrahlung X rays, and photoemissions.

Previous interpretation of these events was often based on comparing the mea-
sured time lag between the wave and precipitation bursts with the estimated travel
times of the wave and the particles from the interaction region to the observation
site. In general it was not possible to estimate the amplitude or the structure of
the précipitation pulse that would be induced by a given wave. Using our model,
however, we are able to consider the effects of changing frequency and full nonlinear
scattering involving relativistic eﬁergies and thus obtain the precipitation flux level,
pulse shape and associated time relationships and compare these with the reported
data.

- In summary, our results have demonstrated that the test particle computer model
can be used to interpret the observed experimental results. Furthermore, the model
results and observations, used together, provide a basis for additional diagnostics

‘of the various parameters of the cold and energetic particle distributions in the

magnetosphere. The successful application of the model to different experimental

 situations indicates its versatility; an obvious potential application is in planning of

future experiments aimed at detecting wave-induced electron precipitation and its -
ionospheric effects.

B. RECOMMENDATIONS FOR FUTURE WORK

Incoherent Waves

We have limited our study to the specific case of interactions involving coherent
VLF signé.ls. We have shown that for fixed input wave energy the total precipitated
energy density is not strongly dependent on the frequency-time format of the input
signal as long as the same frequency range is considered. It is then conjectured -
that an incoherent wave with the same input wave energy and covering the same
frequency range might induce the same amount of precipitated energy density

" [Dingle, 1977). However, this argument needs to be checked by -using, for example,

a simulation in which a test particle is introduced into a random (i.e., incoherent)
wave structure. In so doing one should be able to compare directly the efficiency
of coherent and incoherent waves in inducing particle precipitation. Moreover, the
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numerical results of pitch angle scattering for the cases of incoherent wide band
noise can be compared with those derived from the theory of random diffusion.

| Nonducted Waves

In the present work we have consxdered only waves propagating logitudinally
along the geomagnetic field lines, as a good approximation to the propagation
of whistler mode waves trapped within field-aligned duects. In general, waves in
the magnetosphere propagate in both ducted and nonducted modes [Bell et al.,
1981]. Since ducts occupy only a small fraction of the magnetosphere, most of the
wave energy that is either injected from the ground or generated in the medium
propagates in the nonducted mode. Nonducted waves do not generally propagate
along the magnetic field line and thus are usually not observed on the ground. -
However, these waves need to be considered in obtaining a complete picture of
electron precipitation phenomena. '

To model the pitch angle scattering due to the nonducted waves, it is necessary
to employ a different set of equations of motion to account for the non-zero wave
normal angles with respect to the direction of the static magnetic field. Moreover,
ray tracing in the anisotropic magnetospheric medium must be carried out in
order to obtain the nonducted wave structure along a given field line. The topic
of the gyroresonance wave-particle interaction involving coherent whistler mode
VLF waves propagating at an arbitrary angle with respect to the earth’s magnetic
field has only recently begun to receive attention [Bell, 1983]. Based on these
different equations and the wave structure obtained from ray tracing, our model
and formulation could be easily extended to the case of nonducted waves, since the
schemes for tracing the adiabatic motion of particles and for manipulation of the
distribution function need not be changed.

Wave Energy Distributions

Theoretical modeling can predict the relative precipitation efficiency of incoherent
and coherent waves as well as ducted and nonducted waves under comparable
conditions, for instance, for constant input wave energy. However, to understand
the relative importance to the global precipitated loss of electrons from the mag-
netosphere of different classes of waves, we need to know the wave energy dis-
tributions of different waves.

Lyons et al. [1972] claimed that lightning-generated whistlers made only a minor
- contribution to the total whistler mode wave energy in the magnetosphere. They
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- thus concluded that wave energy which was generated naturally within the magneto-

sphere, such as plasmaspheric hiss, dominated the magnetospheric wave spectrum
and controlled the pitch angle diffusion of radiation belt electrons. However, the
frequent occurrence of lightning strokes and whistlers observed on satellites [R
A. Helliwell, private communication] suggests the existence of potentially fruitful
coherent wave energy that should be able to scatter particles effectively. To clarify
the relative spectral intensities of incoherent magnetospheric noise and coherent
whistler waves, further study such as st_atistical survey of satellite data should be
performed. | '

Another topic of interest is the study of the roles of the ducted and nonducted
wave energies on the precipitated electron energy into the ionosphere. Siple VLF
experiments have shown that ducted signals often trigger emissions but nonducted

‘signals are rarely associated with triggered emissions [Bell et al., 1981, 1983]. This

could imply higher wave energy densities within the whistler mode ducts and thus
greater downcoming precipitated electron energy fluxes around the exits of the
ducts. This conjecture needs to be experimentally investigated.

Energetic Particle Distributions

Our results, in particular the computed precipitation flux, depend strongly on
the energetic particle distribution f(E,a) or the measurable differential energy
spectrum ®g. Siple experiments have shown the correlations between the photometer
measurements and natural signals propagating outside the plasmapause, as dis-
cussed in chaptef IV. The photometer is suitable for investigating the effects due
to the lower range of the electron energies [Heliwell et al., 1980] and should be
capable of detecting the lower energy electrons precipitated by Siple siganls. The
fact that the precipitation induced by Siple signals have so far not yet been ob-
served might be attributed to a lower trapped flux level during quiet time con-
ditions that are necessary for the transmission and thus the wave ampliﬁcation
of the injected signal. The simultaneous operations of the satellite particle detector
to measure the trapped electron distribution in the magnetosphere and the ground

- based detectors to observe the ionospheric effects of precipitated electrons are

then essential for the clarification of the role of f(E, a) on wave-induced precipita-
tion. In addition, due to the lack of useful published particle data, better measure-
ments of f(E,a) over L-shells in different magnetospheric conditions are neces-
sary in order to obtain better theoretical predictions from our model.

Calculations of precipitated eﬁergy_ specira
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"The energy spectrum of the electrons that comprise the peak of a precipitation
pulse has been described by Inan et al. (1977). It was found that the maximum
contribution to the flux comes from the lower energy end of the spectrum for typical
distributions. In the discussion in connection with Figure 3.5, it was pointed out
that the energy-versus-time diagram defines the region in the tim_e-eliergy domain
where we expect to observe the precipitated flux after the injection of the input
wave. It would be useful to calculate the precipitated energy spectrum in ergs/em?®
s keV as a function of energy and time. This would give the information about
the energy distribution of precipitated electrons at a given time as well as the time
evolution of precipitation at a particular energy. One could thus obtain a more
detailed signature of precipitation induced by different signals.

Calculations involving higher pitch angles

‘Scattering of higher pitch angle particles and thus perturbations of trapped
electron distributions by coherent VLF waves'is important to many magnetospheric
phenomena involving growth and damping of waves, such as the ‘quiet band’ dis- |
cussed in Appendix C. A thorough investigation requires caleulations involving a
large number of test particles. The study of how the particle population is modified
by VLF wa.va, however, is essential in understanding the effects of wave-particle
interactions and provides a basis for designing satellite experiments using particle
detectors for observing wave-induced perturbation and for deducing particle dis-
. tributions from wave data.
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- APPENDIX A: THE RELATIONSHIP BETWEEN [(E, a) AND &g

We represent the trapped energetic electron population along a geomagnetic
field line by a distribution function f(E,a) at the equator. The distribution func--
tion is defined in velocity space such that it gives the number density (el/cm?)
of elecirons when multiplied by the irelocity space volume element v2sin advdadg
or v,,z(sm af cos® a)dv,dadp. Note that £ = mc2[(1 - 02/4:2)"’/2 — 1] = me?[(1-
v2/ctcosta) /21

In many expenments the particle information is often given in terms of the
differential energy spectrum ®g in el/cm? s sr keV. The quantity &g dAdQ dE dt
then represents the number of particles with energy between E and E + dE which,
during the time dt, traverse the element of area dA in a direction within the element
of solid angle d{l around the normal to dA. The elements dA and df? are shown
in Figure Al, where the angular coordinates # and ¢ specify the direction of the
normal to dA.

- From conservation of particles ® is related to the distribution function f(E, a)
by the following equation '

 ®pdAdQdEdt = f(E, a)vidv dQvdtdA. (A1)

The v is the magnitude of the velocity of an electron with energy E. The volume
element v2dvdQ) in velocity space accounts for those particles with direction of
motion lying within the solid angle dQ and with energy between E and E + dE.
The element vd!dA represents the volume in ordinary space through which these
particles pass during the time d¢. -

The relationéhip between dE and dv is given by

' c vdy vdv :
{mC ( — v2/cz 1)} (l _ v2/c2)3/2 2 'TE' ( )

where ¢ is the relativistic factor associated with the energy E. From (Al) and (A2)

‘we have

3
02 - . (A3.)

J(E,0) =

(A3) indicates that for energies for which 4g% =~ 1, if &z varies as v™™", the
distribution function will behave as v™"=2, '
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FIGURE Al DEFINITION OF THE DIFFERENTIAL ENERGY SPECTRUM.

Since v2/c? = (g% — 1)/4£?, (A3) becomes

/(8 0)=25(3) (7;’{ 1)‘ e

It f(E,a)=AE~"?¢(a) for 02“’%&; with g{a)=1 at a=90° and if ®g, is the
differential energy spectrum of electrons at a given energy Fy and with a=90°
pitch angle, then the constant A can be related to &z, by

5 ‘ : |
my 70 n
A=12xg (c_z) (702 - 1) BP, 45)

where 7 is the yg for E=Eo. (AS) is the same a3 equation (2.29).

Note that from the Liouville theorem (see, e.g., Hess {1968]) ¢ stays constant
along a particle’s orbit, that is,

®glar, Bi) = Pplog, By) | (46)

along a field line, where a; and ag are the pitch angles and B; and Bj are the
magnetic field strengths at two different points, respectively, and are related by
the mirror equation sin® ay /B1 = sin® oy /Bz. Therefore ¢z at the equator can be
deduced from that measured elsewhere on the same field line. |
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APPENDIX B: WAVE AMPLITUDE VARIATION

In our model a short VLF wave pulse is assumed to enter into the magnetosphere
at 10600 km altitude at time t==0 and is assumed to propagate longitudinally (k||By)
- in a duct along the earth’s magnetic field line.

For a monochromatic wave pulse the temporal pulse duration does not change
during propagation, neglecting the possible distortion of the front and tail ends of
the pulse [Chang and Hellfwell, 1980}. If no loss of energy is assumed, the power
flow along the duct is then constant. However, the power. density varies, since the
cross-sectional area of the duct is inversely proportional to the static magnetic field
intensity By or to the cold plasma electron frequency wy, assuming that the whistler
mode wave is the superposition of a large number of rays that ﬁ]l'up the duct. In
this slowly varying medium, the variation of the wave magnetic field intensity B,
along the field line can then be expressed as

By = Bueq(wirk/wieqkeq)/? | (BY)

since B,,® is proportional to the power density and the refractive index py (=ck/w).
In (B1), wy and k are local values, ""Heq and kgq are the equa.toriél values, Bweq _
is the equatorial wave intensity, ¢ is the speed of light in free space, and w is the
angular wave frequency.

For a variable frequency signal the pulse duration varies due to the dispersive:
nature of the medium. The wave poWer density and so the wave intensity will depend
on this additional factor. The local group velocity of a wave component of frequency
[ along the field line is given [Helliwell, 1965] by

Y2 £.0 — £\3/2 o

vy =2¢

where fp=wp /27 and fg=wpy /27 are the local plasma frequency and gyrofrequency,

respectively, and wp? 3> wy? has been assumed. The travel time, or the group de!a.jr-,
of this frequency component from the injection point to a point with coordinate z

along the field line can be expressed as ' '

H

, , dz 1 fefa
-gU ) 100ka o moai{m fV(fg—fpr (53
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Consider one component of a variable frequency signal with frequency f which
is injected into the field line at time ¢. An adjacent frequency component f+ Af is
injected at time ¢ + Af. Af/At is then the slope in the f — ¢ domain of the input
signal at frequency f. The components f and f + Af will travel to the point z at
times ¢ and ¢ + A, respectively. From (B3), A¢ is then given by '

At’ = AH— t(f+Af,2)—=4(f,2). o (B4)

Note that At and A¥ maf have different signs; however, in this report we do not
treat this case. The difference in group delay can be approximated by

N R e U, B

where dt,(f;z)/3f is the slope of the tg(f) versus f curve measured at f and can
‘be derived from (B3) as :

s _ 1 [ fola [§ 1 ——l—]d .
af clow{m Y3 fy — f32 2(fH.- A 2f 2. (BS)

Consequently, (B4) can be rewritten as

A 3t(f,2) Af | .
A7 =1+ "af AL (BT7)

If the energy contained between f+ Af and f is conserved, the local power flow
or power density corresponding to f is inversely proportional to its duration At.
The wave inteasity at z of this frequency component will accordingly be modified
" by the factor (At/At’)l/ 2 in addition to that given by (B1). Note that we have
assumed that A# does not go to zero. The complete expression for computing the
wave intensity variation alohg the field line using the equatorial wave intensity as a
reference is then given by . -

wer(2)k(S, 2)(1 + [84,(f, zeq)/DS](A S/ ag)]Y

IJ_BW(LZ) weq(f)[ wHeqkeq()(1 +[04,(f, 2)/3 fI[AF/AN) (B

where f and z indicate the dependence of the different clluantities on the frequency
~ and position along the field line, respectively, eq represents equatorial values, and
Af/At s the slope of the signal in the input f—¢ domain. Equations (B7) and (BS8)
are used in all of the model computations reported in this report.
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APPENDIX C: TEST PARTICLE CALCULATIONS
RELATED TO THE QUIET BAND PHENOMENON

The effect of ‘quiet band’ was discovered during the Siple transmitter experiments
[Raghuram et al., 19775]. It was found that sometimes amplified signals are accom-
panied by a suppression of background natural noise in a narrowband just below the
transmitter carrier frequency. Within this band, which is about 50200 Hz wide,
the natural noise is attenuated by more than 8 dB. The mechanism of the quiet
band is so far not fully known. Modification of the electron distribution function
involving pitch angle scattering of these electrons by a strong coherent wave has
been proposed as an possible 'exp_lanation [Raghuram, 1977; Cornilleau-Wehrlin and
Gendrin, 1979).

" Raghuram {1977] used a test particle simulation approach to calculate the modifi-
cation of electron distribution due to wave-induced pitch angle scattering near the
equator, Nevertheless, he could not determine whether the quiet band is due to the
slopes in the modified distribution function or due to a reduction in the trapped
flux. In his calculations only one pitch angle (x=30°) was considered and it was
pointed out that an integration over all pitch angles should be done to obtain the

true perturbed distribution.

Here we give one result of a similar kind of calculation using our test particle
model by including a range of pitch angles. The calculation is done at L = 3.5 for
a coherent wave frequency of 5.95 kHz and is shown in Figure C1. It was indicated
by Raghuram, [1977] that L = 3.5 might be the optimum L value for production of

quiet bands. We use a diffusive equilibrium model with an equatorial electron density
of 600 el/cm?® for the cold plasma distribution and a dipole model for the earth’s
magnetic field. The wave intensity is taken to be B,,=10 pT on the upstream side
-of the particles and negligibly small on the down stream side to account for wave
amplification across the equator [Helliwell and Inan, 1982]. We consider particles
in a range of pitch angle between 15° and 35° and in a r:inge of equatorial parallel
velocity within a few percent of the equatorial resonant parallel velocity vy, defined
as the resonant v, of particles at 30° pitch angle resonating with a 5.95 kHz wave.
The bin size in pitch angle is 1° and the bin size in v, is 0.1% of v,y. A total of
14,112 test particles has been used in this case. Note that a 1% increase in v, above
vy Would correspond to a 50 Hz reduction in resonant wave frequency below 5.95
kHz, as indicated by the horizontal scales in Figure C1.
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FIGURE C1 PERTURBATION OF ELECTRON POPULATION RESULTING FROM
RESONANT INTERACTION WITH A 5.95 KHZ WAVE., The dashed line represents
the initial isotropic distribution. A total of 14, 112 test pa.rt.lcles in the pitch angle range
of 15°—35° were used in the calculation.

The initial particle distribution is taken to be constant as a function of v, as
represented by the dashed line. After a one pass interaction with the wave, the
particle population is modified and is shown as the stepwise curve in Figure C1. It
is noticed that the modified distribution shows a depletion region at 1.5%-3% in
Av, with a reduction in flux of about 20%. However, the flux enhancement near
1% Av, is puzzling. The correlation between this full distribution calculation and
the observed data is still not good enough to establish a satisfactory interpretation.

 The initial distribution might not be flat as was assumed here in order to account
for the existence of the hiss band. Also it might take several bounce periods for the

~ depression in v, distribution to build up. Further detailed study of the quiet band
effect should include different initial distributions as well as the consideration of
more than one encounter between the wave and the particles.

It was argued by Cornilleau-Wehrlin and Gendrin [1979] that higher pitch angle
particles could be more impdrtant as far as the wave growth rate for the hiss is
concerned. The examination of the effect of higher pitch angle particles is more
complicated and can not be performed by simply integrating over pitch angle to
obtain the relative population versus v, as was done in Figure C1. The reason is as
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FIGURE C2 - CURVES SHOWING THE RELATIONSHIP BETWEEN PITCH ANGLE
- AND EQUATORIAL RESONANT PARALLEL VELOCITY FOR VARIOUS WAVE FRE-

QUENCIES. The 0% on the top scale corresponds to v, for 30° pntch angle and a
" wave frequency of 5.95 kHz. -

follows. In figure C2 we show the relationship between pitch angle and equatorial
resonant v, of particles in resonance with a wave with the wave frequency as a
" parameter. The percentage scale gives the deviation from v, defined above. It is
seen that for a given resonant wave frequency, v, significantly decreases as the pitch
angle gets larger for those higher pitch angles. This is due to relativistic effects
discussed in chapter II. It is clear from Figure C2 that for pitch angle less than 35°
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FIGURE C3 EQUATORIAL RESONNCE ENERGY AT DIFFERENT PITCH ANGLES
FOR RESONANT WAVE FREQUENCIES OF 6.0 KHZ AND 5.75 KHZ. _

the population versus v, plot is a useful illustration since v, can be clearly related
to the wave frequency. However, for higher pitch angles a simple function of v, is
not enough to define the wave-induced perturbations of the trapped distribution.

It is more interesting to see the behaviour of the resonant frequency curves
of Figure C2 in the pitch angle and energy («—FE) domain since it shows the
detectability of the perturbation using existing particle detectors. Figure C3 shows
two such curves for wave frequencies of 6.0 kHz and 5.75 kHz. Each curve shows the
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equatorial resonance energy at different pitch angles. If the 6.0 kHz wave, which is
assumed to cause the quiet band, does induce pertﬁrba.tioﬁs of electron distribution
corresponding to frequencies below 6.0 kHz, in the a—E domain this perturbation -
would exist within the area between the two curves shown in Figure C3. Due to the
narrowness of this region the detection of this effect requires high resolution both
in pitch angle and in energy. For example, at low pitch angles we need an energy
resolution of less than 0.2 keV. At high pitch angles above 70°, although a detector
with channel bandwidth of 1 keV is enough, we need a pitch angle resolution of
about 2°,
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