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_ABSTRACT
:EVi&enqe'forrnonduCted VLF propﬁgation between ponjugate hemispheres
has been foupd:in recordg_from tﬁe br@adbané VLF receiyérs aboard the |
polar satellites OGO 2 (41_9;-1521 km) rand 0GO 4 (4124908 km) . Tﬁe non-
duéted signals described here are received inithe ionosphere between
7 47° and s6° invariant latitude. Tﬁey have never been observed on the
ground and ihcludé natural Whistiers and fixed—frequency signals (iO.é—

12.5 kHz) from the U. 8. Navy Omega transmitters. In a ffequency—time

spectrogram, these nonducted whistlers appear as rising tones with a

lower cutoff fréquency-in the approkimate range of 5 to_8 kHz. They

have been named "walking trace" (WT) whistlers, since a rapid increase
.in ?ré;él tiﬁé as a function of sateilife 1atituéé“éaﬁséé sucéeséive
examples of the rising trace to 'walk through' other whistlers having
equal dispersions ahd produced by the same sequence of lightning sources.
. A tr;in of WT whistlers exﬁibits a nearly constant lower cutoff frequency
which is equal to the maximum value of the 1ower'hybrid resonance (LHR)
frequency above the satellite, and an upper cutoff frequency that
decreases with increasing satellite latitude. Reflected waves following
a WT whistler can also be received if the LHR frequency below the
satelliite reaches values greatgr than those above it. Observed spectral
shapeé of such whistlérs‘résemble a fish hook. Fixed—frequéhcy Criega
signéls obéervea by OGO 4 in the hemisphére conjugate to the transmitter
frequently have characteristics similar to those of fhe WT whistlers.

' .the Omega-signals exhibit two fgatﬁres that are not apparent in the
natufal whistlers; an énhancement of signal strength ahd a qupler

shift that increases with latitude and may reach hundreds of Hertz.
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The main characteristics of the above phenomena are explained by traclng
nonducted rays between conJugate hemlspheres in a model magnetosphere.

'An‘equatorial electrOn density profile is derived from the WT whistlers.
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" 'I. INTRODUCTION

A.  BACKGROUND OF THE PROBLEM
| A lightning fiaSh'pfoduces very low frequency (VLF) waves that may
propagate through the magnetasphere.' VWhen received on tﬁe ground of by

a s?acecraft in the ﬁagnetbsphére, these wéves show a dispersive charaé—

. teristic, resultiﬁg in a'sdund like a whistle heard when the signals are
 _£eproduced by means of an audio amplifier. For this reason they have beeﬁ
called "whiétlers" (see Helliwell 119651 for more details). In order to
explain_the'propertiéé of whistlers observed on the ground, Smith [1960]
develbped a theory of trapping of whistler energy along a tube of forcé
by an enhancement of ionizationf‘ These ducted whistlers have been used
to study properties of the eleétron distribution in the magnetosphere
(see Helliwell [1965]5i

VLFrreceivers on satellites have revealed a complete new class of
whistler.phenoména;. A cross sectionaof'the-magnetospheré containing a
geomagnetic meridian is shown in Figure 1. The positions of four receivers,
one on the groun@ and three in the magnetosphere, are indicated by the
symbois R., R_, R3 and R4. Waves:prodﬁced'ﬁy a lightning flash can

1 2

only reach R2, R3 and R4‘ through the magnetosphere. The receiver on

the ground, Rl' may receive signals propagating through the magnetosphefe
ahd also through the'earthFionosphere wave guide.
‘A lightﬁing flash may.prbduce a frequency Vefsus timé record such as

the one sketched.in_Figure.éa;‘when receiﬁedwby‘-R . The whistler indicated

1

‘by.an 0 is the‘oné readhing"R1  through the éarth-ionosphére wave guide.
This édmponent shows almdst:no dispersiﬁn, ﬂﬁbwéﬁef, the component prop-

gating through the magnetbsphere, indicated by 1, présents time delays .




T_TRANSMITTER © R - RECEIVER % -~ LIGHTNING

fFigure‘lt

B

Cross sectlon containing a geomagnetic mer1d1an

‘plane, a “VLF ‘transmitter (T) ‘and a lightiing "

flash (¥) are shown. A ground VLF receiver is
indicated by R, Two recéivers, R, and R4,
are 1ocated in polar, ‘low. altitude satellites.

;A feceiver in a’ high altitude satellite is-
represented by R_,. For reference the th1n 11ne'

shows the 11ne of " force at L= 2.5,
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'that-are a-fdnctiOn bf*frequency. .Sometimes traips 6f'whistlefsgare
seén, with components presentlng 'nose' characteristics (see Helliwell V

| [1965]). This qase is illustrat:d in Figure 2b.

Whistlers received by 7R2 may produce a spectrogram as;shdwn'ig"

| Eigure_zdg- Tﬁe.component'indicated by Of reaghes the satelliteffhfough
propagation‘in'the so-called electron wﬁistler mode and the other in the
profon ﬁhistler‘mode [Gurnett et ai;, 19651. The profon whistlers‘show
an asymptotic behavior:at the proton gyrofreq;ency at the satelliite.  They
are notrobserved‘on ground records and to understand their behavior it is
‘necessary to consider'the movement of protons in the derivation of the
phase refractive index.

Aﬁéther kiﬁd_bfﬁﬁhigfler that is observed by a receiver at R3 and
named magnefospherically feflected (MR) whistlerl{Smiﬁh and Angerami,
1968] is illustrated in Figure 2d. The waves that produce these whistlers
are reflected in the¢ magnetosphere and mbve back and forth across the-
-mégnetic equator. - Anofhér kind of whistlér that may be obéerved by R3,
is shown 'in Fiéure 2¢. This is the Nu whistler, which is also a conse~
quence of reflection in- the magﬁetosphere tSmith and Angerami, 1968].

As in the case of proton whistlefs, these whisilers are not-obéered on
- ground records.

Several differenfikiﬁds-of whiétlers may be reCeivedaat- R4} :One of
these is the 1on-cutoff whistler, sketched in Flgure 27 [Muzzlo, 1968].

The double valued trace presente; by these whistlers results from reflec—
ﬁion of downcoming'ﬁaves in thé ionosphere. Anothef whistler that may be
Areceivéd by .34 iézthé on; indicated-by_.l_ in the sketchAqf Figu?é 2g.
Thié whistiér propagates in é nénducted mddé'and isrthe.resultrof the
presence of 1érge_horizdnfai éradients in the iénospheré_fséérébﬁcci ef al.,

19691, L -5



.Agother whistler that may -be opserved;is;indicated by_the.letters:'
WT in Figure. 2g. .It has the pharacterisﬁic-of;a—rising:tone, and also -
haé not been observed on ground. records. : Generally in a spectrogram a-
sequence of these whistlers is observed displaying a constant lower
cutoff and an upper-cutoff frequency that decreases with the 1gtituderof
the receiver. -The increase of travel time for a given frequency when -the

receiver is moving toward higher latitudes makes them appear to walk

_through the 1_ component, and for this reason have been named 'walking

frace":(WT) whistlers. These are the whistlers that will be explained in -
this report. The understanding of tbese,whistlers led . to an explanation
of certain other VLF phenomena. For example, in special circumstances

Wr whistlers are followed immediately by a trace that has been inter-

-preted as caused by refraction.in the ionosphere, -Thése whistlers have

-~ the appearance of a fish hook and are illustrated in Figure 2h.

‘The U. S. Navy has transmitters at fixed frequencies in the range of

WT whistlers, and it is expected that the associated.signals may propa-

gate in the same mode as the WT whistlers. Fixed-frequency signals

received by a satellite in the hemisphere conjugate to the transmitter
not only exhibit the main characteristics of -WT whistlers, but also

show two new effects not observable in the WT whistlers, a focusing

~effect and large Doppler‘shifts in: frequency.. - .

B. OBJECTIVE OF THIS WORK
One of the purposes of the present work is to descrlbe and 1nterpret
WT whlstler phenomena identified in midlatitude ( ~‘50 ) spectrographlc

records from the VLF experlment aboard the low~alt1tude polar- satellltes

oso 2 (419 1521 km) and OGO 4 (412 908 km)



_i'Ihe WTVWhistlersrand'theirreounterperts rn manmade'VLF_signels
‘preSent‘a remarkable variety of effects;‘including_limited ietitude ranger
of observatlon, rapid varlatlon in travel time ‘with p051t10n, upper and
lower 1nten51ty cutoffs, focu51ng,‘and Doppler shifts., Ray tr301ng |
enalysis_has been successful in predicting nearly all of the.observed
effects. o | R

Another purpose of this uorkfis to describe the ray equations in a
:more:sinp}e way than the ones‘found in the 1itereture.- A descriotion

of a digital ray-tracing program is also given,

¢. RAY-TRACING TECHNIQUE
Ray traclng has been used. successfully to explaln new whistler

phenomenon observed on records from satellrtes.' Historically the first
whistler ray paths in a smooth magnetosphere were graphically ¢calculated

by Maeda and Kimura {1956] -This'study'uas made to exnlainrground'obServed
whistlers. For. the refractlve 1ndex they used the quasi -longitudinal (Q. L )
approx1mation {see" for 1nstance Stix [19621 or He111we11 [1965]1) and they
considered a magnetosphere constituted of electrons only. Haselgrove

[1954] derived a set of first order differentialcequetions besed on Fermat's
_principle suitable to be solvediwithsthe aid of'a digitai computer.
Haselgrove [1957] presented calculations of ray paths using her two-
dimensional-cartesdan rey tracingrequations._ In these calculatlons three
‘assunptlons were made.- The qua51 10ngitud1na1 approx1mat10n for the
whistler. refractive 1ndex was used the movement of pos1t1ve jons was
-neglected and a horlzontally stratifled magnetosphere was assumed.

Whistler ray path calculatlons which used the exact express10n ‘

for the refractive 1ndex and a d1g1ta1 computer were publlshed

7 .'-._',7‘-:_ .



by Yabroff [1961]1. The hypothesis of a magnetosphere composed of electrons

only was.agéin:éséﬁméd in this Wo%k;' Yabroff also studied the problem of
ducting of whistlers by cold@hs of enhanced ionization along the field
line. |

Hiﬁes f1957]—has éhoﬁﬁjthét‘fbrévﬂF it:is pbssible ﬁo have transverse
propagation and to have rays refréctgdxback toward the earth at ldw;lati-
tudes wﬁen“fhenmovemént Sf.bositive jons is allowed for. Hines, Hoffman
and Weilr[1959] did réy tracipg”}nciﬁdiﬁg prptons'for the special case of
transpolar propagation. Kimura [1966] published the first ray—tracing
results that incldded effeeté of three major ions in the mggnetosphere
A+ + + - N | -
H, He , and 0 . Shawhan [1966]_w;qte a tWO—qimensiopgl ray—tracing
pn&grém Qf.whichifhe mqinréﬁfpéée ﬁéé_to éxﬁlainAsome whistler phenémena
observed. in Injun satellites. Smith and Angerami [1968] showed quali-
.;atively_that some of the ray paths ca}cuiated by Kimura could be used to
_Qgplain gnoma}ous pose whistlers observed near the equaforial region at
higﬁ altitude in the data from 0GO-1. These wﬁistlers are called

'magnetospherically reflected' (MR) whistlers.

. PLAN OF THIS RESEARCH
The;ﬁalking trace whistler is des¢ribed and explained in Chapter 2.
.'Doppléf.shi%té'éhd foéusiné effeéfs in fixed-frequency signals.are
.;ﬁ;iyééd ahd;ekpiaihedain Chapter 3. Development of the ‘ray equations'
for értwd‘dimensiohai ééométfy'ié'giVen"in Chapter 4. 'Also in this’
chaﬁﬁer a digital ray—fraéing'pfogram isldescfibed,'andfphysicaliintérpre—
' tations of f&picéllréy ﬁéths areugiven. The Sumﬁary.éhd'cbnclusiOns of.
the results of thls*work are presented in Chapter 5.,

The llstlng of the ray—tra01ng program const1tutes Appendlx A. An'

-"'8""
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example of input cards foF this program is given in Appendix B, with a
listing of a typical output shown in Appendix C. In Appendix D the

equations derived in Chapter 4 aré shown to be equivalent to the Hasel-

grove [1954] equatidns.l'The differential equation governing the variation

with the phase time of the angle between the wave normal and the geo-
magnetic field is derivéd in Appeﬁdix-E, -Finally, in‘Appéndix F,_theq

differential Snell's law is derived.

E.  CONTRIBUTIONS

ﬁéw whistler phenomené, thefWéikinéutpgée whiéflér-aﬁd fécﬁsing
effectg énd Doppléf shifté in méhmade sigﬁals are}describéd'and exﬁiaiﬁéd
using =a ray—tracingltechnique."The-tw6¥dimehsiona1-ray equationfig'
obtained in a simple way. It is éh;)wn that the differential Snell's 1._a'w:_
applied by Haselgrove [1954] is only valid for a medium wifh_péraliél
stratificatidn. A ﬁew way té writé aréwo-diﬁéﬁéional'fay-trécing program

is presented based on three not four differential equations;'



1I. THE WALKING TRACE WHISTLER

5.  INTRODUCTION

'-Sateliité-sfddiéé.ha€e ;e§ea1ed a femafkéﬁlé %afiéthof'ﬁnbﬁdUcféd“
whistier phenomena, that is, whistlers whose paths are not c_onfil:led to
field-aligned irregularities in the magnetosphere. Particular types of"
:nonddéted whistlers are ‘often observed in relatively limited regions of
épace and may exhiﬁitrunusual dispersion properties that vary rapidly
--with-observing pdsifion. 'Such effects invite attempts at_apalysis by
ray‘traéing. For example tbe magnetospherically reflectéq (MR) whiétler
haslbeeq explained qualitatively by Sﬁith anéléngéfami [1968]; based on
Kimuyafs ray tracing resglt§1{}96§]._’ 7- |
| ‘The purpése qf this reporﬁ_is to describe and interpret é new
whist;er_phenomenon identified_ihrmid—1a£itude k ~a500) speqtrogféphié
_records from the VLF experiment abogrdkthé }qwfgl£i§ude polar Satéiliteg
- 0GO 2 (419—15?17km)_and 0G0 4 (412-908 km):‘ These wﬁis?lers, first
qalled to our atten£ion by John Katsufrakis of our 1abofator&, have been
~ named "walking-trace' fWT) whisﬁlers, for reasons explained below. 1In
‘contrast fo the MR whistler, whose path reaches the equatorial region aml
then occillates back and forth across the equator, the WI whistler crosses
the equator and-then CQntinueSudbwnﬁard into the qonjugate ionosphere.
_The wT whistlér and its c@qnterpart in manmade VLF éignals presents a
remarkable variety of éffects,rincluding limited latitude range of
_obserfation, rapid variation in travel time with position, upper and
lower infeﬁsity éutdffs,‘focusing, and Dopplér shifts. Ray~tracing
analysis,_applied for thé first time to a complex nonducted whistler

" propagating_between conjugate ioﬁospheres, has been successful in predicting

- 10 -



nearly all of the observed effects. (Several of the effects were only
recognized as part ef the WT phenomenon after ray tracings were made.)
The nextrsectioh-conteinSra brief deSCription-ofhthe observetions.
Foliowing this.is a desefiptien.of the ray—tfacihg enalysis and a dis-
cussion of the physicaiﬂféétdrs influencing the terious WT whistler

pfoperties.f Later sectienS'are devoied to details of the observations.

B. . DESCRIPTION OF THE:";VT t{HIS'_er

On frequency-time records from satellites, WT whistlefs appear as
rising tones whose tfavei time increases rapidly With.ihcreasing satellite
latitude. The main teature'shf the WT whistler are illustrated on an
0GO-4.record in Figure éa. freduency in kH=z is'diSplayed versus UT and
invariant latitude on ‘a hotthbouhd pass over.Rosmen; North Careiiha;
Heavy arrows identify fohr wT whistlers. Typical features are the reia—
~tively constant lower chtoff frequency and an upper“cutoff frequency that
decreases with increesing satellite 1atitude; The second eveht is shown
with an expanded time scale in.Eigure 4,

For each of the WT whistlers identified by a heavy arrow in Figure
3a, a vertical arfow intthe lower margin identifies a corresponding nearly
impulsive whistler. Itfpropagates on the short, soecalled '‘fractional
hop' or 0+ path up through the nearby ionosphere to the satellite. A
horlzontal bar and asterisk in the upper margin 1dent1fy still a thlrd
. whistler component predﬁeed by,the-same lightn1ng source. This whlstler
propagates on a long, so~called one—hop or i_ ﬁath'between conjugate
hemispheres- Although nonducted, its path is topologlcally dlfferent from
.that of the wT whlstler because the wave normals are small, as a result.

of horizontal gradlents in the 1onosphere fScarabucci et al., 1969].

Within a measurement uncertalnty of 1ess than 20 msec, - the dlsper51on of

_.1]_ -
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- . :
_the 1_ whistlers does not change throughout the record, whereas the

travel t1me of the WI events increases s1gn1f1cantly during the same

'_ interval;of time ( = 30 sec). Thls is evidenced by the fact that the WT
and the 51_ whistler cross at a point that moves to lower frequencies
withl—-'inlcreas_ing latitude. Hence it appears that the WT "walks through'

the 1 whlstler, g1V1ng rlse to the name walklng—trace (WT)~whist1er.

The mode of propagatlon of the waves produc1ng the WT; hlstlers

will be referred to:as-the Pro~Resonance (PR) mode. Anr'xplanatlon as
to the ch01ce of the name fR node will" be.glven in Chanter;4; Sectlon E.
When ray trac1ngs wererdereloped to analyze whlstlers of the.type
shown in- Flgures 3rand 4 the'analy51s 1nd1cated that flxed—frequency
31gnals propagat1ng in. the PR mode should exhibit’ both focusing and Doppler
shlft effects. Such effects were found in the data, and now may be under-—
steod as a naturalapart.of the WTephenomenon.
Enamples of foeus1ng and Doppler shlfts appear in receptlons by
OGO 4 of fixed- frequency s1gnals from the U.s. Navy ' Omega nav1gat1on
stat1ons. These s1gnals may exhlblt anomalously large 1ntens1tles and
also Doppler shlfts that reach hundreds of Hertz.a A tm:10al>example is
'1llustrated in the frequeney—tlme spectrogram of. Flgure 5; recorded by
OGO 2 near'Johannesburg; South'Afribau A pulse at 11- 1/3 kHz transmltted
by the Omega statlon at Aldra, Norway (66 25 N, "13%9 E) 1s represented
-1nﬁthe upper margln of the record by a line with duration 1.1 sec startlng
at t = 0. 'This_pulse is received twice by the satellite. The'flrst
signal beglns at 11- 1/3 kHz in the center of the record, near t = 0.6 sec.

(This signal and the 1_ whistlers of Figure 3a are bel1eved to follow

analogous paths, differing topologically from‘those of the PR mode.) A

In this context the term 1 whlstler refers only to the falling-tone
whistler usually associated with the WT whistler.
- 14 -



o \R]
g > ~ N QJ
50:-§ - = S
il 0 — o =
o4O ot
_o-= [ |
:)E B
)
N
< O
.ggll
—

o
|
o
>ll'
B
=2
N
—k=
m<t
o
=
e
q—'_

o
8%

(93X}
oOumn

N _

=

Figure 5. 0GO-4 ffequency—tlme spectrogram 111ustrat1ng an ~ 100 Hz

Doppler shift in nonducted fixed-frequency signals from an
Omega tramnsmitter in the conjugate region (Aldra, Norway) A
transmitted pulse at 11~ 1/3 kHz is represented above the record

' by a dash beginning at t = 0. This pulse is received twice by

the satellite. The first signal, presenting no Doppler effect,

appears at 11—1/3 kHz, t ~ 0.6 sec. The second is shown by a
strong dash at t ~ 1.8 se¢, with a negative Doppler shift of

. about 100 Hz. The strong continuous signal near 11.9 kHz is

a transmission from an unidentified VLF station. The nearly
vertical lines are whistlers. Dots at the bottom of the record
are time marks generated at the telemetry station. An Omega
signal at 10.2 kHz appears near the left margin.
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second, stronger pulse appears just below and to the‘right,.startiug af

t =i1.8 sec. This signai exhibits a uegative Doppler shift of'about -
100 Hz, and is interpreted as propagating to the satellite iu fﬁeﬁeéme'
-kiud of'nonducted mode as the WT whistlers.of Figures 3 and 4. iAn
Omega 51gnalret 10. 2 kHz aopears uear the 1eft margln of the record.
Signals in. the éR mode at thlS frequency are not seen here, but were
observed af-hrgher 1at1tudes~~see Flgure 14 ) A,later Séctldn presents
some relatlvelf complex examples of the data, 1nc1ud1ng 51mu1taneous

' occurrence 1n the PR mode of whlstlers and flxed-frequency 51gnals.

c. RAY-TRACING : IN’i‘ERPRETATI.ON oF THE WT WHi.'élTwR
wuistierSfuith the characferietics deecriﬁed;ebove;ﬁere reproduced
by tracing!uouducfed,ray ﬁaths from one'hémisphere‘to theuconjugafe region.
" Ray trecings:ig:e'coid plasma, ﬁith_tue;effecteeorjions inciuded} Were
made with a FORTRANIV program de'scribetll‘;.in' c;iapf‘er?z;, Section D. The ' )
program.is;besed'on the differential eque#ionérdeveloped in;éhapter 4,
Secrion B. The model magnetosphere was represented,by a dipble magnetic
field and 1sotherma1 dlffu51ve~equ111br1um dlstrlbutlon [Angeraml and
Thomas , 1964] of electrons and 1ons aleong- the fleld 11nes at 3000 K. An
ion population-of 90% 0" and 10% H was assumed at 1000 km. The model
of the variation of electron-densitj af_ 1) 1000 km as a function of latitude
and at 2) the equatoz as a function of L 'value is shown in figure‘G by
_the heaufe;inee, The thin lines, showu,for compariSQn{:correspond to a -
;cousteusqensityumode; at 1000 km. (The ray tracing analysis:ﬂeecribed
beiaw predicts fﬁat certain features of'the Perode are highly sensitive
to %ﬁe iﬁi@catedetyoe of change iu.modei}) R : B : "' ' 2

Figure:7a'i11uétrates nonducted.ray paths for wavee at.lﬁ kHz starting

~ 16 -



ELECTRON DENSITY (el-cmi?)

DIPOLE LATITUDE AT 1000 km

o 48° 50° 520 54° - 56°
e | S o I l
AT 1000 km-
3
10—
AT EQUATOR
11 b
1 I
25 3.0 35
L o

Figﬁfe 6. Mbdéis'of fﬁe.elecfron densitf variation at 1000.kﬁ:as a

fudction of dipole latitude (top) and at the equator as a. .
function of L values (bottom). The heavy lines represent
the basic model used in this paper, the thin lines a constant
density model used for comparison. The portion betweén points .

“a. and - b indicates the range of equatorial L values crossed

by the rays that produced the WT whistlers shown in Figure 12.

A dpt_shOWS the equatorial electron density measured using a

nose whistler observed on 0GO 4 a few minutes after the events
shown in Figure 3a were recorded. .
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in the northern hemisphere1aﬁjtwo,different;invapian;‘latitudes (44.3°

~ and 49.90) with.vertiqéi ﬁave nqrmaléfét an altifﬁde oi,50éfkm. . A dipole

. field 1iﬁe at L =4 is shown for reference; Cqmulativé travel time
‘along the paéhé‘kiﬁigéés ig_ipaicétéa afﬂtﬁéigéfié; df:ﬁbts; fhe difection
_ of the wave normal -is iﬁdicated by arrows at'seﬁeral points, and at the |

arroﬁs the valué of the refractive index o is marked. Thus the-ﬁath

beginning with vérficéi:Wavé'nbrmal at A' has an initial p of 15.

To clarify Figure 7a, Figure 7b shows the single ray path A' - A and -

also the dipole field line of maximum T value aléng the path  (dashed

cufve). Figure 7c presents five refractive index diagrams (not to scale)

to illuatrafe wave normal and ray direction at the points (1) through |

--(5) of'Figﬁré'7B:' At point (1), the wave norwgl'is vertical, and tﬁé'

ray, whose diréction ié-normal t§ the ref?active index surface, points

outwérd toward higher' L -values. The wave normal is initially pulled

‘away from the verfical toward Eé 'by the effect of the horizontal gradient

in the magnetic field. The vertical gradient of electron density then

becomes a controlling factor, causing further.tilting of the wave normal

toward ﬁo' At some point (2) | reaches a minimum, beyonﬁ which it

increases under the influence of the curvature of the magnetic field,

Meanwhile, the réy continues to point 6utward, but at progresSiveiy gsmaller

'angles untll 1t is orlented parallel to the magnetlé fleld (3). This is
'the pelnt of L a%? since from here on the ray dlrectlonl;s 1nward with
':respect “to B .
. | Between (3) and (4) ¢f continues to. 1n§fease under.the 1nf1uence of
_‘the curvature “and - the radial gradlent of tﬁe-magnetlc fleld. The value
qu p - now- 1ﬁcre§ses fapldly,-asrshown byrthé 1ncreas; from u = 30  to”,

H 40 on path A" - A in Figure:7a. At point (4), v _15 close to the

- 18 -
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Ray paths_ calculated for wave packets at 10 kHz starting with .
vertlcal wave normals at 500 km and invariant 1at1tudes of

. 44.3% (point A') and 49.9°, A dipole field line at . L = 4 is
shown for reference. Arrows indicate the wave fnormal directions,
-and ‘the accompanying values of the phase refractive index

" ‘are indicated. ‘Travel times calculated from the starting'points

at 500 km are indicated at several p01nts along the rays.

The thin 11ne shows the locus of L s



. “Pigure 7b.. Sketch of the-immer ray path froi Figure 7a, showing the
. .. n. "dipele‘field:line through maximum L . along the path.
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RAY

FWAVE
NORMAL

: _'-.Fifgure,?c. -Five refractlve Jindex diagrams (not to scale) 1nd:|.cat1ng )
‘ . the wave normal and ray direction at four representatlve
. po:l.nts along the ray path of Flgure 7b.
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‘resonance angle ¢res’ '?nd the ray'peth.is strongly dependent on the
configuration of_the magnetic field;" At:poipt (5), the resonance angle
and the associatedfangIe“'¢"heve‘increased qﬁfil the ray is appfoximaﬁely
parallel to ﬁb' .Hence the.ray-foliows‘clesely-a'éeeeegnetie field line
for the last several thousand km.

A different 1nterpretat10n for the ray path is given in Chapter 4,
Section E, where the equatlon that governs the Varlatlon of ¥ along
the path is used. |

Another view of the ray tracing results is shown 1n Flgure 8a where
_travel tlme through the magnetosphere to a satelllte at 600 km is plotted
as a function of the 1nvar1ant 1at1tude of the- arr1va1 p01nt with the_
wave frequency used as a parameter-. (The thle 1lee represents the constant—
.denSity;at—looo—km model of Figure 6.) The cooidinates of the point B,
for instance, are the time of_propagation from A' to A (ef. Figere 7a)

and the invariant latitude of point A. The dashed lines in Figure 8a

I

indicate the outermost L-shell reached'by each ray (for point B, lhex

2.81). Figure 8b shows a correspondlng plot of 1nput latitude versus

observing latitude. (Wave normals are assumed vertical-at the 1nput )

Point B, corresponding to path A' - A .of Figure 7a; represents GIN =
o ' ' o
.44.31 ’ "BOBSERVED = 50.78-._ The 1nput latltudes in Flgures Sa and 8b
.. : - ; 0
were limited to 56° (The behaV1or of rays startlng above ~ 51 is

very sensitive to detalls of the. horlzontal gradlents in the 1onosphere
and is under,investigation;) |

| Flgures 8a ‘and 8b may be used to pred1ct a number of features of the . .
PR mode.. At’ a flxed satelllte 1at1tude, for example, traVel tlme 1ncreeses
.'w1th freeuency in the general manner.111ustrated by ‘thé- data of Flgure 3.
For en obsereer at 51° » the calculated travel time at 8 kHz is ~ O. 8 sec

-.'22-
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and increases to QJZ.O sec for f = 12 kHz. TFor a fixed frequéncy; say
£ = 10 kHz,_traveI time iﬁéreases with increasing starting and'obsefving
latitude (seé also Fighré-?d), ranging from near 0.8 sec at 5007 bbserﬁing
lititude to ~ 2:0 sec at 52°. Note that over this 2° chango in end-
péiﬁt latitudé,rthe initial latitude cﬁanges by ~'6°,7_from ~ 42° to-
~ 48°%,

Several features of the data wi}l now be discusseqfinlterﬁs of thé

- predictions of Figures 7 and 8.

1. lower Cutoff Frequency Effects iﬁ the PR Mode

The downcomingirays in Figure 7 exhibit wave normals that are
" nearly, but not quite, transverse to the geomagnetic field. 'This éondition
continues -on downward as long as the refractive index sﬁrfacevis open; -
that is, asrlong as the wave frequenc& is ahove the local lower:hybridr
~ resonance (LHR) frequency. Along the ray path.if the LHR frequency |
reaches and then exceeds the wave frequency, the.réfraétiﬁé‘index surféce
. becomes -closed and shrinks in size. This conditioh,'combinéd with the
' large refractive indices generally encountered in the PR mode below.a'few
thousand kilometers, leads to reflection as in-the éase of MR whistlers
[Smith and Angerami, 1968]. Thus a sateliite will not receive waves in
the PR mode at frequencies below the maximum value of the LHR frequency
above the spacecraft. .If thisrmaximum value does nét change rapidly oyér
a féw.degreés iﬁllatitﬁdé?.WT whistlers 6bservéd‘op a giﬁgle-satellitef-‘
péss should exhibit aﬁfeiafivéiy bonsﬁaﬁt-io&ef cutoff.frequency. This
is in facﬁ‘the case, as Figure 3a illustratés.‘

Variat%on'of~the LHR'frequency with height at an ithr;antflatitﬁde

pf 510 iéréhéwn'in'Figur;‘é f@frfhe modé1 maghétoéﬁhéféxuéed.: T£é LﬁR
- freqﬁéhcy.has.two maxima, a lower one ﬁroduded by the density peak ﬁt;the
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T'Figuré 9. ‘Behavior of the ower hybrid resnnancé {LER) frequency
L with height at 51° invariant dipole latitude, for the
- ‘model magretosphere used. R :



F la&er and an:upperrone by,tﬁe trangition from heavy ions (0+) to light
jons (H). 1In this rork the term "maximum LHR frequeney" will refer to
the upper maximqm. The curve in Eigure 9 implies thet WT'whistlers
eﬁserved by alsatellite below 2000 km altitude will have a lower cetOff
.at 7.5 kﬁz (coﬁpare eith eata of Figure 3a anq Figure 4 shewing'a lower -
cutoff at about 7.4 kiz).

Figure 9 implies that a‘satellite situatedrabove fhe 1eve1 of the
max1mum LHR frequency could recelve both downcomlng and reflected upg01ng
" waves w1th1n a frequency range betWeen the 1oca1 and the maximum LHR below
the satellite. A 11m1ted number of WT whlstlers.exhlbltlng this double
- component feature have heen observed. ‘An example, recelved—by OGO 4 at
an.altitude of 792gkm in,tﬁe;vicinity'of,Byrd_Station, Antarctica, is
shown in Figure 10._'Tﬁe:WT:whrsfier, indicefedrbyethe arrow, resembles
a fish hook and is seen,in'e'freeeency range of G'te 8.3 Kz, The.ﬁortion
between 6 and 7 kHz is observed'egein aboﬁt’70 msec later, suggesting a
reflectlon of these waves below.the satelllte in the manner proposed
above. An example of a ray with thls characterlstlc is shown in Flgure
23.- |

wWT whistlers.of“thisfsiﬁd:rieié_iﬁformafion-both on the value of the
LHR at the satelllte (m1n1mum frequency reflected 6 kHz in Figure 10)
-and on a. lower bound for ‘the max1mum IHR below it (max1mum frequency
reflected 7 ng in Flgure 10) The effect is similar to that producing'
the Nu whlstler observed on the hlgher ~altitude sate111te OGO 1 [Smlth
_and Angeraml,slgss]. Reflection at the LHR frequency has also been.
studied-bj Smith efral., {19661 and Storey and Cerisier 19681 .to expiain
‘hands of ﬁeise observed on the-e1eetric‘antenna of Alouette lrnear the
1HR freéuencj_IBarrington_and Belrese, 19é3; Brice and Smith, 1965].
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0GO 4 (BY)  23NOV67 . 0438:30UT
52.2° INV LAT  LONG=—140°  h=790 km

a

Figure 10. A frequency-time spectrogram of a walking-trace (WT). F
' ' whistler (arrow) exhibiting two closely spaced components
_ between the. lower cutoff at 6.kHz and 7 kHz.. The descen_di_ng
tone.following the WT whistler was produced by the same

" lightning discharge.. '
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2. Upper Cutofijfequency Effects in the PR Mode

lFigurgs 8a éndVSb predict an ﬁppef cutoff frequencj in,WT whistiers,
._in the sense ﬁ#gt réys at a_givén frequency will bé cbnfiﬂed within'some-_.
-'ﬁpper 1£miting 1étitude_ This effect'¢an be apprgciated from a cémpﬁtiéoh
‘of the two ray paths for £ =ViO kHz of Figgre‘Ta. As inpuf‘lafitudé 7‘
increéses,'thé_yalue of ,Lhax increases;- Howevér; the }atitude‘of-the
point Lhax, algo incfeases (along.the thin 1ine)._ This permits a cpnsider*
able inérease in lengthrof the path segment over which the ray is_tilted
inwar@*f;oﬁ _Bo‘ (segment correspbnding to (4)7—_(5)-of Figﬁre 75). fhué-
the inc?eaéing_'asymmetry"abouf the eqﬁator_tegds to compensate for the'

increase in Lh' , and ray paths tend to cluster at a single value of

ax
Lfina1~ o
Vafiations in the model of.electron density cause.the locus -of
L. in Figure 7a t§ be shifted or distorted; There are then appfeciable
changes in the prediﬁteq—high frequency beﬁavior in the PR mode. Fér
example,_in,Eigurg'Sb_the:sqlid cufves based on the model exhibiting a
horizontal density gfadieﬁt (Figure 6) reach a maximum 1étitude of .52.70
for a wave at £ = 10 kHz starting at ‘50.80} Rays étarting at higher
initial latitudes cross over the,other pathS'apd arrive at 1atitudesriess
than 52.70, with lower travel times (sée Figure'Sa). waever.tﬁe'thin
line in the same figuré (corresponding to constant density at 1060 kmj 
_eﬁtends‘abofé;_§2;7°. 7 | o

Both deﬁsity ﬁédelé‘iead to predictions of a decrease.iﬂ.upper 
_.1iﬁiting freqﬁenéy'with increasing obServing latitude. ”Clear‘uﬁpef;éﬁt;
qff effe@ts_;f this kinﬁ ;re}§h§Wn §n figure:12;”midd1é éf,fhe upper-
‘panelf— Additidnal coﬁmegts-on upper cutoff.éffétts are gi%en beibw'in
the.séétion on comparisen of{calculgted-gnd_obsérved spéctra;ri
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3. Tatitudinal Limits of Observation of the PR Mode

.PR mede prepegat{ou was iuenfified.iu whistlers and/or Omega
transm1551on on about 100 of 300 OGO 2 and - OG0-4 passes representlng the :
'perlod August 1967 - February 1968. PR—mpde effects were observed'only
in data from the range qf invariant lafitudes.of 47° to 56°. Ome
”obvioue mechaﬁieu fer the high—latitude'iimit is-arbandwidth‘effecr,
"uﬁerein the freuuene§ range of the WT whistler‘decreaees.with increasing:
observing'latitude until the upper and lower cutoff frequencies coincide.-
fhis tendency-is iliustrated in the‘upper pauei of Figure 12, where the
upﬁer=cuteff falls relatively smoothly from 13 kHz near 51° to about’

5 kHz near 56°. The lower cutoff effects are not well defined herc,
" being illustrated more'cleariy.in figuré 3.

The high-latitude 1limiting-bandwidth effect is shown qualita-
rireiy in:Figure'Sa,'where the obserVabie bandwidth as a fuhctiou of
latitude is'thaf&region of ploftted frequenciee above the f = 8 kHz line

(assumlng that £ ~ 8 kHz). For example, at 51.37° the band- ]

LHR( max)
¢ A

width is 4 kHz. : :

| Af lou letitudes, observétion of the WT trace is not in general
.1iﬁitedrby aecessibiiiﬁy.but rather by‘the reduetion in the rangerof
ebeervarle.trarel times. TFor ekample, Figure 8a shows that at low
qbserviugilatituuee,ﬁsafluear.'490;“'£he-uirference'in travel fime with
increasing frequency i% small; hence the characteristic rising form' of
Fléure 3 is not observed.

4} Local Tlme of Occurrence of the PR Mode of Propagatlon

It was noted'above (cf. Figure 8a) that the high—frequency, Iarge-
: d1spers;on range of the WT whlstler is hlghly sen51tlve to the electron
. den51ty dlstrlbutlon 1n the upper 1onosphere and magnetosphere._ As

.= 30 -



_ gfadiénts of.fhe type'éhown by‘thé so1id curve 6f—Fighre'6 are exteﬁded

. to lower L vélues;'thé'effeCt in Figure 8 ié td cause still 1arger
ifdgpgffﬁreé from the‘behaﬁior of_the-thin:lines‘aﬁd to éaﬁse;the dduble_

ﬁalued cbnditiﬁn'to arise-at much lower travel times anﬁ-input iatitﬁaéé.,
'_The'resﬁlt.is a ﬁ:ediéfion that the PR modershéuld-npt occur uﬁder déy—
time‘éonditions th;t-involve largeuséaie hbriiontal grédientsrin thé |
‘ionosphere‘of-the f&pe shown by sateilite experiménters'SUCh éS'Bfaée et al.,
119671. | | |
. ' This prediction ﬁas verified by an-aqalysis of VLF data from more’
'than_360 feal timelpasses of OGO 2 and OGO 4 for the period Augﬁst 1967
td.Fgﬁruary 1968. fThe'télemétry-sfations‘used were Byrd Stétion; Antarc-
‘tica; Santiago and Quito, South America; Rosméﬂ;ﬂNorth'Carbiina; JOhanﬁes—'

" burg and Ma&agascér, South Africa. PR modes were observed qniy‘i#”data
"‘frgm Byrd, Johapgésbqrg, Rosman and Madagéscar,'éhd as noted above, 6n1y

in the range of-iﬁvéfiant latitudes 47° t§ 56°.

Eigufe 11 iliustrétes fhe tendency for PR mode aétivity:to be

.éonfihed to nighttime hours. All data from all passages of OGO 4 ovef-
Johanﬂesburg during the menth of September 1967 are represented. Filled
9ymb§15-indicate that.the-satellite was in the invariant latitude range
of Pﬁ propagation,.and sguares indicate the presence of PR mode effectsi
A The'periods When‘fhe‘VLF_réceiver was connected with an:electric antgnna
1#fé'iﬂﬁi¢éted by the arrows labelled E. The solid vertical"lineriﬂéicatéé
; périods Wﬁen the VLF egperimgnt was turned off. - ersées indiéate.thSe |
;Pasées qn?whichtthé‘unbaianéed eléﬁtriq antenna of 0GO 4'did nst operate -
prOperif'dﬁe_Fo.sfréﬁg intérference ih sﬁnlighf (J. Katsufrakis,~perSOnal}; 1'
communications;-1The.ap§roximaté local timeéﬂat the sate}lite are gi?éﬁ
by tﬁg'daShedriinés. | |
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" The figure -indicates that the PR mode was observed onIy.during 
local nighttime hours and that it was observed both by electric,and
'magnetic antennas. Thé'lattef regult is expected from the_ihterpretation-

of the PR mode as an'essehtially'electfomagnetiq phenomenbn.

5. Thé Océurrencé of the PR Moderas a Function of Maénetic Aéfivity
Thefe is as yet no evident dependence of thelqccurrenCG ofiﬁT‘
whiétlers on magnetic aétivity, at least within alrangé from'%ery qu£et

conditiohs to conditions of mOderateVQisturbance. For éiample,-referring

to Figure 11 and the observations during the mohtﬁ'éf September:196f near
© Johannesburg, of the 15 passes involving PR mode observationé, 10 were
‘such that T K? for the preceding day wés % 20, 5 involved T Kb > 20.

6. - Simultaneous Occurrence of the PR Mode and of_Falling Tone

¥Vhistlers

The simultaneous occurrence of the rapidly varying wglkiﬁg—tr&ée

and the slowly varying falling—tone (1) whistlers of Figure 3 is appafently

due to a condition in which there are horizontal gradients in the ionosphere.

It was first thought that the constant-dispersion whistlers might be
scattering from a duct. However recent research by R. Scarabucci (perSonél
communicafion) suggests that they are nonducted but propégaté'at relatively
sﬁall‘wave-normal angles, as a result of horizontal density gradiepts in
~portions of the magnetosphere. The presence‘of these gradients_also_

limits -the occurrence of WT whistlers in latitude, as shown in Figure 8.

-

D.  COMPARISON BETWEEN CALCULATED AND OBSERVED WT WHISTLERS

The time—fréquency sﬁectra of the WT whistlérs_markeﬁ-by heavy arrows -

~in Figure 3a are shown by continuous lines in Figure 12 using_the'gositiOn

of the 1igﬁthing‘sburce (identified in Figure 3a) as a common time origin.
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50.4° 514° 51.9°

'Figure‘lz,

- TIME (sec)

Comparison of calculated and observég WTE 
whistler spectra. The continuous lines are

transcriptions of frequency-time spectra.of
WT whistlers observed at the imvariant

‘latitudes 1nd1cated. - The examples were. ;
taken from the events marked by heavy arrows
in Fipure 3a, the 11ghtn1ng source pesitions

serving as a common time origin. " 8pectra of
WT whistlers calculated for imvariant lati- -

‘tudes corresponding to those of the

observations are shown by dots.
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The time—freqﬁeh@y épéctra of WT whiéflers:calculafed for the iﬁvariéﬁti
1atiﬁﬁdes and altitudes where.the'obserﬁations weré made are shown by
dot$ in the sameifigufe. Tﬁe calculations were mﬁde.by tfécing'fgjé in -
.the qugl‘méghetosbhere a}reédy described?'and-frﬁm whiéh'Figﬁ;é Q-was--,k
. produced. There iS'evidently'vgry~clés§ agreeﬁeﬁt.iﬁ t?a&éi‘tiﬁefbéfWéénﬂ'
the observed and'céicuiated spéctfa; |
| There is also excéllentlagreement Betweéh calqulétéd'and bbéérved

spectra on lower cutoff frequency. This Qas achieved_Eylchoosing a‘m0dei,
denéity with é maximum LHR frequénCy above'the-sételiiﬁe:(Figuré_9} équal
to the lower cutoff'ffequency of the-obéefved WhistiersL L

The upper cﬁtoff frequencies-for the calculated WT Whistiéré aré
somewhat higher'than the-ones shown by the data in,Figure'IZu"At-ﬁl.éo;
_invariant 1afitude'fqr instance, Figure 8 predicts an upper cﬁﬁoff of_-
about 12 kHz, whereas the observed WT whistler extends oniy to 1@.5 KHz
(Figure 13). Several mechénisms have been cohsidereq to account for such
a discrepancy-. -

:One possibility ié'that rays tr#véling heyond- L = 3.0 -are L§ndau
absorbed, since in this region the wave normals in'tﬁe'PR.modeiméke
large angles with the geomagnetic field (éf. Figure 7). (This t§pe gf
interaction has been proposed in orderrto ekplain the absenée of ﬂR  -"
&histlers at high L—shélls_[Thorne,_lQGS].) Before éssesSiﬂg;thé-éxfenﬁ
of this effect, =it ig necessary to eﬁéﬁiné the effect‘oflhofizonféii‘fJ
gradients in the thermal plasma atrlow-altitudbs. N

Another possibility is. that an approprlate modlfiéatlon in, the .
magnetospherlc den51ty model could lower. the 1at1tude of the uppér cutoffb-
shown in Figure 8b (nose of the solid cufves); This hypoth551s, whlch
at present cannot be ?qled-ouﬁ, involves fﬁrthér compligatlons_;n t@e‘
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‘density model”and is under stady. 7 - S

A -third possible éxplan'at‘ioﬁ ‘of'the “-dis:dfépan'éy‘-‘i‘s- ‘that the plasma-
patie was located neéar ‘L = 3.0 &t ‘the time ‘of the observations. This
would essentially 'inval_idaté ‘the predictions ‘of Figure 8 for the behavior
6f.rays riear the line - Lﬁaﬁ = 3.0+ - This possibility may be'discarded;\'
since at the time of the observations, the plasmasphere extended at 1eaét
t0"L': 3¢7. .This-is shown by‘a-plasmasphere.levelfof-equatorial density

at . 'L

It

347  {dot ;in Figure 6) determined from nose whistlers received at.
0GO. 4 within:two minutes of the observations of the WF.whistlers of =

Figure 3a.
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I1I. FOCUSING AND DOPPLER SHIFTS IN THE PR MODE;,
OBSERVATIONS OF OMEGA FIXED—FREQUENCY TRANSMISSIONS

A. INTRODUCTIGN

The U.S. Navy has VLF transmitters in the range of frequencies'ffom

10.2.to 13.6 kHz in different parts df the world. In Table 1 (fqp the
period 16 August 1967 to 15 Marbh 1968) ig shown the approximate power'
transmitted,ithe fregquencies of operation and the patiern at which the
pulses afe sent for each station. For instance, the station‘at Aldfa
{1) sends pulses at 10.2 kHz every #én seconds with 0.9 second duration.
The location of these stations and of the telemetry-statibns.for dG0'2_
and OGO 4 is shown in Figure 13. Also the subsafellite path for an

0GO-4 passage is indicated. ~ Since the frequencies transmitted are in .

the range of the WI whistlers, it is expected that they must also propa- .

gate in this mode and be received at the conjugate hemisphere of the

transmission with the same characteristics of the WT whistlers. Since

fhe waves thet produced the WT whistlers show large values for the phase

refractive index, it is expecied that these waves présent Doppiér shifts
that may reachrhuhdreds of Hertz and therefore may easily be observéd in
a frequency time spectrogram. Another phenomenon that may be Qbserﬁed
on these fixed-frequency signals is fhe focusing effecf dué to the con¥
vergéHCQ of the enefgy at tﬁe-opposite hemisphere of the tfénsmiséion”
(seé Figure 7a). |
.B.  FOCUSING AND REIATED EFFECTS IN A CASE STUDY INVOLVING WHISTLERS
_AND_ FIXED—FREQUENCY SIGNALS
Focugsing effects are a natural-consequence of the cdnvergence of

ray paths diécussed above in connectidn with'Figure Td. Figure Sb,_for

- 37 -



R
2 NELIVd

r

i Nu3INe

umm,..o..__d
O

T O

o (ShDMy)

S L ginagEOS

ENLL YDENO T eTqeL.




8,07 ONH

= DNOT bue m 0 om

LT 1B Po31eO0T ST UDdTUM mwmv uhhm 18 1oT1E3S hnpmamﬂwp a1

.ammuxm ‘suorieis mnqumHmp pue ﬁmmwsov 23 THSURIY AABN *g°f} Ul IO SUOT}EI0T . B3 dde -
nso:m OSsTY

o021 o001

08 .09

" L9671

‘12 ISQUBAON UO L6LT UOTINTOASM kOm uoaa mpHHHMummn:m Hmpanpo #~0D0

Ob 02 O o02 oOb o09 .08 000! o0Z! oObl o091 o081 o091 Obl 02

L)

]

3 :
| é © sou
Eo&mummw_

M i Pt

B RS A M

, & o&.zﬁkﬁf

1n 90¢!

AL AL Co 1L

AMIIWTTEL ©
VOINQ @ —

"£1 eanstg

0L |

009

« 0P
0%

1,02
=01

o0

H00._.

002

dOmu
.oO?.
005

09

004

- 39 -~



. ekample, pfedicts that'fays with a 6° spread in starting 1atitﬁde
.arrivg within;a  26 Vraﬁée.--éueh effects,'thle obéervéble iﬁ whistiérs
{qémﬁ%rg the felative intensities of the WT and 1_ whistlers of Figure
34) are partipﬁlafly clear in the observations of fixed—ffequency VLF
tgahsmissionst . The fixed-frequéncies frqm 10.2 to 13.6 kHz transmitted

by £hé Omega.gtations_are in the raﬁge of frequéncieé obéerved in WT
'Wﬁiétlérs, éhd when fe;eiéed_ﬁyﬁé sétéiiité in'tﬁé.hemisphere éonjugate

té thg transmitter generally exhibit characteristics similar tb those of
-the pfevailing WT whistler activity. Several such efﬁects, iﬁéluding
fécqsing, are illustrated in Figure 14, Which shows OGd;é spectra received
néaf '500 _14titu&e in- the southern hemisphere. quizontal liﬁes at the
_ figﬁf-end of_thé panels 1dentify'the signal frequenéies 10.2, 11-1/3,
12.4 and 12?5 kHz from the Omega transmitter in Forest Port, New York.
In.the top pahél; the Oﬁega signalé appear as_dashesfof various lengths,
.‘andﬁtheir intensity, as evidenced by the dargneSS-of the display,,dropsr
shafply-abovg.and'to the right of the_slﬁping dark area that extends
-f}oﬁ ~ 51° to ~ 56°. 1In the expanded time-scalé portions of this
irécoré markéd A and AB and shown in the middle and bot tom panels, the
dérk érea may belidentified as’ having been produced by WT_whistlers, in
theiférm of;somewhat irrégular risiﬁg tones. Sbme contribution to the
d?fknésb'of:tﬁe'record is @ade-by rélatiﬁely pure, féllingftoﬂé whistlers
.jrfgéf.écdompéﬁf'many of the WT evgnfs;- The stronger.signals frqm Omega‘
are interpféfed aé the resu1f 9f pr&pégation in the;PRfmodé; the iﬁtensity

'jénﬂancemeﬂtiﬂéag; 50° being'aSSOCiate&“with thgercQsing effect predicted
‘in=Figure 7a-0p-figﬁre 8b. -The'weqkefrsignals-froﬁ;oﬁega rgceived at‘

71*; higﬁéfﬁlatitudes_are:believea;té-féa¢ﬁ the‘séfeilifé on pafﬁs-similar to

whigtlerS'marked by asterisks in Figure 3a.-

those of the 1
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-The scheoule of the trsnsmitted pulses from Omega (Forest Port) is
shoWnoimmediately above,the middle and bottom panels in Figure 14, From
fa caréfulﬂcomparison of'the;transmitted and received pulses; it was fonnd
:that the travel.tlmes of Omega 31gnals increase rapldly w1th 1at1tude;
?tln‘agreement with the predlctlons for the PR mode (cf. Flgure Ba) This.
-1ncree5e in trave1¢t1ne w1th Iatltude nay be seen in panel; A_71n the .
“case.ofitno pulses&trsnsnitted at 1141/3'kHz (arrows). “fhe'trerel-time
,':éog tne trailing-edgénpf the first transmitted puise'to tne traiiing :
ceogefof the corresnonoingﬁreceiVed signel.(beiowrand justfto the right)

-is .~oierisec."Fpr thejsecond'pulse.the-time is increased:to ~ 1.5 sec.
.'The;oulses receivEd.in_tne PR mode are longer-tnan those trensnitted,

‘ especlally near the hlgh latltude cutoff. This'is consistént with the -

l behav1or of the WT whlstlers in the same tlgure, whlch on close 1nspect10nc
' mayjpe seen to exhibit pronounced 1ncreases 1nitrage1 t1me'w1th‘1ncrea51ng

freqnency near the upber iimiting ireqnency,'

. C. DOPPLER SHIFT EFFECTS IN THE PR MODE

The 1ow phase veloc1t1es resultlng from nearly transverse propagatlon
at the end of the nonducted path (see Flgure 7a) can cause a’ substant1a1
';Doppler shlft when such waves are observed by a polar, low altltude

,:satelllte such as. OGO 4.o,Also, the Doppler-shlft can be‘pQSItlve or

'} negatlve dependlng on whether the satelllte is moving equatorward or

a

' poleWard._ The phase refractlve 1ndlces calculated for three dlfferent

frequen01es are ! plotted as a functlon of- 1nvar1ant lat1tude 1n Flgure 15,

.where p01nt C corresponds to p01nt B of Flgure 8 (the thln 11ne
; corresponds to the model of electron den51ty constant at 1000 km (cf.

:Figure.B), The relatlve Doppler shlfts can be approx1mate1y obtalned
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- from the scale on the right, which was caltulated taking the average
Véloéity-@f OGQ 4 to be 7.5 km-sep_l, hqrizphtal, and in fhé magpetic-
meri@ian plgne. _Thé ang;e befweeﬁ the ﬁéve.nofmaiiand the éatgliite  .
velopity waé taken aé theicompieméntVéf'thE'avérége-dip angie fof'the‘
z_réﬁge of 1gtitudes shown'sinQe, aé already Statéq, the wave por@él-;iéSL
close to the noymallto the magnetic field in tﬁis région. Thézﬁlot-:,.
predicts that the magnitude of.thernqppler shiff.éhbﬁid i#cfeése.bofg'r
with frequency and 1atifude. " |
Cleaf évidehce of Doppler and focusing‘effegts in Omega signéls:hés
been found in_recgr&s from twelve 0G0;2,and_QG074 passesf' fheﬂbﬁpplér
shifts were negative in all but tﬁo casés, due to the ﬁolewardldiféction
of satellite motion on.most‘qf.the passes suitable for observing‘PR ﬁéde
effects. (The number of_such passes is limited by local time rgstricfions
on the distribution of electron density (described above)}, and by the
requirement éf'approxiﬁate conjugaéy to an Omega tfansmittér-). |
Figure 16 shows examples from OGO 4 of DOppiér'shifts in fR'mddé‘
signals from the Omega transmitter in Aldra, Norway. The transmission
échedule’of’pulses'at 10.2 and 11-1/3 kHz is indicated in the upper
margin. A negative shift (consistent iﬁ gign with the polewérdidi;eétidn
of satellite motion) is particularly well illustrated by fhé first:pair
of signals near 11-1/3 kHz (see figure_ﬁ for an expanded version 0f thi§
" .part). The'fitgt Weéker signal, corréSandintho_ther‘1_: wﬁistléf~qf3 L
-'Figufefsﬁg éxhibits no. frequency shift. The secoend, PR-mode pulSe; S
exhibits g c1ear=ﬁegative offset of about 100 Hz, and is visib1y m§£é'
infehsé gﬁéﬁ thé other signal. ‘A‘siﬁilar'Doppler shift effect ( ~> 100 Hz)
'iS'preééﬁted;at highér 1atitudes by the p;ir of signals préduced*bj‘thé;.
?hird‘transmitfed pulse at iO.Z.kHz.V The two preceding signa1s-atwthis
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; f;equéﬁ§y,fré;éi§éd:£t iéwérfié%itu&esliéxhibif“hé ﬁé%ééﬁaﬁlé'Dopﬁief
 shift (less thaﬁﬂiolﬁz), indicating that at this point thélprojeétioﬁ'qf
1 fhé_féfféﬁtiVe indékralahéifhélﬁeioéity 6flf£8'§é£elii%é wéé iesé'thanr-
| ;Lsp;: ﬁété:tﬁéé'aé the signal frequency is lowered, the latitude at

B ﬁﬁich § g{Yen bbbpléf shiff‘is obéervedrincreases;”in ég}éeﬁeﬁf Witﬁ'{hé
~]¢a1culatidﬁé plotted in Figure 15. This example (Figure 16) illustrates
thé;éSnfinémeﬁt‘éf Péfmoae;éiéﬁais'to a‘nagfow-réngé ﬁf iatitudes; éndf'
Vilthéif ;glﬁfively_high amplitudes.

| "A:éuéﬁtitéfive coﬁparisoﬂ Eétﬁeen the Do§;1er:shift célculafe&'by
'T'réy.ffﬁéing and;théisbsefQétiéns'ié nof givéh hére, fér reasbﬁs éxpiainéd'
3in'a iatér ;eétién on ﬁoaeis of the'eértﬂ'é{ﬁagﬁetié.field;

.D.  DISCUSSION

1. Earth's Magnetic Field Model

1Up to now faysrhavg been traped_in'a two dimensional magnetéf.
f“iépherefwhere @he_earth's magnétic field is representied by a centered
,.dipéleg 2B§_tracing field lines in a magnetic field mode given by Caig,
1-étiél.f tlQQS]:it{has been found that this field is,wellirgpresentgd by
 _ a centered{dipoletinrthe range of L values considered here and near thei.
e iqnéitudes éf Rosman: ( 5,970W), but not near the longitudes of -Johannes-
: }bﬁfgj{-«féioE)i-where the magnetic field lineé are .asymmetric.  Under
';fhééé.génﬁitiops, itﬁzé‘hot_clgar;how‘t¢ compare the results of ray
 _ traciﬁéé{periormed ip‘a dipole field witﬁ obsefvaﬁionsrgegr Johannesburg. '
i2{A thrééfdimgnsibnalﬁray tracing,in a magnetic fieid_represeﬁted_by ?.:;
Eha;ﬁbnic ex§ans£on {Céin et-él.,_lQGS]_waé thgrefére ﬁeveiopedr[Waltex,'
f%QGﬁJ"g@d:ﬁsed fpf é.closérucompariéon'with the data, using_geogrgppig

" . coordinates
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. Doppl?t shift regults f:om the calculations using the two-
éimensiohél (dipéle fiéid);and the three-dimensional ray tracings [Cain
-eﬁ al.,-1968j‘were_compared.for 1dngifudes near qéhannesburg_( daéléE).
It Qas found fhat the:iatitude at whigﬁ a given Dbpplex7shift (of
,@:100 2, ét:lo kHz) should be Qbserved is about 1° lower'for.the'diﬁoie
‘repfesegtatioﬁ} Considéringrthat the characteristicé of signals propa-
gating in the PR_méde change very rapidly with 1atifude.(note in Figure 3
' the changé in.the spectré of WT Whistlers Obsérved in arrange of,l.SO
-in lafifude), éne'Sées that a'disqrepancy of 10 is?too 1afgé,. As
,prédiéted,.thé magnéfié field m&del‘hés a first order effect on the PR
mode of propagatién and it is of little value to fi£ the data by changing
déﬁsity-modeié only. | |

2. The Electron Density Model

The electron density model used in the calculatidns of Figure 12

was developed on the basis of several independent sources of information}.

: Theée included: 15 a valué_of equatorial electron density (shown as a
dot at L = 3.7 in Figure 6) deduced from a whistler récei?ed at the
satéllite within two.minutes of the obseryvations illustrated in_Figuré 3a;
and 2) an estiméte of a maximum LHR frequency above the satellite of
7.4 kHz from fhe lower cutoff frequency of the WT whistler of'FigureUSa.
SUCééssive aﬁproximatibns within the constraints of this evidgqce'led to_

.fﬁe'diffﬁsivé-equilibriﬁﬁ:médel described earlier and summéfized (ih:_
terms: of electrqn-density) ih.Figure 6.

_Anéthe: bit of evidence obtained since the calculations were
madelsuggesté ﬁhat the model,is representative of actuél conditions
jprevéiling in tﬁe-magﬁetqsﬁhere at the time. This évidencé;lkinaly
prﬁvided by L. Colin of thé NASA/Ames Résearch'Cenfer, Moffeif Field,
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- California, involves Alouette-2 topside Sounder data obtained within
40 minutes and 30° longitude of the 0GO-4 pass in question. The
' éﬁai&sis_sﬁﬁﬁédﬂ atfi electroh density of ~ 7;_5-00"’e1"fcm_'3 ‘at 1000 Xn =nd

‘latitude 45°, in ¢lose agreement with the model used.



- IV. RAY-TRACING EQUATIONS

AL INTRODUCTION

Haselgrove [1954] derived the three dlmen51onal ray equations based

on Fermat s prlnc1p1e.r Those same equatlons were also derived by Budden

[1961] using the eikonal concept. The ray equatlons are derlyed here
.for the caserof a two-dlmen51ona1 geometry. When the parameters of the
mediuﬁ are-known; that is the density and'the'Static magnetic field
Vvectop_are known at eqehppointﬁ only a closed set of three differential

equatione'is.necessary to determine the position af the wave packet,

that is, to flnd the ray path. These differential equatlons are the tlme_

'varlatlon of the coordlnates, plus the time variation of an angle that

gives the wave normal dlrectlon.

B.  TWO-DIMENSIONAL RAY EQUATioNs

To find these_eéuapions two hypotheses are'made with respect to the
phase fefractive index in the rdange of frequencies.of interest. The
firsp reqpirement is that the medium must not present an ancmalous phase
refractive index. -fhie is neeessary in order fer the concept of group
velocity to be applicable. The second assumption is that tpe medium is
eiowlp Varyihg, or-that the WKB solqtion is valid {see for instance

Budden [1961]).

“‘Based on the'eoncept'of grouprve1ocity, the time variation of the -

"coordinateS'of a wave'paCket in a cartesian system is derived as follows.

-;Supp051ng a wave packet mov1ng from A to B (Figure 17), theffollowing

dlfferential equatlons can be wrltten

Cdx -; -
— = 8ing (1)
- ds P _
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)

Figure 17. . Wave packet moving from A  to .B. An

elemental length on the ray path is ds,
: ~and - B 1is the angle of the energy . .-
. direction with the  y axis. '
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and

dy- :
3s = cosf

ﬁhére x _gnd f- ére the coordinates-of the wave packet, = is £he
*iength megsuréd along the ray path and B is the angle between the y-
,‘gxig_ana the rayipath.. Denoting by tg the time for the wave packet to
mqvexf#omx A  to -3' andf Vér' as the ray-grbup ﬁelocity, the abové_ -

equations -may be Written in the following form:

dx - _ .
T Vgr sinp {2)
. ; g
and
dy :
dt_ = Vgr °osP )
S . B :
"since
ds '
_— = V .
dt r
| | | e °
‘; The group ray velocity is given by:
Vv = V /cosq 4.
gr g ’ “

where Vg: is‘the:group velocity (in the wave normal direction)
defined as:

vV = (5)

c.
g
| | . Ug
where c is -the velocity in a vacuum and ug the group refractive index

defined as:

3 (uf) . B :
- u+ f 'a—f _ (6)
The'ahgle_ o measured in'a clock-wise sense from the wave normal to the
'ray,energfidirectioh,‘éxpressed as:

-1 d(logy) | ' o
a = tan |- —SS%EHL ; (7)
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With  ¥ as the angle measured clockwise from the static magnetic field -
" to the wave normal vector.

Therangle B may be expressed. as (seé Figure 18):
B=g+a - T (8)

- where'_¢ is the angle between the y-axis andvthe-wave-nqrmal. ‘The:
angle w may be expressed as a function of ¢ - and .y  (the angle
between the y-axis and the magnetic field, see Figure 18).
To have a closed set of differéntial.equations fhe timé variation B
of ¢ will be found.
| Taking the wave front that represen;érthe principal wave at two
éiffefént phase times, the way in ﬁhich (1) -é;61§e§.wi££‘timé'i§ givéﬁ

by :

-

t =" 3 T =EZd| : (9)
' 9

als
™

where au/aﬁ[¢ is the variation of the phase refractive index on the
wave front, and therefore the direction of wave normal is maintained
constant (¢ = constant). The phase refractive index as a function of

the positiQﬁ (x,¥) and of the angle ¢ with the y-axis, results in:

I

: g%‘_ =-§§A cosg - g%. sing _ (10)

and . therefore E§. (9) may be written as: -

d : .;‘ f aﬁ -.- : ST | N
Q@ 1E L sing. S an



3 '
y b
¥
) &N é;'
. -2
o
X

‘Figure 18, Origin of the angles is shown. The angles
.- are positive in the clockwise direction.
. The wave normal direction is "k, and B

" “is the static magnetic field. .0
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Taking now as an independent variable the phase time, t, and knowing that

at . L
at - u . (12)
g g )

Egs, (2) and (3) may be written in the following ways:

dx

c L : s
dt = s cosa  SiPP - . s

and

dy c :
gt = 7 cosa cosf _ i {13b)

Bquations (11), (13a) and (fabjf%a;m a set of differential equaéions
suitable for solving in' a &igipal.CQmpgﬁer.~_. |

The densities and th@ﬁmagnetic field'argﬁin general expressed in’
terms of polar coordinafes and; therefore, it isaconvenieng to éXpress
the eguations above, Eq. (11) and Egs. (13a-b) inrthis game.sfsfem of
coordinates. i

Equations governing the position of the ray path in p;iar‘éoordinates

are easily obtained (see Figure 19):

dr :
'd—.t = Vg_r COSB : (143)
g
. v . :
d6 gr . :
L = = = S . 14b
. ,thg = ,sxnﬁ o - . (14b)

- Taking the phase time as the independent variabler?nd using the relation,
Bq. (12), the above equations may be written in the following way:
ar < cosB : - '_(lﬁa)‘ L "i_;' <

- dt | cosQ
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. Fipure i9 - The polar coordinates of a point A on
“io- .. the ray path are € and r, ds is the
 elemental length on the ray path, and B
St 7ris the angle bétween the radlal and the
i P energy dlrectlon. ‘
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and

A
dt ~ r-u cost

sinf .

Using & as the angle betwéen the wave normal and the radial vector;

the following relations may be written:

5 =-0+ ¢

and
dd _ _d8  d¢
dt dt dt

" where d0/dt is given by -Eq. (15b), and dgp/at is

=2y
dt S5t
or
g% = - 35 %% sind - % %% ‘cos& |-
u ®,0 ¢, T
Therefore,
dé = - Ef %% sind - % %% ccs@ - E;-(sin6+tanacosé)

dt

-

' Now writing the phasé refractive index as a function of r, B,

a

& _aeen| o aww
and
36 s = 6 6.8 * 35 3

"(22)_.”

asb)y -

(16)

a7

(18)

(19)

(20)

and &

 (21).



Because

08
&> =0
and
35
36 = 71
Thérefﬁre:
s ¢ du . 1 au. e . )
=3 |5 sind - F 35 c?sé - E; sind {23)

)

In Appendix D it is shown that Eqs. (15a-b) and (23) are equivalent
to the ones derived by Haselgrove [1954].

\

A set of differential equations in polar coordinates for the ray-
tracing problem was obtained. To solve these equations it is necessary

to assume a phase refractive index, which is carried out -in the next

section.

C. EQUATIONS NECESSARY FOR A TWO-DIMENSIONAL RAY-TRACING PROGRAM

The two-dimensional ray-tracing equations in polar coordinates

are:
'%% = E (cos§ - tang sind) " (24)(379)*
de c _ : -
T = ;ﬁ'(slné + tano cosd) 7 . {25)(380)
dd c . 1 ot _c i . o
SE=" 3 g% sing - =~ 35 cosh sind (26)§381)

The second number corresponds to the left-most number on the listing
of the program (Appendix A). - ' ‘
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where

r and O - polar coordinafés of the ray path,
"B - phase refractivé index,

-t -_phase time of the principal wave, o

o = angle between the waﬁelﬁormal and the energy,

5 = angle betweén the radial vector and the wéve normal. .

‘The differential egquation that governs the group delay time tg
is
dt

st = (27)(382)

=

*

where ‘Hg is the group ref;gc?ive.index.

To Solvé'the_sef-of Eqs.~(24j'tp'(27), it-iS‘necessary to hayeitpe
phase rgfractive_index'as well as its partial derivatiyes with ;gspect
to r, 6 and I, "and the group refractive index;'

Assuﬁing the cold plasma approximation the phase refractive index

is given'by-fhg equation (see Stix [19621):

4 2 '
ant -m“+c=o0, (28)

with soluwtions given by

R T (29)
whére a
2 2 ‘ N o
A =28 gin"§ + P cos { , : . S : (30)(252)
B =RLsin’y + PS (14 cos?P) , . (31)(253)
C = PRL , , o S S (32)(259)
P = B° - 4AC , . ' - T €

|y = angle between the wave normal and the static magnetic field vector;
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S = 5 (R + 1) , . (34)(246)

1 o
D=5 (®R-1), ) (35)(247)
R-1- ZX e B R '-(35.7)"(24'2")'

-1 1 + Y, '’ I PIreRed
i 1 : BF
L=1- z:x . : ' 2 _ L
- -3 1 - Y, ' , oo _ (37)-(243)

i i _ _ : o
“P=1- X, : . o (38) (244)
i , _ _ :

2

. oi L :

L=t : S o _ (39)5215)
: : . th - ' N
foi = the plasma frequency of the i ~ions _ : (40)(214)

f = the wave frequency,

Hi B _ ' ' T :
Y= . 7 . (41)_(209?
€55 th : .'
fii = {gyrofrequency of the i ion), _ T (42)
i . i
; . : L .th |
ei = the signal of the charge of the i ~iomn,

e = a positive number equal to the electron charge,

o
1l

the static magnetic field of the medium,

S th .
the mass of the 1 ion.

=
I

The possible positive solutions for Eq. (28), in the case of a fourﬂ

" component plasma (electrons, protons [H+], helium [He'] and oxygen o)

2

jons)}, lie in the shaded area shown in Figure 20a where is plotted - -

against wave frequency. In this figure only the solutions of ' w - -are. . "™

shown for frequencies below the_elecfroh‘gyrofreQuency. " In Figﬁrefzop;g--_

only. the region for which Figure 20a is modified iérshbwn f6r th§;¢a$é“-q7t

in which the plasma frequency is below theﬁelectfon:gyrofféqueﬁékﬁ'3 e
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In this figure

£ - the O gyrofrequency,

f.. - the multiple=ion resonance frequency, - - « -~

R2
-fICl - the=mu1tip1§;ion cutoff frequency; .
fCOl - théicrOSSFQjer frequency,fy

t - the Heff;gyrofrequéncy;-

HHe+
le —~ the multiﬁle—ion respgaﬁce-fréquency,
fico = the;mgltipleuion cutﬁff;ffequency,
coz - he qross.?ygglfrequency, o
" PR o o S s
f - the H' . gyrofreguency, @ . S A
foup " the,lowgrlﬁybrid resonance,
T ™ the electron gyrofreduency;;f
f° - the Z freguency,
fp - the plasma frequency.

The letters . L, R, e and P stand'fof~pafticu1afﬁsalﬁti§ns1bf"H

-3

ﬁq: (28) In the case where § 1s equal to 0 or 180

- i;parallel to the statlc magnetlc field), B (28} has two selutions‘I":;

W = R, L)-. The solutions represent circularly polarized waveS'(see

. fnr example,_St1x {19623}, -one being right handed polarlzed (R) and the

”bthér-one being_ieft.handed polarlzed (L).. In the case where § is

862 .




- , T oL . n '
equa1 tg. 90 (wave normal perpendicular to the static magnetic field)

B *the two solutlons of Eq. (28) represent waves which propagate w1th the

-=7e1ectri¢ field vector parallel to. the statlc magnetic fleld (u P) or

thh the electrlc f1e1d vector perpend1cu1ar to the static magnetlc

RL.
S.*

,lli.

.iield'e(gg = é);fi These‘waves.are commonly called plasma-waves
‘(ﬁ)e'ei@ee‘ﬁhey‘oniy-pfoﬁagate.abeve'the'plasme freéuency, aﬁd_extrew
:'erdineéjleeves‘.(e)é :Since they are the onee arising from the anisofropy -

',Léfikheimediuﬁ. |

V'T Here, attentlon 1s focused only into the region of eropagatlon
_flnd1cated by numbers 3 and 4 in Flgure 20a-b. The shaded erea-indicate&

f; by nqmber Su;sfreferred‘to as the protOn whistler mode,.end regioh-4 is”

‘celieé-théjeiectfeﬁ-whistlerrﬁode of-propagEtion.‘ An algorlthm to find’

‘the root cqrrespondlng to the mode of propagatlon Spec1fled is dlscessed

Vln-epﬁggﬁcxlon wlth the_descrlptlon_of the rayft;acing.prograﬁ.

',-Ffdm Eq (28) ‘the der1vat1ves /93 (j=r,8) can be found.

E -8h/33 is. g1ven by N

X - i A i du o _
-53- = Z 6)-{-; 53?1— + g gf‘; 63—1 + 'S‘q}' %“ . (43)(372)

1 -

‘_{_Ageihi.ffom Eq. (28), the following expressions may be written:

434 23
S ol

A . a—’- o i i Co .
_ - - - (44)(351)
oK} 4u3a - 2uB , ,
4w 238 A
e - ——r — . (45)(358)
oA 4. A - 2uB ' : _



where -

X, "X,

B BR
i T*R

L

04
e
=
1]

1 for oL 2 oP 2
5 A Sx, X
i 1 ‘1

)‘usin bt FEee08 o s

Er—) sin w +_( %§~ + B8

opP

R ‘?RLB C TR

= sin"{ + op 0052¢ '
5§; agz . 3?;‘ o

- 64 -

%E—) (1+cos ¢)

ap
3¢, }

.£48) (348)

(47)(349)

. (48)(350)

Lo (49)(345)

(1+cos @)

(50)(346)

(51)(347)

€523 (355)

(53 (356)

(54)(357}

(55)(352)



I (56)(353)
i 2 : ;
4w
éhd'
OP ‘ '
N =0 . (57)(354)

- To calculate dy/d3j, it is supposed that the earth's magnetic field
is'given'by'a.CEntered dipole. Assuming also that the geomagnetic meridian

planéllies7in‘the‘plane- r - 8, 9Oy/dj is calculated through the expression

%% = %% g% | _— (58)(333)

"Forfa'centered_dipble the relation between Yy (the complement of

the dip. angle) and the co-latitude 6 is given by:

‘Therefore
§¥_= 0 (60) (332)
aﬁd ) '{
. g%‘: 3 -co:% L1 | (61)
From -' = |
3 ¥ =75. ~ Y
' is;dbtgigédg"
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The relation that gives Ou/Oy is derived from Eq. (28): .

2 3B E)c

‘ 4 ? - N :
aqj = - ‘“3_ S~ Of , _ (63)(331)
4 A - 2uB o
where
OA o _ : : -
g‘b— = sin 2\3} {S-P) K o o - §64)€3:23)‘
aB e ey - . ) - Lot T A - . i ;
%= sin 2§ (RL-PS) , - - - - © (65¥(329}
and
- %% =0 . ' : (66)(330)
To evaluate Bxi/ dj - it is ‘necessary to assmme a.model for the ..

ionization distribution. The diffusive eQuilibrium model given by
Angerami and Thomas [1964] is assumed here.

For this model the electron density, n;De is given by

- /-Hi ‘1/2
neD(Z) = Tep | zi:ﬂ‘ib € (67)
-where = is.thEugeopotential height
_ roy\ v
z = 7 ( - --)‘; , (68)(418)
b r-p.

'rb is the reference geocentric distance at which the electron cri;erjx‘s‘_f.‘j,ty‘

n

R and the iom percentage O

ib are specified. The scale height of
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e
‘ thep_i'h; ion -is Hi,ﬁ‘given by

CH == | (69)(414)

':? * where gb 1s the grav1ty acceleration at - royo k is the Boltzmann

'_ constant and 'ID is the temperature in Kelv1ns..‘

The eleqtron and 1on densitles can be written as

; ‘ '. PG V- T o | .
_nDe§Z) T 3 o (79)(431)

- o -Z/H. Ry : '
@@ =ngaie T vz oo o (71)(436) - -

‘ —Z/H : : ” :
2 a, R S (72) (426)

Using the prévioﬁgféquationsfthe following expressions may be

“written:

(73)(432}

Ty

Coope

‘n_ Tor T 2q

Scand o L

__az,_l____SQ) , (74) (437)

~ _where

o —zz: b TTH I o (75)



~and

oz _
or
. In this model we suppose that the
scale. heights are not funcﬁionétﬁ

Mhe EE
“and
1 9Py
. L)
Di

To calculate

gyrofrequency as a function pf - T

for a centered dipole is given:hby:

3

T (76)(430)

densities at the reference level, éﬁd_

1étitude@ thefefore

(77)(433)

(78)(438)

BYi/Bj '(j=r,8), it is necessary to know the electron

and O. The electron gyrofrequency:.

{1 + 3 cosze)

{Tg 2 1/2
_ 21 79)4204]
fre f oo | 7 (1 + 3 cos 9) R (79)(204)
where
fHe _ the electron gyrofrequency at the dipole edquator (0 = 20°)
and at the earth's. surface,. and .fg =.éarthfradii.. Therefore
oY 1 :
= 1. i 3 . 3207
R (80)4207)
1
aﬁd. -
: oY, -
: 1 i sin® cosb g o
1 - _ (81)(208
,® - ¢ (18

Tt

e -



The expressions giving  sinj and cosy are

sing = siné'Yor - cosd Y o, (82)(227)
camd.
cosy = cosb Y.+ sind Y o, - (83) (228)
. where
) . B 2 cosh ' '
v =8 - , . (84)(205)
or B (143 cc'.s_ze')l/2 B
and
\ 8 §infd ) : '
Y = == — — (85)(208)
o0 B (1 + 3 00529')1/2 : '

- The group refractiﬁe index '(pg) is calculated using the relation
; pg_ w o+ St . . (86)
. where Qu/df is obtained from Eq. (28):

‘404 203B ¢
A L

Sf,z - 4Au3  2m. , (87)(377)
where 
¥ L | . '
3— 5— 81n v+ 5— cos ¢ _ S (88)(374)
e i - . o .2 ., o - |
o8 L: BR + R _*51n2 + I 8P + P 1+CQS?’ -« {89)(375)
et BT a'" A T e : .
ac > aR OL ) R (90)(3765

__.aﬁ-—RL?+PL5——+PR-§—,
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.BR AL

o -
I/
-y

XTI\ tE) | (91) )
oR 1 (2 + Yi) :
5 =7 & %y , : (92) (367)
o T s Y.)2 ' .
. 1

3 (2 - Y. .
5% = % DI ) (93)(368) - O

o (r - Y,))

and

oP 2 Y - . ‘ '
STeF XN . L (e (37Y)

Now that a11 the equatlons needed to solve the d1fferent1a1‘
equations, Eqs. {24) to (27), have been developed, a program,for a d1g1ta1 .

computer to solve them will be described in the next section.

D, . DESCRIPTION OF THE PROGRAM

The program described here is written in FORTRAN IV level H for an-
IRM 360/67. The program is compased of a MAIN program and four sub—
rbutinesg The listing of the pfﬁgram is'given-in Appéndix A,

1. Deseriptiqn of the MAIN Program

" In the MAIN program_values of the parameters to start the.

'1ntegrat10n Qf the ray, tracing,dlfferentlal eqwatlons afe orlglnated.

iSqme varlables which are used threughout. the program are also 1n1t1allzed

“here and trapsfered to other'swbroutlﬁﬁs through_the commonvétatement

-(#2}m “A.list of some constants: th;t appaar-in‘the MAIN-program 1s-g1veﬁ:

*fﬁelQWé .o - - T L . -

" RO = earth's radius in kilﬂmet6£31-

_,7@{_



'.j_‘MASS i—.protdﬁ tbielectron mass ratio%
RADGRA - factor to convert angles froﬁ radians to degrees,
GﬁARAD —.factor fo coﬁvert angles from degrees to_ra&iaﬁs,
N.: - number ef-differential equatiens.
‘The ﬁarametefs fhat are read in are described.below.

The. flrst parameters to be read in are the wave frequency (FKC), 1n

klloHertz, an integer that specifies the mode of propagation (MODE),

and a logical parameter (OPTION) that indicates the angle given for the

direction of the wave normal. The parameter MODE may assume two values

which are‘the integer 1  for the protoﬁ whistler mode (corresponding to

.prepagation-in region 3 of Figure 20a), and the integer 2 for the electron

whistler mode (region 4 in Figure 20a). There are two possible ways to

specify the wave normal direction, onhe is to give its angle with the

radial vector (OPTION = TRUE), and the other is to specify the direction

with respect to the‘geomeghetic field (OPTION = FALSE). In Appendix B
a.liSting is giéen of ieput cards in the sequence they-are reed in.
{See this appendix for one example of a card with the parameters FKC,
MODE and OPTION (card #1).)

The second set of parametere to-be read in are the.initial
condifiens of the sterting point. These are: the height in kilometers
(HEIQHT)# the 1atifude in degrees (LAT); the angle, in degrees, between

the vertical and the wave normal vector (DELTA); and the angle, in

degrees,-between the wave normal and the vertical (PSI) which is only
Vfgiveh‘Wheq OPTION is FALSE. These are the parameters that constitute

" the second card which is shown in Appendix B (card #2).

The or1g1n of the angles and the sense in which they are measured is
shown in Figure 21.
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Figure 21.” Origin of angles in polar coordindtes - -

is. shown. The angles are positive in
the clockwise direction. B
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The next set of paraméters to be_read in are the ones used'in'_f
the.iptegfation procédure (subroutine ADAMS). They are: the logical
._parameter'SKiP_which indicates_whether the error check in subroutine
 .ADAMS is ﬁo be skiﬁped (SKIP = .TRUE:) or not; tﬁe upper bound in ﬁhe 
absalutéleryor (ABSB);,the upper bound in the relative error (RELB);_an_
integer (KOUNT) indicating the number of increments in the independent
Variéble, that must be done before new results are printed out; and the
"initial‘inéreﬁenﬁ of the independent variable (HM). An example of this
card islshown iﬁ Appendix B (card #3). These input ﬁarameters ére part
Vafzthe heading'of the output listing (see Appendix C).

In order for the initial increment to stay the same for every'new
‘wave frequency, when the parameters of the medium are kept the same, the
. parameter HM is divided by the square root of the wave frequency. It
will be‘this parameter that will be used as the initial incremenf in tﬁer
'ADAMS subroutine and will be printed on the heading of the‘butput listing
B (séé Appendix C).

2. Description of the Subroutine ADAMS

This subroutine is not discussed in detail here since it‘Was
based on a procedure written in SUBALGOL for the IEBM 7090 at the Stanford
University Campus Facilify [1965]. Thisrprocedure solvés a system of N
first order differential equations; using a fourth order ADAMS preqictgy¥
corféctbrrmefhod where_the starfing values are genératéd by a fourth
order ﬁﬁnge—Kutta method. A q19cussioﬁ of this method .is pfesented by
Hildgbranﬂ_[1956j.

3. Description. of Subroutine FUNCT

The input_parameters for this subroutine are: the independent -
' variable'(T); the dependént_variables which are 1) the geocentric -
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distance' (P(1,d)), 2) the colafitude (P(2,J)), 3) the angle between
‘the vertical and the wave norﬁal‘(P(3,J))grand'aﬁ infeger ﬁariable'(J):
which identifies the step in the ADAMS subroutiné in which ‘the éﬁb;bufihe_
FUNCT was called. The output parameters (DZDT) are tﬁe:fifét hérivétivés
of the'dependenf'vafiabies with respect to the indeoonaént variable.
The equivalent electron gyfofréqﬁéncy'on'thé éarth}s éuffooe;
ét.the magnetic equator is read in this éubroutihe}kséé.Apoéndix Bem
cé%d #4),. |
The solution of Eg. (28) is givon‘by'tﬁe étéieménto-from #257

to #286. Now the solutions of Eq. (28) may_bé written in two equivalent

forms :
ui - gig T T eyt
o ny = sy T (96)(z85)
or ) ; .
“i - gif (97) (268)
and
ol : : (98)(283)

The first set is preferred when B is positive: The parameter F may

'aisolbo‘exoféésed in two different forms:
¥ B -4ac, . . . . . (e9)(257)
: Or . ‘ .. . -

' 2 2 |
= (RL—PS)Z Siﬂ4$‘+-4(PD) cos § . (100){260)

The second number corresponds to the left—most number on the llstlng of_
the program (Appendlx A).
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fIhe.first form is'preferred when AC is negative. The sign
1‘of Ac glves the number of the positive roots of Eq. (28) and " therefore
‘-the p0551b1e number of modes of propagatlon. The value 1 or -2 dependlng
on the p0851bie number of modes of propagation w111 be given to a variable
*(#258 or #261),. If it is desired this parameter may berprinted out. |
An-algorithmrwas written to ehoose the.correet Solution for

. (28),‘ence the_node of propegation was specified (#263.to #305).
Only for the electron whistler mode (region 4 in Figure 20a-b) will
this aigorithm be explained.

To cheose the right solution of Eq. (28) for a given mode, an

'algqrithm was written based.on the concept that two orrthree_regions
B depending on whether the "% “frefuency is gresater er smaller than the

.electron gfrofrequency; may ‘be distinguished by the sign of C(;PRL) and
' the numher of possible positive solutions. qu instance focusing the
attentien on region 4 of Figure 20a the parameter C may be p051t1ve.
__(1n the case that the wave frequency is above the proton gyrofrequency)
-or negative, (in the.case that the wave frequency is between the ion
~cutoff and proton gyrofrequency). If the wave frequeney is ahove the.
‘,proton gyrofrequency the sign of C must be positive.(Figure 20a).
If.in any step of integration, C assumes a negative va}ue the interval
';of;integratidn given is_such that (see Figure 205), the wave frequency
Eie'above‘theeelectron gyrofrequency (R has a negative'value). In the
'}case where the wave frequency is below the proton erofrequency, c

~must assume a negative value. Therefore in the case that  C is positive,

i a step in the 1ntegrat10n is glven such that the wave frequency is 1y1ng

':below the ‘ion cutoff frequency (Flgure 20a). 1In both cases a message

'=is.given (#303) and the program returns to the ADAMSrsubroutine'where_
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the interval of integration is divided by four. 1t is pgssible that an.

increment in the independent variable is given in a way ‘that A assumes

HH+ o
and e (C is positive). In this case Eq. (28) has two negative .

g@pbsitive"valqe,-aithought_the[Wave.frequency‘is lying between I -

solutions. Therefore the angle § calculated in the_integTafion proceéss
is larger than the resonance angle. Automatically a message is given
.calling‘attehtion,to this fact (#299), and the program returns to the

_ ADAMS subroutine where the interval of'intggration is’diﬁided by fbur.-

4, Description of the Subroutine BENS .

This subroutine calcula tes the densitiéS‘of'thé,components of
the plasma based on the diffusive eqﬁilibrium-model.=‘The iqpuf-parameters
are fﬂe-géocénfric distance (R) and the colatitude (COLAT) of the point
of which the densities are required. The output parameters are the -
electron density (ND(1))}, the H density (ND(2)), the Het density
(Nb(3)), the o density (ND(4)), the ion compositioﬁ'(ALPHA(I)))ﬁand'
the derivatives of the logarithm of the densities’ of the cbmponents of
the plasma with respect to the radial distance (DLNDR(I)) and with
respect to the colatitude (DLNDT(I)).
| The first time this subroutine is cailed the following patrameters
ére read ‘in: .the height (HBASE) at which the electron density and the
: 1on 'éémposit ion are specif ied:; the electron:density. (KEQ) and the per-
.centage of the ions (ALPHAG(I)) at this height; the-electrdn temperature
(TEERM); the number of plasma components (NUM); and an integer £IM} *
TLSQ§¢ifying whether_helium is present in the model of ionizaticnrﬁﬁee
*-Agpgndix'B”for example). These parameters are. punched on the~£ifth_card
.ﬂﬁéeeﬁAﬁpéndix-B&—caydr#ﬁ); IheSe pafametersxconstitutegpa;t of  the - -
ﬁeading offﬁﬁe-output.listing {see Appendix C). o . f-  . o '-7 |  _ 'J_;
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.5‘~ Déscripfion of the Subroutine ESC

The output of the program is given through the. 'subroutine ESC.

-To transfer parameters from the subroutine FUNCT to the:subroutine ESC

-‘ the COmmon‘block statement /ESCF/ is used. These parameters must have

a subseript J in order to be printed correctly.

Four Vériables are read in this subroutine corresponding to the

sixth card'(Appendix C——card'#ﬁ).__Thgse variables are NOUT and'TGEND.

NOUT will_spécify the parameters wanted for output._ When NOUT is equal

to 1 the parameters that will be printed out are the ones.specified

by statement #467. The other possible output is the one specified by

‘NOUT

- NOUT

2 and given by statement # 489. Example of a heading when

1

of the output followed by their meanings.

TG =~ group delay time in seconds,

ALT ~ altitude of the ray path in Kilometers,

LAT - latitude of the ray path in degrees,

INV' - the corresponding invariant latitude in degrees,.

ELE - the L( =,r/(fosin29))_value,

GF - electron gyrofrequency in kiloHertz,

GFP - proton gyrofrequency in kiloHertz,

FLHR - LHR frequency in kiloHertz,

FCO - thé ion cutoff frequency in kiloHertz,

: FﬁE‘ ; blasmd;freqUency in kiloHertz,
FCZ,.f_artwb,ioﬁ'resonance f;equency in kiloﬂertzg
- MU :— pyase_yefraqtive_iﬁdé§3
-BETA, ;Vthe ang1g, iﬁ degreés, betwegnthe ray energy dirgcﬁépn‘:

and the vertical,
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ﬁELTA - the angle, in.dééreés;'ﬁeéﬁeén the VEff{cai ahd:the '
' ave normal,
'PSI - ‘the angle, in degrees, between the static mégnet{d‘fiéfd_
© ' ania the wave normal, |
PSiR h:the angle,‘iﬁ'dégréeéj“6futﬁéirésoﬁéﬂce ﬁhgle,

'%H+

= péfdentagé:of‘fﬁe'hﬁdfégéﬁ ion.

The pafaméteré:TGEND? wiii specify'if'thé ray pﬁtﬁ muéthgntinue
'6r'must stdp; 'The program will stop if thé group d%iafiéimé:is greater
than the one specified by TGEND(3), or if the height and the colatitude
of.%hé ray péfhiare greétef than fﬁéldﬁeé épééifiéd by TGEND(IS'aﬂd?
TGEND(2) (see statement #458). The ‘end of the ray path i& Fhdicated in
 tﬁer;d£ﬁﬁtl£§ 5 ﬁéSSaée i#4955; Th;'programifﬁéhf¥étﬁ}ﬁs”baéﬂ-té‘fﬁé"

MAIN program to check if there is a new sel of cards to be read in.

E;‘ PHYSICAL INTERPRETATION QE THE_R&Y;EATH_BFHAQIQEVI_
1. The PR Mode
Plotted in Eigupg.ZZa is the ray path frpm Appendixrc. :?he
arrows along the path indicate the_ane‘norpal directioﬁ, _T?e ph?se_
,refractive'iﬁdex surface for ﬁheapoints on fﬂe rayrpath are‘sketphed in
Figﬁrg 22bf‘ To understand theqbehaﬁiornof‘this ray, Equ (E.Zﬁ) %g
l‘:_'w’,“i_tten - N | |

= ny - — _ Y cosy - f_ cosb) - £, sind
at T ur | :E1 sind 2 ¥ cosy 1 (f2_51n6 ?3 c?sﬁ)” £ 51ni

, whefe'the functioﬁst“fi;.'fz; fgﬁ'éﬁd :fa‘“afégiven'ih’ﬁp§endix E.

f:”Thié.eéuétion'is_ob&éihed_qnder the'hyﬁotheséé'tﬁét‘thé:ﬁé€é’frédﬁency.
iJiéfégdégftﬁéiLHﬁ;f&éﬁﬁéh&}.Whén'fﬁélwévé ﬁﬁrﬁﬁi isiéibsé:to'thé;iésonance_
' cone and that the Q.L. approximation hblds thr}ﬁghout’Ehe*path. - The
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'ray-ﬁqth plottgd:in_Figﬁre 22a satisfies these hyﬁotﬁesés (see Appendix C).

.Thg;efore_Eq. {E.2é)_may be qsed fo_analyze thg ray,plotted,in Eigure.22a.
WAt ﬁoint_l_the wave normal isiat the.vertical_direction (6:0).

-and only tﬁe term dﬁe to the hprizontal‘compopént of the mqgne£ic field

gré&ieht-(fB) is.different from zero, causing'the.wave normal to mpve |

: téﬁgrq the:geomagnetié field. It is #ofed (see Figure 21) that the

_anglé ¥ is measured from the geomagnetic field té the wave'normal'and_‘

ié.positive in the clockwise direction. Let us examine:each of the térﬁs

in the equation above. The function £

1 is due to the vertical gradient

of the eiectroﬁ density, which decﬁeasés with height (see Figure E-2).
VThis gradient is inversely proportional to the scale height. The scale
height is inversely proportional to the mean mass, which decreases with
height. Therefore this function decreases with height not only becaﬁse

it ié invefsely proportional to the geoceﬁtric distance, but also bécause
the scale height increases with ﬁeight. The function fl (Figure E—Z)
ﬁas piotted fOr”arscalg height of 1000 km, which is = reésonable value for
the case of hydrogen only and therefore a godd assumption for heights

above 2000 km. The value for f from.Fignre E-2, is approximately

1!
32 at 500 km-where 0+ is the dominant iqn and about .1.6 at 2000 km
where_ H is the predominant ion.

For smal; w  the_tefm Y C°S¢(¥ qosw - 1)_1: is approximately
equal to 1. Eﬁr the casé of a centered dipole, the function fé, which
isjﬁropoptionél to the vertical componenf of the magnetiq figld gradient,

is equal to 1l.. The function f results from the vertical component

3
of the_magnétic field gradient. This function is odd_(see_FigyggTE~3)_
jéndihas a maximum value equal to 0.25 at the colatitude §f 63.5.
The 1as£ term (f,) contains the vaiiaiibn of the geomagnetic field
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o jfit.isféﬁiculaféd S

‘‘direction. 'The function. f, is even with a maximum equal to 3.0  at

 the equator. At low altitudes the fﬁhétion"fl has larger values than
£,, and f, sind 'is dmalier than fé cosb, calising the angle § to

increase. However f1

decreases more rapidiy with height which makes
§ increase up to'a:péint-ﬁhére H  is the predoﬁiﬁéﬁt‘ion (poiht‘2);1
Then the curvature of the magnetic field is the main factor governing

the behavior of (. The angle w_'décréaées toward the value ¢m,

which is given by~

. 5 4o
(u _cosy) - o
Jrm
At point'3 (f = ¢m)'fhe energy is tfavelihg'parélléi to the géomagnetic
‘field and

Y cosi PN

Y cosy. -1

' Now the term containing f, is of the order of'fhé term f,. 'The wave
normal continues to move toward the resonance cone, causing thé functibn
Y cosiy/ (Y cosil - 1) to increase. The phase refractive index also varies
with (Y cosy - 1)'—-1 and increases very rapidly in this regiéﬁ as it is
obsefved by the values found under the column MU in Appendix C. There
is a positive feedback causing the angle ¢ “to move toward the resonance
é&ﬂé?l”hafgé gfadienté'bf ionization are mecessary to take £hé wave
-f?nérﬁalrfrom*this conditicn. Therefore this mode of propagation’ will be
 _référred to asfthe:Pro4RQSOhanCe'(PR)'moderbf bfépégaiibn;HiTﬁé.écéié
‘ ,Eéigﬁ£ﬂhec§ssarylt0 ﬁake the angle § in¢fedée'ance”this.cdhdiﬁidn'is
_reached is now-calcﬁlgtedi For the latitude of -4.0° from Appendix C
.'-;'s o
Teost -1~ 4
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ThErefbre‘ a value for _fl greater than 10 will be neéessary to make

corresponds to a scale height

the angle ¢ increase. ~This value of fl

- ‘for H' less than 70 km which is an unrealistic value.

After point 3 the energy moves toward lower I shells and the
waéé ngrmalICOntinues.to move toward the resonance cone. Since the
‘rééénaﬁce angle isrmoving tbward -90° the energy which is perpendicular-
-té tﬁé phase:refractive index is traveling almost paralle} to the geo-
mégnetic'field (point 4). This ﬁave eventually feaches the ionosphere
(pbint 5) with a 1arg¢'phase refractive index and with wave norﬁais

- almost perpendicular to the geomagnetic field since Y >> 1.

2. Refractions in the Ionosphere and in the Magnetosphere
In Figure 23 & cdse is shown where the wave is refracted down in

fhe'ionqspﬁefe and bouﬂces back and forth in the magnetosphere. These
éfe the types df rays that produce the fish hook kind of speétrogram_as
shown in.Figure 10. An enlargemént of the first point of reifaction is
.L:éhbwn in'Figure é4a. A sketch of the phase refractive index with the
ﬁave nermal and the ray direction for the four points indicated in

- Figure 24a is shown in Figure 24b. The behavior of the ray in this

region is understood through the sketches in Figure 24b or through the

equations
o ar _ sing
ds ~
" and . R
. 5 |
d'—. = 1.'(2051?-'4
ds r

| where  5"is the angie between the ray and the vertical. Only when the
éurface is'clésedr(LHR frequency above wave frequency), hoints 2-and 3

: : o . o
in Figure 24, ¢an the angle 8 reach values greater than 90 . . The
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edergy will féach a minimum height at point 2 (g = 906) ‘and frﬁm this
peint og will travel upward, réaching a maximum in colatitude at point 3
 ($5; 180°). The ray is soon traﬁgiipg in a region wheg%,theflﬁbél LHR
freqﬁéncy is below the wave freQﬁéh;y-ﬁnd the energy will tﬁéq?%i;vel
toward lower L shel}s_(poihtsa)o | |

This behavior is diffe?;«ent from the one ﬁrésentedfﬂby 7.-v.vaves
refracted in the magnetosphere. An eéample:bf'a‘}ﬁﬁ réf;acfed:in the
._magﬁetosphere is shown in Fééﬁfe 25 with an enlarée@ent-of ﬁhé first
réfraction ShowQ‘inzFigﬁréVEGa. 'The main diffe;gn;e in behavior is
'dﬁe te the faét'tﬂét the wave does not travel f;f’énough in the magneto-
sphere before t£e point is reached where the local LHR frequeney is
‘féqﬁgi'to.fhe Wéve freqﬁency.--fhis cauééé fﬁe wave normal to be far
from the reSOnénce angle when the regiom is reached where the LHR frequency
(point 1) is greater than the wave frequency. The wave ﬁiligtherefore
~travel further down befdfe therpoiht of minimum height is reachéd."‘
(point 2). At poin£,3 the ray reaches a maximom in co1at;‘;fc.qdé}eiﬁd at
‘point 4 the energy is moving toward higher 'L shell—sh. This i's the
.type of raj'that produces the MR and the Nu whistleré-[sﬁith and

Angerami, 1968].
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V. DISCUSSION AND CONCLUDING REMARKS

A, iHEVPRO+RESONANCE MODE

Evidence.fof nonducted whistler—mﬁde'propagation irpm one hemisphere
to the conjugaté ionosphere has been found_in ffequency-time'séectra of
VLF signals recorded by the_broédband (0.3 - 12;5rkHz) reéeivers ahoard
thelOGO—Z and70G0—4 polar satellites. The nonductgdrpropagétion'manifests
.ifself both in naturally‘occurring whistlers and in manmade sign#lé.

The whiStlgrs have been called "Walkiﬁg tracéﬁ (WT).ﬁhiétiérs‘
because their travel times increase rapidly with latitude,‘producing an
effect of "walking thrqﬁgh" other whistler components that are -excited
by the zame lightning sources but whose dispersion.charéqtefiéfiés
remain nearly unchanged.with safellite position.

Many diverse characteristics of PR-mode propaggtion:have beeﬁ
explained by ray tracings in a model magnetosphere represented by a
dipole geomagnetic field and a diffusivé—equilibrium distribution of
ionization. The excellent agreement obtained_provides additional support
for the ray-tracing technique as a meansrof prédicting the behavior of
nonducted whistler-mode waves in the magnetosphere, and also suggests
that the electrqn—density field-line model used (diffusivé equilibrium,
-with about 1200 el;cm_a at L :.2.8 at the.equator?lis a gaod apprqximation
for the actual 9ensify in the plasmﬁsphere. |

The main characteristics of the PR-mode predicted by the ray tracing

- are given in Table 2 and are compared with the satellite observations.

. B., - APPLICATIONS
The diagnostic potential of the PR-mode remains to be fully

evaluated. There are several promising pbssibilities, including use of
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Table 2.

PREDICTIONS OF RAYTRACING

COMPARISON BETWEEN RAY TRACING RESULTS AND OBSERVATIONS

OBSERVATIONS FROM 0GO 4 _

COMMENTS

1)

23
3)

2

5)

6)

7)

8)

B)

10)

11)

123

- -183)

large ‘wave normal angles, with
associated phase refractive
index approaching 1000

at a fixed frequency phase
refractive index increases with
latitude

observing peint, phase
index increases with

at a fixed
refractive
frequency

for satellite below the level of
the upper maximum in the LER
frequency, WT whistlers exhibit a
single compowent with a low
frequency cutoff in intensity

for satellite above a maximum in
the LHR frequency, WT whistlers
exhibit two closely spaced com~
ponents {At rr 70 msec)

for satellite below the upper LHR
maximum, the low frequency of WT
whistlers is relatively constant
with latitude

at a fixed fregquency, travel time
increases with latitude

at a fixed observing point,
travel time increases with
frequency

a3 high-frequency cuteif in
intensity

upper, ¢utoff frequency

‘decreases with latitude

a high latitude iimig of
observations near 55
invariant

focusing 'effect' {3 to 1 com=
pression in latitude range &t
endpoint compered to input)

well -defined WI-mode -effects

depend on :a model lonosphere

with relatively small hori-

zontal gradients at 1000 km
=

)

1b)

2

3)

5)

6}

7)

8)

9)7

10}

11)
12)

13) .

Doppler shifts up to several
hundred ‘Hz near 10 kHz

both positive and negative
poppler shifts, depending on
equatorward or poleward motion
of the satellite

at a fixed frequency, magnitade
of Doppler shift increases with
observing latitude .

at a firved observing poinf,
magnitude of Doppler shift
incremses with frequency

typical WE mode whistlers exhibit
a gingle component with a lower
cutoff (ftco) near 7 KHz

)

a small number of WY whistlers 5)
exhibit two closely spaced com-~
ponents with a lower cutoff N

6 k
(f.{,coz‘ near Hz and an upper

cutoff of the reflected component
(f ) about 7 kHz
uco

over & typical observing rapge of 8)
2-3 degrees invariant, the lower
cutoff frequency is usually

constant within -~ +5%
observed in whistlers as the

Mwalking trace” effect, also
obsérved in fixed frequency signals

.observed in both whistlers

{rising tone} and fixed
frequency signals

observed in beth whistlers -and 9}
fixed frequency sigmals. In a

case study the ray tracing pre-
dictions were about 1 kHz above

the observed cutoffs (case of

Figure 13}

observed in both whistlers and
fixed frequency signals. Fre-
quentiy causes the WI mode To
disappeer as the upper cutoff
reaches the relatively constant
lower: 1imiting frequency

WI' mode ohservations thus far .
Iimited to latitudes < $6
invariant

observed in whistlers, but
particularly clesrly in fixed
frequency signals

well ‘defined WI mode effects Have
not thus far been ovbserved in day—
time, ‘when relatively large hori-

- zontal gradients -exist 1n_the

latitude range of interest

90

‘observing range - - I

the 0G0-4 orbit lies between
~ 500 =nd P00 km altitude.
The observations imply The
existence of a maximum in
the LHR freguency above the
satellite Ffﬁc&a_flﬂnﬁmax)a

implies the absence of a
maximum in the LER above the
sateilite.” Implies that

oo ™ Tim(locely

fIHR(max below satellite)
>

Bl (=11

implies that the upper maxi-
mum' 6F the LHR fredquency-
varies relatively slowly
with lstitude over the 2-3°

‘the dilscrepancy 1s pos—
5ibly due to Landau damping
or to effects of detalled
festures of the electyron

- gensity-distribution




W whistlers to obtain'information on:.

1) The plasma den51ty and 1ts gradlent across the geomagnetlc field
‘ in the magnetosphere.

"2)  Thé 1argest lower hybrid resonénce (LHR) frequenCytéEbvé the
satellite {from the lowest observed frequency), whlch in turn
sets theoretlcal limits teo ionic compositions,

wT Whistlérs presenting a double trace'just ‘above thé iower cutoff
indicate that the LHR fréquenéy'at the satellite fs laréer.than all
values above it. This condition imposes severe theoretical conétraiﬁ{s
on fhe rafé at'whiéh the fractioﬁal'abundance of H caﬁ vary with
altitu&e'above the spacecraft.

Signalé ﬁropagating in the PR-mode at 10.2 and 11*1/3 kHz from the
u.s. Navy Omega‘géa?;ongrhave pegn 9b§erved in the c0njugate'hémiéphé?e
_ with amplitudes comparable to (or even larger than) those detected near
-the tfdnéﬁittef. Thé enhanced signals suggest Fhe feasibility oficommuni-
.éatioﬁ betﬁéén a low power Vﬂ%rtransmitter and a satellite in thé con-
jugate region. For tﬁis applicatibn a better understanding of nonducted
ﬁroﬁagatioh is.needed in order. to cdpe with the Doppler shifts {(up to
thndreds of ﬁertz) that are normally present in the enhanced signals.

A VLF transmitter aboard a éatellite.may be used to determine thé-
LHR frequency below.it. Meaéﬁring the time delays, the point of refraction
can be determined} Simultaneous measurement of the electron densities with
' théVLHR“ffequen¢ieé will permit a determination of the profile of the
effeétive'ﬁasé be16w‘fhe satellite; With these data it will berpossible

to have an idea'qf.thé ion distribution below the spacecraft.
C. MODELS FOR THE MAGNETOSPHERE
- 'The magnetoéphere for the calculations in this repbrt_was‘assumed
N

e ' : L + +
- to be constituted of a plasma of electrons, H ,  He . and O in a
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 diffusive equilibrium permeated by a static magnetic field represérted
by a centered dipole. Althougﬁ{és a simple model it permiﬁteqfthe" - .
_qndegstan@;gg of interestipg pheaneﬁa‘opSefved‘by:VLF rgceivers’époard |
satellites. Also features ‘of the data were predicted by tracing rays in -
, fﬁis magnetosphere. To matéh_the datg{ horizontal grédients:abqve
1atituqes of ~ 50° were'necegsary,_in‘agreement with méasuféments of
'.eleptrop densities with satellites around tﬁe_iocal time of the data.
- Also large horizontal gradienﬁgrére_éxpected during day time which wil;
prevent the propagation of the PR mode. This‘is in agreement with the
survey of the data from OGO 4} an exgmp;elis the_data plqtted in_Figure i1.

During the night, horizbntal gradients, below a latitude of m,45°, are

il

éxpééted tb\aecfeése in the_directio£_of the equétpr. ihésg grédienfs
are in'a direcfion to favor the prppagationrof?the PR mode.  Studies to:
'bé carried out using 2 hump in the‘elgctron density at 1000 km are
necessary. | -

As it has begp shown the PR mode is very sensifive to the geomggnetic
field and it is_expected that distortion of the magﬁetic'field from the |
dipole configuration will sﬁow inrfhe PR mode of propagat?én. Field

- lines in the vicinity of thellongitgde of Rosman ( fngjow) ?er§ plotted_
ﬁging_the Cain et al._leGS]HQQfoicientSIanq it has beenlfoqnd‘that the ;

-';1 dipole'1in§s.are a good épprpximgﬁion_for this 1oqgitude:. Howeve? thg._
. jsgme is not true in tﬁé case of iongitudes near Johannegburg;( ~»40?E),
Thefefore rays were tfaged in a magngtqsphgre where thQ‘QQQmﬁngtig field
is represented by a harmonic expaﬁsion [Cain et al., 1968]. It was found

'  that'the latitude at which a given Doppléf‘éh{ft should ﬁé”bbserﬁed is
"éb;ﬁﬁnlloi 19Werjfbr the dipoie representstion, near the longitude of

:"Jéhﬁhnesbﬁrg ( ~ 41°E). Since the characteéristics df'éignéls“prbpaghting_'
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in the PR mode change very rapidly With latitude a discrepancy of 10
is . too large. This result confirms the prediction given in Chapten:4,

Section E.

D. RAY-TRACING TECHNIQUE

"Ray tracing was the essential tool used to understand the behavior
of the rays that producéd the PR modg.of propagation. An equation that
‘governs the variation of the angle betweén the wave normalraﬁd the géo—"
magnetic field_was used in order to explain the behaviér of the rays
that produced the PR mode. It has been found that the geomagnetic field
has a preponderant role in the general behavior of fhe Qaves in.tﬁe PR
mode . Théreféié it Es éxﬁected fbr tﬁe sémé;ionizatiéﬁ-diétriﬁﬁtion{
however for longitudes where the geomagnetic field differs from the
dipole the waves will show a different behavior than those in a dipole
field. This hés been tested through a ray—tracing pr&gram whére.a more
realistié.modél for.the geomagnetic field is used. The geomagnetic field
is de?eloped in harmonics with coefficients given by Cain.et al. [19681.

The distribution of ionization given by a diffusive equilibrium
modél appears. to be repreéentative of the distribution presented in thé
magnetbsphere.. The uSé of VLF waves in the magnetosphere, with the ray
tracing feéhniqﬁe Wili certainly bring insight into the'modeiiﬁg ofltﬁe
magﬁetésphere;‘
Oné questionable pfoblem is that reiated to the upper cutoff

..-presehted-by_the_ﬁT whistlers; Here if ié proposed that fﬂis.uﬁﬁef
'cutpff is caysed ﬁy horizontal gradients Qccurring at 1atitudes:above

~,45§.: The MR whistlers [Smith and Angerami, 1968} show a similar
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“ upper cutoff and Thorne [1968] proposed Landau damping as a mechanism
to erplain thle upper cutoff. Although these uavesrpresent favorable
eonditions for Landeu‘dampiné it is neeeesary to study further the |

'propagation effects on these wares.

Influenee of longitudinal gradients in the ionization was left out
in this study.i These gradients will certainl& be importanr during the

sunrise and sunset where large horizontal gradients are expected.

E; | ﬁECOMMENDATIONS FOE FURTHERVWORK

Toward higher 1atitudes a-descending tone whose lower cutoff
generally merges with the upper cutoff of the WT whistlers is seen on
occasion. ThlS whistler. has been 1nterpreted as.a consegquence of the
presence of large horizontal gradients and it is a.kind.of change from
the PR mode to the PL mode of propegation. |

Another'problem to be explored is the one related to the upper.
cutoff. Apparently this upper cutoff is produced by the presence of
horizontal éradients at higher latitudes which will cause the rays to
change their mode of propagation. However a detailed study of this
phenomena is ﬁecessery. In the case where.rhis possibility 1is rule@
ouﬁ, the Landau damping will be the other possible mechanism. If the
upperﬂcutoif‘ie_produced_py this last mecuanism, measurements of eﬁerf.:"
getic p;rricies'in the-magnetosphere wiil be possible.using the‘PR mode
-of'propagationr

Qn;several occasions, particularly during November 1967, artificially
stimulefed emis;ions (ASE) éssociated Wifh Omeée.eignals were observed“on
0GO 4 Some ofrthe ASE's appear to be trlggered by ducted 51gnals, in

A

this respect they are similar to those observed on the ground (see

Carpenter et al. [1969]); whereas some appear to be related to nonducted
- 94 -




signals. The latter signals were observed both in the hemisphere con-. |

'jugafe_te the traesmitter and -in the same hemisphere (in fhis caee
_fseverel echees were elso preeeni). Study of the ASE s 1s p0551b1e,
u51ng ray tra01ngs to locate p0551b1e regions of generatlon and corre—.:
spondlng wave normal dlrectlons.

The ray tracgng has been showﬁ,to be a promieing tool to determinei
the electron densify'distribution in the magnequphere in cbnjuﬂcfieﬁ
with VLF data. Aﬁ_ihteresting problem not yet studied is”that:in

connection with‘lohgitudinel gradients in the electron deneify.;.These

‘gradients-certaihly will be important near the dawn—dusk.meridiah. Thls

is another problem where the use of a ray-tracing program is necessary

to obtain a quantitative answer.
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"APPENDIX A.

" A listing of the two-dimensional ray tracing is given in Tabie 3.

The leftmost number on each line is the sequential number of the state- Con

ments. The number that appears at the right side of some statements

corresponds to the sequential number of the corresponding equaticn in the

text. For instance, Eq. (48) generated statement #350.
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-

| ¥4
13

14

15
16
17
18
19
2a
21
22
23

24

25

27

28

QDD O DWW N

Table 3. LISTING OF THE RAY TRACING PROGRAM.

-

$WATFCR . RUN=NOCHECK»T IME=1+KP=29

C#tt**#t##t**#***t****t####*##**#****#*#**#***#***######***t#***##***#*c

C - MAIN PROGRAM, c
c###*#######*###*##*###*##*#**#t#*#***####*#####*##***#****tt*##tt*t#ttc
DIMENSION XC(1C) .

COMMON . RO:MASS-RAECRﬁiCRARAD:NUH-FKC;HODE.FIRST-!M
COMMON /MAINF/ PSILCPTICN L
REAL MASSsLAT
LGGICAL FIRST,SKIF,0FTION ~
RO=6372.C .
MASS=18346.0
RADGRA=5T7.29578
: " GRARAD=1.745329E—~02
4 READ (SolsEND—SOO) FKC+MODESsOPTION, .
HEIGHT s LATsDELTA,PSI, -
SKIPs ABSBsRELBs KOUNT+NsHM

=

1 FORMAT (E6.1512,15/
F8.,1,F8:2,F8.2,f8.,2/
LE+EHI+EO22sI3212:F6.2)
WRITE (€,5) FKC,DELTAyMODE,
SKIP,ABSB,RELB
5 FGRMAT({"'1"', FREQUENCY=*,E9.2+ 'KHZ . DELTA='"4+F T2y
xe MGDE '.IZ,II . oo
Xt SKIP="1,L5," ABSB=*4E8.1, "' RELB=%sEB.1+s//}
: FIRST=.TRUE. .
XG{1)=HEIGHT+RO
X0{2¥={90.00-LAT )*GRARAD
IF € .NCT.CPTION) PSI=PSI*GRARAD
XO{2)=DELTA*GRARAD
X3 (4)=0.0
DELTA=DELTA*GRARAD
TINIT=C.0
H=HM/SERT{FKC)
WRITE (4,31 HsKOUNT
3 FORMAT {*: t,? H=tsFb.1s" KOUNT=*s13+/)
CALL ADANMS IN.TIhIT,B KGUAT:ABSB.RELB,SKIP,XO)
GC TO 4 :

> e

b4

500 RETURN

C###*#####*#*##**#*###t####*##t#*###**##*#**#*###*t**##**t**##ttti*t***d

C ERD OF MAIN PROGRAM. C
Cotrdokdkod$ 3 b deok doole oo oo st ook o ol e ok o ook o ok e ek o deste koo ek et ot kbl st ekt gk ek koo

END
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29

30

‘31
32
33
34
35

6L .
62"
63
64

65
66
671
68
69
70

T

12
73
T4

15
76 -
77

SUBRQUTINE ACAMS (NsTINIT,H,KDUNT,ABS 8,RELB:SKIPs X0}
C ALAMS PREDILTOR-CORRECTOR SUBROUTINE.

C###**‘##ét###*1##**#*##**###$*******###*#***#*##*##*****t***t**#******c

DIMENSION XCUL1C) XPUE€:s5) aF(Bs5)4AK(845),E(8)
CCMMON RO MASS-R#ECRA-CRARAD.NUHoFKCvMDDE-FIRS?-IH
COMMON JESCA/ PLE, 5]
REAM MASS
LCGICAL FIRST,SKIP

70 IF {NOT.FIRST) H=H#0.25"

'“C#****‘t#*t*#####1##**###i*#***##t#*tt***#*#***************#*****#**#*#C

C SET UP INITIAL VALUES.

Cledt ok 4% ok W40 b & KRR A t###*#*****m*nn **t*#**#*##*#**###***#*** P

DC 90 I=1.N
P{I,1)=XO(I}
90 COMTINUE
KTEMP=0
T=TINIT
IF (.NOT.FIRST) GO TC 140
C**#*##*#***#**###*#**####***#****i*t###***********###**#**##*****t*#tc

c xkx WRITE THE HEADING ¥%% ' : C

Ci*l#*#######***##*#*#*#*1##********#*#*###**********#***#**###****t#*c

CALL FUNCT(T,P:F,1+E1%400%
J=1
CALL ESCUJ+51400}
140 IF (.NOT.SKIP) GO TO 18C
1A=2 .
18=4
60.TO 300",
180 RELTES =14.2*%RELP
ABSTES =14.2%ABSE -
FACTOR=RELB/ABSB
LB=RELTES /400.0
H=2.,0%H
60 YO 270
24¢ T=1%
H=0.5%H
G& TO 300
270 14=2
18=2
TS=T
C***######***##*#*#*##*#*##*#*****#t#*********##**#****t****#********t#c
c RUNGE=KUTTA STARTING METHOD.
C*#*##*#i#t*******#**####*###*##*###******##**####**#******##*****#**#*C
300 DO 510 J=IA,IB
CALL FUNCTUT,PyF ,J-1,670)
DC 358 I=L,N
AK(T41)=H*F(I,4-1)
PULsJ)=P{14J~1)+0,.5%2K{1+1])
350 CONTINUE
TYEMP=T+0.5%H
CALL FUNCTITTEMP 4P +F,J5870)
L0 410 I=1,N :
AK{Is2)=HAF(1.J)
PUIdi=P(1yd=1)+0.52AK{1,42)
41C COMNTINUE
'CALL FUNCT(TTEMP+P+FE+ds£ET0)
DO 450 I=1,K
AK(T,3)=H*F{1sJ)
Pl )=P{IsJ-12+AK(153Y ’
450 CONTINUE B




186
79
80
81
82

a3

84
85
€6
87

ag
89
90
91
92

94
95
96

57
98

10¢

10t
1¢2
103
104
105
106
1¢7
108
109
11¢
111
112
113
114
115

116

i1y
118
il9
120

121
122

T=T+H

CALL FUNCT!T:P:F-JvETO,

C8 510 I=1.N

AK{T s 4¥=H*F{1,J)

PlIsd)=PUlL o -1 4C166666TH(AK(I,1)42, G*AK(IsZ,

. 142.0%AK( 1+ 3)+AK( 124))

510 CCNTINUE : ’ ’
C#***#*#*#****************************************#********************c
C- ° END RUNGE-KUTTA METECD.
C******************#***ﬂ*#*f*’*****#*****i*****************************c

IF {IB~2) €40,53C,64C
530 CO 550 I=1,N
XPLI,5)=P(1,2)

550 CONTINUE
Codd e AR AR R A E TR A R o A R R KR BOR AR AN A J R A e ek

[ XP{I) ARE THE VALUES OF DOUSBLE INTERVAL T0 BE
C LSED IN ERRCR ANALYSIS.
C**##4#t####**###*#*###*#*#*#t#**###***#***##**##*##*#**##*#*#*##***#**C
T=T—H :
H=C..5%H

WRITE (6,581} H
‘581 FORMAT(* 1IN THE FOLLOWING CALCULATION H='.El5.8./)
© " IF {ABS(H).GT.1.0E-07]) GG TO 620
] HRITE {6,46C1)
601 FCRMAT (' *,' 3% EQUATIONS CAN NOT BE SCLVED FURTHER NITHIN'

X ... _. Y GINEN ERRGR BOUND *¥%x *,/}
~ RETURN )
620 1B=3
0 TD 300
640 IF {IB-3) 81C.65C-810
650 J=3
KKK=0
C*##*####*#*####t*#*####*#4###*#***####**##*t###*t#***tt#tt##t***t*#*ttc
L [S ACCURACY CRITERION MET?

C#***$#$##**##¥####**#***##***#*#***#**#****#*#*#******#t***#*#****#**tc
660 DC 760 I=3.4
IF (KKK} 867C,670,720
670 EL1)=ABS{XP(I,5)—P{1,4)}
IF (E(I3—ABSIPUI.J)Y*RELTES ) 681,690,690
681 E(IV=E(I)}/ABS (P(I,J})
G0 TO 760
690 IF (E{{)-ABSTES ) 691,7C0,700
651 E{1}=E(I1)*FACTOR
6C TO 760
700 1=T-H
IF (J—S}SBCsTZC;EBO
720 DO 740 11I=1,N
: PUIIIs1)=PLIII,4)
740 CONTINUE
gL TO 270
760 CONTINUE
IF {J-5} 780s+108C+780
780 IA=4
1B=4
€0 10 300
C#*##*##t***##*#******###***i#*#*#******#****#***####****#***##***##***C
< SHCULG ANY 6F THE STARTING VALUES BE PRINTED QUT?
C Sesdesfesde ol e e e e oo o b o o 0 o ok B e o e e o e B de ook i e ol Rk k dok e ok kR R AR
810 T=T-3.0%H
00 921 J=2.3
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123
124

125

" 126

127
128
129
130
131
132
133
134
135

136
137
138
139
140
141
142
143
144
145

146

BTY N

148
149
150

151
152

153
154
155
156
157
158
159
160
161
142

1£3
184
165
166

et

T=T+H
KTEMP=KTEMP+]
GO TO 910
87C CALL ESC(J.&61400)
90C KTENMP=0 .
DG 901 1J=14N : ’ o . -
KCIIJI=P{IJ+2} R _ e ’ :
9C1 CONTINUE
TINIT=T . : - :
910 IF (KTEMP—KCUNT) S21.87(« 879 - . o 2
921 CCNTINUE - - o : '
T=T+H
930" CALL FUNCT{T P 3Fr4361310)

C*#****t##t**#1**4######**#**##*#*#*##****#**#**#*###tt##*t*#*#*t****ttc
"€ - BEGIN ACANS METHCD. -

€ TEST WHETHER COMFUTECD VALUES SHOULD BE PRINTED DUT.
C##*i*#t###*#*#**#*###t###*#****#**#*#*#**##**t*****#*##**##**#*#*t#*ttc
KTEMP=KTEMP+1
GG TAa 12CC
160 d=4 -~ - =
CALL ESCUJ«51400)-
1190 KTEMP=0
’ TG L1201 Id=1N
XC(IN=PI1d,sJ)
1201 CONTINUE
TINIT=T
1200 IF (KTEMP-KCUNT) 94041160,1160
C##*#*######**#*#t**#####3*###*###****#***&######**$*#*#$*t#****#*###*#€

c XF IS PREGICTOR VALUE. _
C#&***#%##*##*#*#t*t#####*###*#********##*#***#**#*******#**#***#*tt*#tc
940 [0 960 I=1,.N
T OXP{I,5)=P{1,4)40. 04166&666&7*H*(55 0*Fi[:4}—
159.0%F{1,3)437.CHF{1,2)-9.0%F(1,1))
S60 CCATINUE
T=T+H . _
CALL FUNCTI(T,XP sF45,67C) : -
C####*###*##**##*#######t###*##**##***###***#t##*#**#*#****#***##****t*c

ST P IS THE CORRECTCR VALUE. -

(LRSS ERS L R T L] 11#####*##*#*#######t###**#***#**#**#*###*#***t**{;
" 0O 1010 I=1,N
PUT+5)=Pl1,4)+0. 0416666667*H*(9 0*Fi1,5)+19 0*F([.4)
‘ 1-5.0*F{T1.3)4#F{1+2))
1016 CCATINUE
IF {SKIP} GO TO 1C80
1030 J=5
GG TO é€cC
1080 CO 1120 I=1.N
PEL1,41=PI1,5)
EQ 1120 J=245
FUIod-1)=F{l+d}
1120 COKTINUE
If {SKIP} GO TO $30
T T I I TSI EIT LR EE RS S L LS S lM:#$##*#*###*#*##**##t*#**##t*##***##*****c .
€ TEST WHETRER THE INTERVAL CAN BE -DOUBLED.
Carn bt dhtddddd#hddd bt b b ok ook e dedrdedos i ook A e e ook de e dr et et e ek ek [
1220 DO 1240 [=3,4 ‘ ' )
IF (E(I)-CB) 124041240,520
1240 COATIAUE
D0 1270 I=1,N
PLI1=P{I.4)
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168
169

170
171
172
173
174
115
i76
177
178
119
180

isl

1270 TONTINUE
H=4.0%H
WRITE (6,1291) H
1291 FORMAT(' DOUBLE H *,E15.84/)
. €0 To 2710
1310 WRITE {6,1311) ' _ o
1311 FORMAT (% 751 *%% SUSPICIOUS RETRY ¥¥%v,/7)
KKK=1 .
GG TD 660
1330 T=T~H
KKK=1
GO TO 660

1400 RETURN ) .
C#*#**#***#***#*#t****Ql*####%***#*##****tt***#*#**#***##**t#*#****t*##c

C END OF THE ALAMS SUBROUTINE.

C***#*#i#**#**##*t###4*‘##*#*##*##**###*#t**#*&***#***##**t****t#*##t*tc

END
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182

183

184
iss
186

187
188
189
190
191
192

193
194,
165

196

197

198
199
200

201
202
203
204
205

.206
207
2¢8
209
210
211
212
213
214
215
216
217
214
219
229
221
222
223
224
225
226
221
228

229 -
- 230

23t

233
235

235

SUBROUTINE FUNCT (T 4P,LZDTsds¥*)

CRABRLRA AR ERGREAE Sk F B dpdd ok pddhrrrdhhkrdiF Fx ksRnk **#******#***t**#t**c

X
X

X
X

160

DINENSICN 2(8) 4P (845)DIDT(8,5),Y0(2),Y{4),ALPHAD(4}ALPHALS),

DLNBR(ﬁI,0LNDT(4).DLNDP(4}.ND(4):X(%l.D&BZ(S),DBTDZ(3':'

LBPDZ{3)+DGDZE3).EBEDZ {3} »DMUDZL6) . .
CCMMON ROy MASS,RﬂBCR#:GRARADiNUMvFKC MDDE{FIRST:IM
COMMCN /MAINF/ PSI+GPTION
CCMMCN FESCF/ WALPHA(S)}.WBETA(S)WGAMA(S), NPSi(SI:HPS!RE(Sl'

. DBRDZAL3)

HALFA(ﬁI;hFOE(SlsNMUlSlcHAL{5):HAP(5l:HAR(5)v

' NMODE(S51sKGF(5)

tCGICAL FIRST,0PTICN
NO MASS,NEC,Hb,MLZ:HUI.HUIZ,MUIB:HUI4:HUG

DO 100 iI=Is4
ZEI)=PLILJ)
CONTINUE

 £O0SIZ=COS(Z(2)), . . -
FINZ2=SINC(Z(2))

201

 SINZ22=SINZ2#SINZ2
€0S222=COSZ2%CCSLZ
IF (.NOT.FIRST) GC TO 200
READ {5,201) GFO
FORMAT (F7.2)
WRITE (65202) GFC

202 FCRMAT (' ', * ##% TRE EARTHS MAGNETIC FIELD IS REPRESENTED BY A',
' CEKTERED CIPOLE WITH A GFO=*3F7.2y"' KHI *%¥%, [}

X

200 R=1(1)

AA=1 .0/ (1 J0+3.03%C05222)
58=SQRT{AA)

GF=GFO* (RO/R1%%3/B8B .
YC{1)=2.0*C0SZ2%BB
_Y0{2)=SINZ2#BB
CBOZ{L}=—3.0/R

CBDZ{2}=-3,C*SINZI2*COSI2*AA

Y(1)==GF/FKC
¥Y(2)=—¥1{11/MASS
¥(3)=0.25%Y(2)
Y{4)=0.25%Y{3)

CALL DENS (RyCOLATsNC,ALPHA,DLNDR,DLNDT}

FOE=SQRT(80.7#ND{1))

X{1)={FCE/FKL ) ¥*2

CONS=X({1) /MASS

K(2)=CONS*ALPHA{ 2}

X{3)=0.25%CCNS*ALPHA (3}

X(41=0,0625%CONS*ALPHA( 4)
IF {.NOT.FIRST) €0 TO 61

YY=Y{3)
IF [IM.EQe3) YY=Y(4)}
IF {JNOT.CPTIONY GO TO 6

61 DELTA=P{3,4)

CDELTA=COS{DELTA)
SOELTA=SIN{DELTAL
SPSI=SDELTA*YO{1}-COELTA*Y(O{2)
CPSI=CDELTA*YQ{1)+SBELTA®YO(2]
PSI=ATANZ(SPSELCPST)

€0 10 7 -

LPSI=COS(PSI)

SPSI=SIN{PSI}

COELTASYOIL }#CPSI-YO(2}%+5P51
SDELTA=YO(2]*CPSI+YCL1)*5PSI-
P{3+J)=ATAN2({SDELTA.CDELTA}
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084
a85
084G
a8k
041
041
04}
041

040

039

039
039
039

08z
083



236 0

237

238

239

240
-241:

242
243

244

245
246
247
248
245

250

251
252
253
254
255
256
. 257
258
- 259
260

. 261

262
263
264

- 265
266

267
268
269
270

271,

272
273

T 214 .

215
. 216
- 2T
278
279
280

281
292

2e3
284

285
266

- 287

288

289
290
291 . .

292

293

a

10

11
1001

iF

IF

12
21
14

13

20

1602

22
17
13

30
310

If
iF

IF
IF

iF

CIF
IF
IF

IF

. CPSI2=CPSIACPSI

SPSI2=5PSIaSPSI
AR=1.0
AL=1.0
AP=1.0

T D0 8 I=1.NUM

AR—AR—xtl)/tl.c+Y({):-
AL=AL-X(1)/ (1. O—Ylljl
AP=AP—-XI(1)
'CONTINUE
AS=0, 5*(ARfAL)
AD=0, 5% (AR—AL}
ARL=ARZAL
APS=APXAS
APL=AP#AL
APR=APHAR
A= AS#SP‘IZ+AP*CPSIZ .
B=ARL#S5PSI2+APS#{1.04+CPSI2)
C=AP*ARL
AC=A%C
IF (AC) 9.9410
© F2=B*B-4.0%AC
NMODE( J =1
GO0 TC 1t : ' ‘
FZ_({ARL—APS)*SPSIZ)**2+4 O*IAP*ADJ**Z*CPSIz
KMODE( 4)=2
GO TG {1001,10021,MCDE
{AL.GT.0.0) GU TO 12
{1.0.GTYY.ANDL1,0.LT.Y(2}} GO TO 13

TGO TD 34

{1.0.L7.¥Y) GC TO 20
1A.GT.0.0) GO TO 31
- MUZ=(B-SGRT(F2))/{2.0%A}
GO TG 30

{A.6T.0.0) GO TO 31

(B.GT.0.C) GO TQ 18
GO TO 14

{A.LT.C.C.OR.B.LT7.0.00 GO TO 17
MU2=(B+3QRT(F2)}/(2.0%A)

G TC 30
FIZ=—0,5%GF+SQRTIGF*#2+0., ZS*FOE**Zl

(FKC.GTL.FZ) CC TO 22

{AL.GT.0.0} GC TQ 20

(1.0.6T,Y(2) LANBR.GT. 0 a} GO TU 13

GO TC 34
{AP.GT.0.0} GC TO 34
GO 70 21
MU2=({2. G*C)/(B—SQRT(ini
GG T4 30

MI2=(2.C%C) J{B+SQRTLF2))
IF {MU2) 31,32,32
WRITE {€,20C0)

2000 FURMAT {* st x%% THIS FREQUENCY DOES NOT. PROPAGATE IN TH[S HDDE'

K‘

' ***'1113
. GO TD Ian]-MﬂDE

1 GFP= Y(Z)*FKC

WRITE té.zoc1) GFP,GF (FOE

2001 FORMAT(® *41  GFP=1,E9.24°KHZ GF=14E9.2,% KHL  FOE=',€9.2,

x

"RETLRN 1

* KHZ*,/)
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294
295
285

297
298
299
300
“ 301
1302

303

304

~-30%
- 30&
|3Qv
308
309

310

3i1

- .7 332
- 313

31%
315

316

37
318
31%
329
321
322
323
324
325
325
327
328
.329
330
331
332
333
334
335
335
337
338
339
340
341
342
343
Boh
345

=L e
BT

348
3%9

350 .o

2
2002 FCRMAT

X
RETURN

FC2=CF# (€ .L625FALPHA(2) +ALPHAL 4} 1/ MASS
WRITE (&,2002) GF.FC2,FOE

(v *,? CF='4E9.24* KHI ;FC%='g£9121f1KHZ

t KHIY,/)
i

31 IF {FIRST) CO TG 310
HRITE (€,33}

1

3% 1 (FIRST} €0 TO 310

33 FORMAT
RETURN
35 FORMAT
X
RETURN
a2
iF
1€
IF
43
If
37
G0
38
iF
%0 .
50
%1
39

KRITE {&+35}

FOE="3E9.24

{1 7.0 %% PSH OUTSIDE-RESGNAN@E:ﬁbﬂE,***'113

(v 1,0 k% [T IS RECESSARY 10 DIVIDE THE INTERVAL OF INTE’

CGRATION #£1,7)

1
MU=SQRT (MU2}

{1.0C.LT.Y{2) .AND.MODE.EQ.2} GG TO 37

[MODE.EQ.1.GR.MCDE.EQ.2) GO TO 43

{FKC LT .FOELORFKC.LT.GF) GO TO 37
ARG=—AP7AS : o

{ARG) 3753843€ .

PSIRES=1. 57(?963*51GN!1-0.PS!3

10 39
PSIRES=ATAN{SQR T{ARGH)
APSI=ABSIPS L)

SKPS1=PLI/APS]

{APSI~1.57C7$631 40.4L.41
. PSIRES=SNPSI*#PSIRES . - .

70 39 : -
PSIRES=SNPSI*(3, 1415952—951RE$1. .
HMUL=MU o

MU12=MULERUL

MUL3=MU14MY12

MUL4=MU124+MUL2

DENCM1=1.0/{MU12%SPST) T

DENCMZ=1.0/ (4 «OXMIL3%A-2 ,0FMY1%8]

$2P51=2.C*SPSI*CPS :

CADPS [=52PS1% {AS-AP} . ;{'Bbé
DBOPSI=§2PSI* (ARL—APS) - 063
DCOPSI=0.0 L pHe
DMUDPS= (FUlZ*DBDPSI-MUl#*DADPSIJ*DEﬂﬂﬂz _ 063
PEOZ111=0.0 ‘ ' . 060
DFSDI1=C - 058
OPSTI2=—-2 « GFAA . 058
OMUDZ{13=C.C :
TMULZ {2 3=DMGDPSEDPSDZ2
CARDF=0.0C. -
TALOF=0AC
TAPDF=0 .0
DMLXI1=C.0
LHMLYZ1=0 3
DML AZ2=T 40
DMLYZ 2=C .0
pC 53 [=1.NUM
DARDX=-1.0/11.04¥{13) 049
CBALTX=—1.0#41.0-7{ 1)) 050 -
DAPDX=—1.0 031
DADX=0. 5*1BAR@X*DALEXS*SPSIZ*Bﬂ?EX*EPSEE D6
: ﬂﬁﬂx—{lR*DﬁLDX*ﬁL*BARﬁX!*SPSiQ*{ﬂuS#mP*IDARBX+BALDX3
= +ATHCAPDAIF{1 .0+CPSTZ) : DT
;- DCDX= APR*BALDK*APL*BARDX*%R{*DA?DX %8
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351

352
353
354

355

356

357
358
359
360
361
362
363
364
365
366
367
368
369
370
LN EN
2
373
374
375

376
377
318

379
380
381
382

383
284
385
386
87
348
389
39¢
391
3¢2
353
394
355

396

DRUG X={—DADX*MUL4+DBOX#MUL2-DCDX ) *DENOM2

BARCY=X(T1)/{1.0+Y(I))%%2
CALCY==X{I13/{E.0-Y{ L} )&%2
DAPDY=C. 0 .
CADY=0.5% {DARDY+DALDY}*5PS]2

044
055
056

‘057

DBEY=(ﬂR*DALDY+AL*DARDY)*SPSIZfO.S*AP*(DARDY+DALDY|*

(1.G+CPSI2)
DCLY= APL %L ARDY+APR¥DALDY

CMUDY={-bUL4*DADY+MUL2*LBDY~DCDY ) %DENOM2

DXCZ1=DLNDRIT)I#*X{1}
OXBIZ=sDLRDTLI =X}

-DYGZ1=CBOZ{L1)*Y{I)

DYCZ2=CBRZ{2)=Y( 1}
DMLXZ1=DNUXZ1+DMUDX*DXD 21
DMUXZ2=DMLXZ2+DMUDX%DXDZ2
CMUYZ 1=DMUYZ1+DMUDY*DYDZ L
DMLY Z2=0MLYZ2+BMUDY®DYDZ2
CARDF=(2.C+Y{1})*DARDY+DARDF
CALOF=(Y(I1}-2.0)*%DALDY+DALDF
DAPDF=DAPDF+X{I)

53 CONTINUE :
CAPDF=2 .0%0APDF
DHLDZ1=EMUDZI 1)+DMUXZ1+DNUYZ1
ONMUCZ2=CPUDZ(2)+DMUXZ Z+DMUYZ 2
DADF=0, 54+ { CARDF+DALDF } %5PS] 2+ CAPDF*CPS 12
CBCF={AL#DARDF+AR*DALDF ) #SPSI24( 0. 5%{ AR+AL) *DAPDF
+APR0.5F {DARDFDALDF}I#{1.0+CP512)

DCOF=ARLRCAPOF+APL¥DARDF+APR*DALDF

DPUDF={ -MUT4*LADF+MU 1 2%DBDF-DCOF } %0E NOM2
TALPHA=-CMUCPS/MUL

7C*##**#####***#**######*#####*#******###******#**

c DIFFERENT IAL -EGUATIONS.

C***##*i‘*###*####*###1###i**#****#**##***#*###*******

CZET{1leJ)=(CDOELTA-SDELTATALPHA ) /MU1L
DIDTL2,Jy={CDELTA*TALPHA+SDELTA}/{MUT*R)

EZETlB,J)=((CDELIA*DHUDZZ/R—SDELTA*DMUDZi)/MUl—SDEL

CI0T(4+J}=(1.0+DMUDF/MUL }/3.0EQS

C#*#*#*##***#**#*4$**#*##*##*#**#*###*****t*##**##*#****#

WALPHAL J 1=ALPHA(2)
WBETAL J )=ALPHA(3}
WGAMAL J )=ALPHA (4)
WPSIRE{ & )=PSIRES
KALFA{ J J=TALPHA

WFCE{ J )=FCE
WGF{ J )=GF
WML J)=MU
WALL J )=AL
wAP{ J )=AP
WAR(L J )=AR
WPST{J)=FSI
RETURN

C#*#*####*###*####***ﬁ###*#*#i*#****t#*##**##*****#******

ENC
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052

053

054

- 045

092
093

094
043
043
o]:1:)

089

090

¥ degode dede oo ok ek # ok

TA/R} /MUL

A At e g e e e ke

AR R

08T

C
Feddoddof ok ok Rkl

024
025
026
027



397 SUBROUTINE CENS {(R,CGLATyNDsALPHA,;DLNDR, BLNDTY
. Edded g R R ERE TR AT TP E oy o o o ot ol o o e et o ok ol e e e e ool e ek ok e ke e el ol e ook A T

398 DIKENSION ALPHACE4) fALPHA(L) »DLNDR(4) ,DLNDT (4} ,NDT4]
. X «EXNOR (4 Yo SH{4T»QI{ 4T .
_ 399 COMMTN RG,MASS.RAECRA:GRARAD;NUMyFKC;HGDE,F[RST.IH
. 400 REAL NDsNRJSNEOsMASS -
401 LECICAL FIRST
402 .. . IF («NOF.FIRET) GO 10 3 _
403 WRITE 16590}
4C4 90 FORMAT (* *,7 %*## THE ELECTRON AND ION BENSITY MODEL 15, ' "
x * THE DIFFUSIVE EQUILIBRIUM ONE *%%7,/)
495 TREAES {5100} KBASEWNECs (ALPHAO (L} +1=2+4},THERM, NUM,IM
406 10C FORMAT (F7.24E6.1,3F5.2,F6.1412412})
407 WRITE (6,200) HBASE NEQs CALPHAO( LY. [=244)+ THERM
408 200 FORMAT (* *,°* CENSETY AND % AT *,F6.1,°KM*,//,
X! NEQ=%,FT,0y" H¥=0,F 0. 2," HE+=14F6,2,1 O8=%4F6.2,
) R TEMP="2FTa1e//)
409 DG 300 I=2,4
410 ALPHAC({I)=0.CI#ALPHAC(L)
_ 411 300 COGRTINUE :
412 RBASE=HEASE+RQ
413 €0=9.804(RO/RBASE) #22 ‘ :
414 SH(Z)=8.2542* THERM/ GO 069
415 SH(3}=C.25%3H{2) g69
416 SHI4)1=0.25%SH{ 2} 069
417 3 VZIS=RBASE/R
418 GPH=RBASE*{L.C-VZIS) - 068
419 EXNGR{2)=EXF{-GPL/SH(2}) .
420 EXNOR(31=EXKOR(2}*%4
421 EXNOR{4)=EXNOR(I) %4
422 . .. g=0.0 . .
T 433 SUMI=0.0
424 . DO 1 I=Z.NuM
4298 CI{IVI=2LPHAQL{ I ) *EXNOR( L)
426 . . C=g+Q1{}) 072
427 . SUMT= SUMI+QI(I}/SH(II *
438 1 CORTIRUE
429 NR=SQRT(QY . :
430 ' VIS2=VZS%V1S . 076 R
© 431 NDL{1¥=REC*NR . oT0 _
432 ' CLANDR{1)=~SUMI#vZS2/{2.0%Q) : 073
433 DLADTLL)=0.C o7y
434 . DO 2 1=Z,NUuM
415 ALPHALIY=QI(I)/Q
436 ND{I)=NDU{L}#ALFHALL) o071
437 CLNDR{T)=~DLNDRI[1}~-VZS2/SH{1) 074
438 DLNDT(I}=0.C 078
439 2 CONTINUE _ :
440 RETURN

CHAkfA k% #####*####*#*# FARRAFFH R AR TR RAR R R AR EEE R AR L AR RO CERRC
441 ENC
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442

443
444
445
446

447
448
449
450
451
452
453
454

455

456
457

458

459
460
461
462
463
464

465

466

T 467

- 468

469

4790
471
412
473
414

475

476
477
478
479

480

481
© 482
483
484
485
486
487
- 488

SUBROYUTINE ESC{J,#)

CHAFPFRIIZRBLARIIARRR IR B IH T HR B ELA R CEFERRRARFHHE e ] S e o

CIMENSIGN TGEND(S} Lo .
COMMON. RO, MASS ;RABGRA,GRARAD, NUMsFKC 5 MODE, FIRST . IM
COMMCN /ESCA/ PL245) ‘ T .
CCMMON JESCF/ WALPHA{S ), WBETAL5) JWGAMALS) ,HPSI(51, WPSIRELS),
X . HALFAlEL,hFOEisi,wMUJSJ,HAL{SJ.wAatsl.wAR(ss.
S : - NMCCE{5) sHGF(5). e : o P
REAL MASS,INV :
LOGICAL FIRST.STOP
TG=ABSIP(4,4))
L1=P{1;J)-RC
«22=290.00-P{ 2+ J) 2 RADGRA
DELTA=P{3,J)*RACGRA
ELE=P(1sJ)/{RCHSIN(P(2,4) )%%D)
PSIG=WPSI{JY*RAGCRA
ALFAG= PSIGH+ATAN{WALFA{J) )*RADGRA
PSIRG=WPSIRE{ JI*RADGRA
WD=24 0#HAR (J)EWAL LI/ (WAL J) ¢WAR(J D) :
I¥ lTG.GT.TGEND(E).DR.(Zl.LT.TGEND(l}.AND.PIZ:J).GT.TGEND(Z)]]
X STOP=.TRUE.
IF {.NOT.FIRST) GC€ TC {201,202),NOUT
FIRST=.FALSE.
STCP=,FALSE.
READ (5,2) NOUT,TGEND
3 FCRMAT (12.5F6.2)
TCENDL2)=TGEND(2) %GR ARAD
IF [NOUT.EQ.O) NOUT=MODE
... 60.T0 {101.,102).NCUT .
101 WRITE {6,111}

111 FORMAT (° 16 AT COLAT ELE GFP FCO FC2 ¢,
1t My, ' BETA DELTAY®,
21 PsI PSIR FHE /7)) -

201 WA=WGF{J)/MASS

C*##*##**#*####****##***##*####*****##*t##***##*#**####********#*##t#t*c

*%2FCO ANB FC2 ARE CALCULATED SUPPOSING ONLY He AND O+dkk

C#*#***##*##**#*##*#############tt#*#**t#****#*#*##****#*******t#***#*tc

WE=WOF(J)* {INALPHALJ)*0.0625+WGAMAL J) ) /MASS
HC=WGF(J3*SQRT(HGAMAJJJ+HALPHA(J’*0.0625**2)IMASS
WE=WALPHALJ}*100.0

WF=WAR{J)
WRITE (651213 Pl4sJ3+21.22, ELEsWASWB HC s WMUL ),
X . ALFAG,DELTA, PSIG, PSIRGHWE
121 FOFMAT(FB.4,F9.14F7.2, F5.24F8.3+F8.3,F9.3, FB8.1.4F8.2
1:F7.21 :
IF(STOP) GO TO 3cCO
RETURN
102 WRITE 16,112)
112 FORMAT (1 TG ALT LAT INV ELE GF FLHR ty
XTFOE My e, ' BETA ‘DELTA v,
Xt ps1 PSIR IH+1 .7 /)

202 WA=HGE(J) _ :
SUMQ= [WALPHA{J) +WBETA(J 120,25+ WGAMA (S} %0. 0625} /MASS
WB=SQRT{SUMQ/ (1. C/WFCEQJ) #%24 L, 0/NGF{J)%%2) )
WC=WFOE(J) '

WE=HAR (4]

COSINV=SQRT{1.0/ELE)
SININV=SQRT(1.0—-CGS INV#COSINV}
INV=ATAN(SININV/CGSINVI®RADGRA
WESWALPHATJ}*10C.CC
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489 "7

49¢C
491

49Z

493

494

. 495
496

497 -

498

WRITE {6s122) TGy Z1522 s INVSELE;HA, WB WCa RMU €3} s ALFAGy DELTA,
X T PSIGPSIRGIHE _ T
122 FORMAT CF8 4 F9s 1 yF T2 fFTa3sF5.25F8. 1 F6.2,F9.2,FB.1,4F8.2,F8.2}
tF {STOP) GO TO 200 ' : '
- RETURN S '
. 300 WRITE (653028 Z1522,CELTAPSIG,PSIRG ‘
302 FORMAT [% $5% FEEGHT=',E14. T4 = LAT=',EL4.Ts% DELTA=*3E}4.T»
X e pSI=t El4.7s* PSIRES=*sEL4 T4/1 .
WRITE (64303}

303 FORMAT (* *s/+* ‘ sex END OF PATH. ®4%%)
REJURNY - e o
ﬂ#*#**#t#*t*#*###**###########***#t###t#*titvv SR AR EERE]
ENC ;
$DATA



APPENDIX B,

An exampié of input:carQS ié Shown in T;b1e 4. The.numbers printed
at the top correspond to the colﬁmn ﬂumbérs énatﬁe card.

In card #1 the wave frequency (FKC), the mode of propagation (MODE)
and the angle that will give the wave hormal direction (OPTION) are
specified (see text).

-In this case:

. FKC = 10.0 kHz (E6.1),
ﬂODE = 2(I2), and

OPTION = TRUE (15).

. .The Format is given by_the field specification -shown between- parenthesis..

The initial conditions are punched on card #2. They are the height
_(HEIGHT), the 1atitudg (LAT), the angle between the vertical and the
. wave normal (DELTA), and the angle between the'eérth's magnetic field and
~the wave normal (PSI), this being specified only if OPTION = FALSE.

In this case:

HEIGHT = 500.00 km (¥8.1),

LAT = 45.00° (¥8.2),

DELTA = 00.00° (F8.2) and

PSI = blank (F8.2), S

Card #3 gives the parameters used in the ADAMS subroutlne. They .are:

SKIP = FALSE (LS),
ABSB = 10_5,(E6-1)s"(
RELB = 10™° (E6.1), '

KOUNT = 1 (I3),
N =4 (I2) and

B = 500.0 (F6.2) . - 109 -




[4

1

PIR
HOUYD
#AuV D

#UMYD

#0HY I,

#Qdv .

-

06Ga*? 02°06 23°024¢

oy

b 3*000€00°08ID°0 2301835 L 300001

33°0Le

33004 % 1 5-30°15-30°T13S7V4

000l

30°5Y  00°006

3%l 2 23001

068L9GhEZTO6RLIGHEZI06RLISHEZI068LOGYEZI053LISYIZ106BLOGHERTO6BLISHEZTOSILIGHERT

'

*SaUYD. LAENT T STU4BL

110 -



Iq this case at every step of the integration process the error

check is done. The absolute and relative error bound are equal.to 10-5.

. At each step'pf the integration a result is printed out (KOUNT = 1). The

number of equations to be integrated is'equa;_to 4, and the initial incre-
ment of the independent variable is 500.00 (the initial increment is the
phase time intorval multiplied by 3.0 X 10°).
| Card.#4 gives the value of the equivalent electron gyrdfrequeqcy in

kHz, at the earth's surface and at the geomagnetic equator. For this
case an equivalent electron gyrofrequency equal to 870,0 kHz was
conéidered.

GFO = 870.00 (¥7.2).

Théuparameters for the elecfroﬁ density-m;dei ;fe giéen in card #5,
which are:

HBASE = 1000.0 km (F7.2)

NEO = 7.5 X 103e1/cm_3 (E6.1),

ALPHAO(Z) = 10;00% (F5.2),

ALPHAO(3)

i

00.00% (F5.2),

ALPHAO(4) = 90.00% (F5.2),

THERM = 3000.0°K (F6.1),
NUM = 4 (I2), and

IM = 3 (1I2).

Where HBASE is the height at which the electron density (NEO) and the ion
. - composition are specified (ALPHAO(2) —%H+,.ALPHAO(3) -%He and ALPHAQ(4)
'—%0+). When the percentage of one of the ions is equal to zero the

variable IM assumes the value that specifies this jon, in this case it is

the number 3, since ALPHAO(3) = 00.00.

.= 111 -



The iast card is the oné fééd in the.ESC subroutine:

NOUT = 2(I2),

TGEND(1) = 500.00 km (F6.2),

"TGEND(2)

Il

- 90.00° (¥6.2), and

TGEND(3) = 2.50 sec (F6.2).

Ii

NOUT can assume two values, 1 or 2, which correspondrto the output

required. When NOUT é 2; the outpﬁt is the one shown in Appendix C.
The ray path will stop if the héight feached'is less than 500.00
(TGEND(1)) and the 1éfitude'iéﬂgreafer than 90.00° (fGEND(ﬁ))-‘ However
in all cases where the group time delay is greater than the 2.5 Sec |

(TGEND(3)) the ray path will stop (statement #458).

- 112 -
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APPENDIX C.

A iisting of the output is given in ?able 9. The data generating
this output are shown in Appendix B. 1In the heading of the ocutput are
printed the frequency, the ahgle of the vertical with the wave normal,

"the mode of propagation, the initial increment.(:HM/SQRT(FKC)) and the
number of steps that are givén between the results. Also specified in
" this heéding are the electron gyrofrequency and the parametegs of the
ionization model. ‘

This output was generated specifying NOUT = 2, which is the apprdpriate
output for the electron whistler mode of propagation.

The compilation time (3.28 sec}, the executién time-(8,88 sec) and_
the total-area used are given at the end of the listing (TOTAL AREA =

OBJECT + ARRAY AREA = 22656 BYTES).

.._- 113 -



Table 5. OUTPUT LISTING.

FREQUENCY= (.10E 02KHZ DELTA= - Q.00

SKIP= F A8S8= 0.1E-04 REL#= 04 1E~

H= 158.1 - KOUNT= 1

04

MODE . 2

#%% THE EARTHS MAGNETIC FIELD IS REPRESENTED BY A CENTERED DIPOLE WITH A GFO= 8T0.00 KHZ #%x

#%% THE -ELECTRON AND IQA DENSITY MGDEL IS THE DIFFUSIVE EQUILIBRIUM ONE #¥%

CENSITY AND % AT 1000.0GKM

-NEO= T500.0 H+= 10.C¢ 4= C.00
T6 ALT LAT INV  ELE GF

0.0000  500.C 45.00 47.C86 Z.16 109646
IN TRE FOLLOWING CALCULATIEN H= G.15811380€

0.0003 510.9 44.58 47.167 .16 1051.2
0. 0005 522.0 44.95 41.128 2.l16 1085.7
Q.00Ca £33.2 44.93 47.150 z.16 1080.1
0.0011 S44.5 44.91 47.171 2.16 1CT4.5
0.0013 .  556.L _44.98 47.193 2.17  .1068.9
Q.00)¢ B56T.6 44,86 4T.2Y4 Z2.17 1063.3
0.0019 G79.4 44,83 47.236 £.17 1C51.6
DOUBLE H 0.€3245550E C3

IN TEE FOLLOWENC CALCULATIGN H= C,31£22770E

2.0027 6l5.¢& 44476 474304 2417 1040.4
0.0032 64046 44,70 47.349. 2.18 1C28.8
0.0038 G662 44.65 41.396 Z.18 1Cl7.0
BOUBLE H 0.12649110E C4

IN THE FOLLOWING CALCULATICN H= (.€32455508

0.0054 T4T.d 44447 41.540 2.19 580.9
0.00&5 80842 44.35 47:641 £.20 856,0
0.0076 86646 44.22 47.745 2.21 93046
0.0CES 931.6 44.08 47.853 2.22 G046
0.0097 1000.6 43.93 47.945 2.23 £78.0
G.01C8 I1073.8° 43.74 48.C80 2.24 B85C.9
0.0119 11515 43.99 48,199 2.25 823.3
0.0130°  1233.7 43.41 48,321 2.26 795.3
‘0.0141 132C0.5 43.21 4B.446 2.27 167.1
09,0152 1411.7 43.00 48.572 2,28 138.7
0.01&3 1506.9 42.79 48.700 2.3C T1C.6
0.0175 1605.4 42.56 4E8.828 Z.31 €82.9
0.0186 1706.5 42.32 48.955 2.32 €55.9
0.01¢<7 1809.3 42.08 49.C81 Z.33 €29,.8
0.0208 L913.0 41.84 4%5.2C4 2.34 £04.4
0.0220 2016.% 41.99 49.322 Z.35 58140
Q.0221 212C.7 4Ll.35 49.440 Z.37 558.4
0.0242 2223.7 41411 49,553 2,38 537.1
0.0254 2325.5 40.87 49.663 2,39 . 517.0
0.0285 2427+C 4C.€3 4S.T710 2.40 498.0

A

O+= 90.00

FLHR FOE
S.46 1432,65
03
5.43 1411.73
S5.40 1390.94
$.38 1370.30
5.35 1349.78
5.33 1329.41
5.31 1309.17
5.28 1289.07
o3
5.22 1229.66
5.19 1190.77
5.16 1152.50
03
5,11 1041.46
S.11  970.81
5,16 903.09
5.24  B838.54
5.37  77T.49
5.55  720.30
5.78  65T.43
6,04  619.37
6.33 576.61
6.62  539.56
6.89  508.40
T.11 482,98
T.28  462.84
7.39  447.20
To44 435,21
T.45 426,00
7.42  416.87
7.36  413.24
7.28  408.68
404,90

T.18
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MU

14.5

14.4

14.2°

14.0
i3.8
13.7
13.5%
13.2

12.8
12.5
12.1

[N B RE Y B RV N - - - R A I R T R
“ = 0 s
COLLAVDOONPFIOUD WP DN

EEEEEEEEEEE N

TEMP= 3000.0

BETA
-12.39

~12.38
~12.36
~12.35
=12.34%

-12.32 .

-12.31
—-12.30

-12.25
12,22
—12.18

—-12.07
-11.98

-11.89

-11.78
-11.66
-11.53
—-11.40
-11.25
~-11.09
~10.94
—-10.80
~10.67
-190.56
-10.48
—10.41
~10.37
-10.34
~10.33
—10.32
-10.33

DELTA
0.00

0.05
0.09
Q.14
0.19
0.24
0.29
0.35

0.51
0.63
0.75

1.15
1.45
1.78
2.14
2.53
2.96
3.42
3.91
4.42
4.94
5.45
5.93
6.36
6475
7.09
7.38
T 64
7.586
8.06
8.24

PSE
-26.57

—26.,54%4
=26.51
—-26.,%8
~26.45

—26u%2.

-26.39
-26.35

—26.25
=26.18
~26.10

—-25.84%
—25.64
-25.42
-25.17
=24.90
—24.61
=24.29
—23.95
~23.60
-23,26
—22.93
~22.65
—22.41%
-22.22
~22.09
-22.01
-21.97
-21.95
-21.96
—-21.99

Fs IR

~89.45

~89.44
=89 .44
-89.43
—-89.42

—89.42 .

—~89,41
-89 .41

-89.38
-89.37
—89.36

-89,31
~89.28
-89.24
=89.2)

C-89.17

-89,13
-89.10
-89.07
-89.04
-86,01
-89.00
-$8.98
-88 .96
-88.94
-88.92
-88 .89
-88.85
~88,82
-88.77
-88.73

TH+
1.02

1.08
1.14
1.20
1.27
1.35,
1.43
1.51

L.81
2.04
2,30

3.36
4.38
5.73
T.56
10.02
13,32
1T.67
23.28
30.26
38.52
4T .66
5T.06

£5.97
- T3.83

80.31
85.40
89.26
92.11

94,20

95.7T1

i,



0.0277
Q.0288

040299

0.0311
0.0322
0.0333
C.0344
0.0356
0.C367
0.0378
0.0390
DOUBLE

IN THE

0.0424
0.0446
0.0469
0.0492
0.0514
0.0537
0.0560
0.0582
DOUBLE

IN THE

0.0651
0.C6%56
0,0742
G.C7EE

‘0 Q835 7

0.c881
¢. 0928
0.0975
0. 1022
(0. 1069
Q.1E16
D0UBLE

IN THE

0.1261
0.1358
0.1457
0.1558

Q. 1655

G. 1762
G.1867
01974
0.2082
G.2192
0.2304
DOUBLE

IN THE
" 0.2654

0.2859
C.3156

2527.0
2625.7
2723.2
2815.4
2914.3
3008.1
31CC.€
3191.9-
3282,¢
3371.0
3458.8

40,39
40,16
29.93
39.70
39.48
39.26
39.04
18,63
38.62
38,41
38.20

49.E73
49.573
5C.07C
50.164
50.256
50.345
50.431
5C.515
50.557
EQ.616
50.754

H 0.25298220E C4

FOLLGWING

3716.C
3882.3
4044, £
4203.8
4359.C
4510.9
4659.7
4605.4

2.41
Za42
2443
244
2445
Zakté
2.48
2.47
2448
Z.49
Z4%0

490.1
463.3
44T7.3
432.3
418.1
404.7
391.9
379.8
368.4
351.5
347.2

T.08
6.97

6. BE

6.75
ba 6%
6.53
6442
6e 31
(6420
6,09
999

CALCULATIEN H= C.12649110E 04

37.60
37.21
36.63
26,46
36410
35.15
35.40

-35.06

50.515
£1.112
51.245
£1.372
51.493
51.609
51.720
51.827

H 0.5C89£440E 04

FOLLOWING

5225.4
5492,2
5749.4
564%7.5
6237T.2
6469.2
6693.7
6911.2
7122.2
7326.5
15251

.22
2454
£+455
2.57
2.58
Z+59
£.€1
2.£2

3159.0

302.3

281.1
iT3.1
260.3
24844
237.5
227.4

5.69
5.49
5.31
5.13
4.96
4. 80
4.65
4450

CALCULATILN H= .25298220F -04

34.08
33.446
32.€5
32.27
31.70
31.15
30. €2
30. 10
29.59
29.09
28.60

£2.125
82.3C7
52476
52.635
52.785
52.92¢€
53.C59
£3.185
53.304
53.417

£€3,82¢

H 0.1C11%2806F 05

FOLLOWING

BC89.3
8440.0
87112.7
9088 .6
9388.%
9874.¢
9946 .6
10205.6
10452.3
10687.2
10910.9

CALCULATICN k=

27.21
26.32
25.46
24.62
23.81
23.02
22.25
21.50
20.75
20.02
19.31

£3.8148
£3.691
544150
£4.256
544430
54.553
E4.66€
54,7170
E4.867
544955
55.037

¥ 0.202385T0E€ Q%

FOLLOWING

11518.6
11874.7
12193.2

2aE5
Z.6T7
Z2.70
2.12
2+13
2.5
Z.TT
2.8
2.8B0
282
Z.E3

z-87
2.89
252
2454
2.96
2.57
2.99
3.01
3.02
3.03
3.(5

201.1
186.4

173.4

162.0
151,8
142.7
13446
127.2

120.5
114.5
1¢8.9

G94.9
8743
80.8
75.1
70.2
65.8
61.9
58.5
55.5
52.7
50.2

4.09
3.85
3. 63
3443
3.25
3.08
2.93
2.78
2465
2.53
2.42

C.5C556440E 04

2.13
1.97
1.83
.71

1.60"

1.51
1.42
1e34
1.28
1.21
L.16

CALCULATICN H= 0.L0l11S280E 05

17.20 55.242 3.03

15,83 55.351 2.09

L4.46

55.439

3.11

44.2
41.0
38.3

- 115 -

1.02
Q.95
0. 89

401.68

398.87

396.37
394.11

- 392.04

390.11
188,31
1864 6)
385.00
383.46
381.99

377.92
375.44
373.13
370.96
368.91
366.98
365.15

363.42

358.72
355.93
353,38

:351.04
348,88

346.88
345.02
343.28
341.66
340415
338.72

334,93
332.73
330.76
328.97
327.34
325486
324,50

"323,26
122.11

321.05
320.08

317.56

316.17

314.98.

6.1

* a8 8 %
BN o D om0 e

@@ =

12.5
13.1
13.7
14.3
14.8
15.4
16.1
16.7
17.3
i1.9
18.6

20.6
22.0
23.5

-10.33
-10.35
-10.36
-10.38
—30.40
-10.43
—10.45
~10447
-10,50
=-10.52

~10.55

-10.632
-10.68
-10.74
-10.7%
-10.85
=-10.90Q
—-10.95

~11.00

-11.15
—11.24%4
-11.32
=11.40

~11.48

-11.54
—1t.60
~11.66
~11.70
-11.74
-11.78

-11.83
-11.83

-11.80

=l1l.74
-11.65
-11.52
-11.36
-11.17

. —10.94

-10.67
~13.36

-%.20
-B.21
=T7.04%

8.40
8.36
. 8.70
8.84
8.96
9.09
9.20
9.32
9.43
- 9.53
9.63

Q.92
10.10
10.27
10.44
10.59
10.75
10.89
11.03

11.43
11.68
11.91
12,14
12.36

12.57

12.77

C12.97
“l3.16

13.35

13.53

14.07
l4.41

14.75°

15.08
15.41
15.74
16.06
16.38
l6.71
17.03
17.36

18.36
19.05
19.76

-22.04
-22.09
-22.15
-22.22
-22.29
-22.37
-22.45
-22.53
-22, 62
-22.T1
-22.80

-23.07

=23.26

—-23.45
23,65
<23.84
-24.0%
—~24.24
-24.44%

~25.04
-25.44
~25.84
=26424
-26.63
-27.03
—27.42
-27.82

—28.21"

=28.60
—28.98

-30.14
=30.90

~31.65

-32.41
-33,1%
-33.90
~34.65
~35,39
-36.13
-36.88
-37.62

-39,.88
—4l.4l

~42496.

~88.69

-88.64
-88.60
~88,.55
-88.50
88445
~B8B.41
-88.36
-88.31
-88.26
~88.21

-88.07
~87.97
~BT.87
-B87.76
~87.66
~87.56
-8T .45

-37.34

~BT.02
—R6. 80
-86.87

—86.34.

~86.10
-85.87
=-85.63
-45,38
~85.13
-84.88
~B4 .63

-83.86
~83 .34
82,81
-82.27
-81.73
-81,18
~80.64
-80,09
~79.55
-79.00
- T8.46

- T6.86
-75.82

~T4.82

96.81
97.61
98.20
98.563
98.95
99.19
99.37
949,50
99.61
99.69
99.75

99.86
99.91
99,94
99.96
99.97
99.98
99.98
99,99

99.99
100,00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00
100.00

100.00
100.00
100,00
100.00
100.00
100,00
100.00
100.00
100.00
100. 00
160,00

100.00
100.080
100.90



0.342€
0.3710
G.4012
0.4232
0.4615
0.5044
0. 5444
G.5883
0.6369
0.6914
0.7539
N THE

0.7889
0.8271
0.8693
0.9163
0.9657
LK THE

6.9995

1.0317
1.86T0
“1l.1061
1.1499
1.2002
IN THE

1.2284
- 122593
1.2931%
. 1.3324
1.3771
IN THE

1.4025
L.43C6
1.4623
1.4989
1.5427
IN TRE

IN THE

1.5554
L.569C
1.5836
1.58%6
L. 6172
1.6368
1.65%4
1.6860
IN THE

1.7018
1.7156
1. 7404
1.7655
IN THE

12475.6 .13.11
12722.4 11.75
£2933.9 .10.37
13109.3 4.58
13247.5  7.55
1334€.3 6.7

L3402.4 . 4452

13410.9 2.90
13364.8 © 1.16
13253.0 —€.74
13058.¢ —2.84

FOLLOWING CALCULATICN H= C.505%644QF

12922.4 —4.00
12753.4 —5.26
12544.3 —+6.63
12284.6 —B415
11958.1 =~9.89

FOLLOWING CALCULATICN K= C.25298220E 04

11762.4 ~10.85
11539.0 —11.91
11281.4 -13.C7
1£980.3 =14.3T
10621.9 -15.84
10184.4 —17.57

FOLLOWING .CALCULATICN B=

992¢.2 -18.57
9630.0 —19.67
19288.2 ~20.92
8883,7 -22.37
8390.0 ~24.10

FOLLOWING CALCULATICN b=

8096.2 —~25.11
TT159.0 —26.26
1363.7 =-27.58
688643 ~29.17
£283.9 -3l.14

FOLLOWING CALCULATICN h=

FOLLOWING CALCULATICN H=

61C4.3 =31,72
5909.4 ~32.36
569642 —33.05
5460.% -33.81
519643 —34.65
4900.7 =35.61
4557.2 ~36.71
4150.1 ~38.01

FOLLOWING CALCULATICK H=

3912.7 -38.77
3646.0 -39.63
3341.1 —40,€1
2985.3 —41.75

FOLLOWING CALCULATION K= Q.395284T0E

£5.508 3.12 . 36.1 0.84
55.558 3,13 34.3 (.80
55,59¢ 3.13 32.8 0.76
55.6046 2.13 31.5 0. T3
554601 3.13 30.6 0.71
55.576 3.13° 29.8 0.69
55,536 3.12 29.4 0,68
65,472 3.11 26.2 0.68
55,3683 3,10 - 29.3 0.68
EE.26€°3.(8 29.8 0.569
55,113 2.06 30.8 072
04
55,021 3.C4% 31.6 0.73
£4.916 2.03 32.6 0.76
54,795 3.0C1 33.9 0.79
€4.654 2.59 35.7 0.83
54,490 2.96 38,1 0.88
54,357 2.55 39,7 0.92
54.294 2.54 41.6 0.96
54.180 Z.92 43.9 1.02
54,053 2.90 46.9 1.08
53.909 2.88 50.7 1.17
£3,742 2.£6 56,0 1.29
0.12649110E 0%
53.648 2.85 59,4 1.36
£3.544 2.83 63.6 l.4b
€3,429 2.82 68.9 L.57
53,299 2.80 75.9 1.73
£3,149 2.18 85.7 1.94%
0.£32455508 03
53,064 Z.77 2.2 2.C8
52,970 2.76  100.5 2.25
52.865 z. T4  111l.3 2447
52,745 Z.13 126.4 2.77
2,604 2,71  149.1 3.20
0.31622770E 03
0.15811380E 03
€2.564 Za.71 156.8 3.34
52.522 2.70 165.7 3.50
§2.476 2,70 176.2 3.68
€2.428 2.69 1B88.T7 3.89
52,376 Z.68 204.0 4dlé
52.218 2.68 223.2 4.43
52.255 2.67 24B.2 4.19
£2.184 Z.66 28245 3.25
0.79056940E 02
22,144 2.66 305.2 5.52
52,101 2.65 333.6 5.8%
£2.054 2.64 3T0.1 6.21
52,002 Z.64  419.4 6G.64

02

313.96
313.10
©312.38
311.79
311.34
311.02
310,94
310.81
310,96
311.32
311.96

312.42
312.99
313.72
314.65

315.86

316460
317.48
318.52
319.78
321.35
323.36

3244561

326.09.

327.88
330.12
333.04

334.88
337.11
339.88
343.48
348,47

350.06
351.86
353.90
356.25
359.01
362.32
366.41
3T1.568

375.00
378.99
383,97
390. 57

116 -

25.0
26.7

28.5

T 30.5

32.7
35.0
37.7
40.8
44 .3
48.6
53.7

56.8
60.4
6445

- 69.5
75.6

79.2
83.4
88.3
4.0
101.1

11041

115. 6

‘1z2.1

12949
139.6
152.3

160.3

"170.0

182.0
197.8
21949

226.9
234.7
243.7
254.0
2661
230.9
299.5
323.7

3138.4
356.5
378.3
406.6

-5.68

4. 15"

—244

—0.59-

1.39
344
5.50

To49

Q.33

10.91

12.12

12.54
12.81
12.91
12.82

12.49

12.23
11.88
11.45
10.91
10.26
9. 46

B.99

T B.4T.

7.48
T.22
b 4T

6.04
"5.58
5.07
451
3.87

3.69
3.50
3.31
3.11
2.89
‘206
2.41

2,14

1.99
1.84
1.67
1.49

20.49
21.26
2z.07
22.93
23.85
24.83
25.89
27.05
28.34
29.78
31.44%

32.37
33.38
34.51
35.77
a7.21

3g.01
38.89
39.86
40.%4%
42..17
43.61

44.43
45433
46.36
47.53
48.92

49.73
50.64
51.69
52.93
54445

54.90
55.38
55,90
56448
57.11
57.82
58.64
59.59

60414
60.TS
61.45
62.25

44,54
-46.15
~47.82
~49.53
—-51.31
53,17
-55,11
-5T,16
-59,35
~61.69
-64,23

—-65.60
—67.04

~68458 .

-70.22
-72.01

—-T2.97
—T3.97

—75.04

-T76.18
~TTe&l
—-T8.74

—T9.46
-80.23
-81.05
-81.93
-82.89

—B3.,41
-B83.97
-B4.57
-85,22
—85.94

86414
-86.34%
~B6.55
-86.TT
-87.01
-87.25
-87.%52
-87.80

-87.96
-48.12
-88.30
88449

-13.88
~73.00
-72.19
—-11.47
~T0. 86

—-70.39

—70.06
-69.92
=T70.00
-70.34
~71.01

—-Tl.49
—-T2.08
-T2.81
=T3.568
=-T4.T5

—~T5.36

—T6.04

—T16.79
~17.63
-78.57
= T9.64

-80.24
- 80,88
-0l.58
-82.35
-83.21

-83.69
-84.19
-84,75
-85.35
~86.04

—B6.22

-86.42
-86.62
—86483
-87.06
—~87.430
—87.55
~8T.83

—87.98
—88.14
—88,31
—-B88.50

100.00
100.00
100. 00
100.00
100.00
100,00
100.00
100,00
100.00
100.00
106. 00

100.00
100.00
100.00
100.00
100.00

100.00
100. 30
100.00
100. 00
100.00
100.00

100.00
100,00
1 ¢0. 00
100.00
100.00

100.00
100.00
100.00
100.00
104.00

100.00
100.00
100,00
100.00
9%.99
99.99
99.98
99.95

99.91
99.84
99.66
99.13
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APPENDIX D.

The Haselgrove [1954] equations are reduced to the followihgfequations
' in the case where the wave normal lies in the r - & plane and there is

no 1ongitudina1,gradient,

o , . '
dr ¢ ["r & 7
at = (u 3@) o - @D
a® ¢ {Po wm ) o |
a@ T (_u - SEE) ) : o (D.2)
dp-“. N
r _c O de
at " or " Pt and S - (B3
P 1fem e} (D.4)
it “r \poe Peary)r -5
where
r and 8 < polar coordimates of a point on the ray path,
i = phase refractive index,

c - Velocity éf light in‘a vacuum,

t ~ phase iimé of ‘the prinb;péi wave,
Py and pe ,-1polar‘projection-of the vector p.=.p k ,
_ﬂ- - unlt vectbr perpendlcular to the wave front.

Calling the. angle of the wave hormal with the vertlcal vector B4

" the following expressions may be written:

- 118 -



and .

. Pg = H sin § (D.6&)

In the Haselgrove equations the phase refractive index is a function of
‘v, 9; P and Py since it i¢ supposed that fhe direétién-of'tﬁe

magnetic field is unknown. Thérefofé

P e -pzsinﬂ

. | {0, cosy = ¥ _ _ ' .
%:%%&:% J ) Gwme e

'where Yoj is the direction cosine of the magnetic field.
Calling the angle of the magnetic field with the radial vector vy, Yo

- is expressed as

Yor = cos vy _ (D.8)

-and

Y sin y - _ _ (D.9)

of

‘lTherefore using the expressions above, Eq. (D.1) may be written in

the following ways:

dr c . | .. 1 A - _ N
T E-;€5$[§1n¢ cosd - 5o {cosd cosy cosy)] B (D.10)
but ) .
' ' o 1 ou
ta}laz—&'yw,
‘therefdre‘
QE - —c | cosé (sin} + tang cosf) - tan ¢ cosy (D.11)
dt  posing - ' ' :

- 119 -
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or, using the relation (see Figure b-1),

4"Y=6-ll’[’

Eq. (D.11) may be-writj:é_n in the following way:

E% = & {cosé(sin¢ + tang cos() - tang(cosd cosy + sind sin¢)], (D.12)
and; finally

dr c ) [ ‘
a"_E = [ oosa. cosR , (D.13)

where B 1is the angle of the ray with the radial vector (see Figure D-1).

In the same way it is shown that Eq. (D.2) may be written as
a6 = — sinf . ' (D.14)

It was, ’therefore', shown that Eq. (15a) and Eg. {15b) are equivalent
to Eqs. (D.1) and (D.2).
Now it is necessary to show that the expressions for dé/dt may be

derived from Egs. (D.1) to (D.4). The angle & is given by

g P S
§ = tan 1 (_9) S - o -(D.15) -
Therefore
4 . : -
dé 1 g . T
= —_— ——m D.16
. @ _lp.(cosé_dt sind =~ )_ _ ( ),-

. Substituting Eqs. (D.3) and (D.4) into Eq. (D.16) and after some algebraic

“=i120 -
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Figure D-1. At a given point on the ray path in polir
: coordinates, r - O, the wave normal k
and the static magnetic field B_ are
- shown. The angles are positive gn the
elockwise direction.

- 121 -



::ji_?: = 9—-5- (c_cg_é_% - sind %‘f_— - sind cosb g—{- + sin$ cdl_i ) (D.17)
U ]

Using expressions {(D.13) and (D.14) and after some algebraic work

"Eq. (D.17) reduces to

s ¢ cosé . . c . .
it =32 ( — 35 ~ sind 5;) alivr sind (D.18)

TherefdrelEqs. (D,i)‘to (D.4) are reduced to Eqs_(15a—b); and’

Eq. (23).

~ 122 -

R e



APPENDIX E.

To undérstand.the beﬁgvior:of the ray path it is helpful to have
the differential equation that governs the variation of the-angle Gy
between the wave normal and the geomagnetlc fleld, with phase time.

From Eq. (11) #nd the relation (see Figure E—l)

=y + ¢ ' ' _(E;l)

the following equation is derived
di ¢ du TR dy o
dt — 2 [SX cqs¢ - 5;.51n?]__.dt.’-.- L (E:2)

~where Y is given by

dv_a‘(,z Y_y ' _
dt ~ Ox dt © dy d - (E.3)

for the case of a static magnetic field.

Combining Egs. (E.3) and (13a-b) the following result is obtained

§1‘=.__-E_—- [sin(a + &) g% + cos{a + &) g%] (E.4)

dt L cosQ

Now using_the rélafion'

(E.5)

=
e

tan{j, = o
in Eq. (E;4) the'follpwing equation méy be written

- 123 -



Figure E-l.

In a cartesian system of coordingtes, x-y, the
angles between the wave normal K, . the direction

of the energy, RAY, and the static magnetic field-

Ez ‘with the vertieal are indicated. Also shown

a%a the angles between these vectors. The angles

sre pesitive in the cleckwise direction.
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ay _ ¢
at = 2

=
o

The phase refractive index is a function of X,

functions of x and' ys and therefore

oY

[ %% siﬁ¢ - %% c05¢l + Elﬁgﬁ sin@ +-%¥ cos¢]

"? E 5"“+E$—“r Msﬁ

and
2: -‘Bxi 5 ayl
) + )
i X 7O
but
Y= -4
resulting in )
' oY 9
ol

f and

g

Combining.Eqs. (E.2), (E.6), (E.7) and (E.8) results in

y OX

‘Now defining

- 125 -

- OX, N
s S e D e s
& R T T

(E.6)

. which are

(E.7)

.(E.S)

(E.9)

(E.10)

(E.il)

tE.iz)

(E.13)



and

(E.15)

Now two hypot?eses ire made about the medium, first that the magneto-—
‘sphere 1is canstituteq of glectronslgnlg'(which_ig.a good‘hypothesis fof
wave.frequeneies abovelthéaﬁHR[¥rééuenéyj aﬂaﬁaééﬁﬁd %hat the earth's
mégnetie field is represented by a centered dipo1e. For this case the
follé@iﬂg'expressiqn may be—w?itféﬁ:fOr-the gradient of the direction of

the magnetic field:

2. -
cos 6 + X 39 ) (E.16)

e

Y = )
3 cos” &+ 1
The phase refractive indéx, applying the guasi-longitudinal QL)

. appreximation (see Helliwell [19651), is

z X ‘ :
= e T (E.17Y
2 Ycos § - 1 _ ¢ )

. whick is a gadd &pprexim&tiam:fﬁmithé.caéé in study. Therefore:
Slogy | L _ceos B0 ocu L L CE.I8) .
¥ ' Zz2Y¥eos  ~L 0 07 B

- . \

and

3 logy

¥ - ;ee
=z T Ix CE.19)
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" For ‘the electron density distribution a diffusive equilibrium model
‘is assuméd: and thereforé the following expression may be written for the

' eiectron7dehsity:

IR Y5 ) ¢
‘ nDe N Peb © : (£:20)
From which results - -
o . _ o < 3y .
VX = - “2"-1_'2' FI‘ er (ETZl)
whefe :
z:% T, (1.";_ o B rr(E.22)

and S S - r. 2 i '

: . " ) - Oz b } :

S - S T-\F [ .. o o (E.23)
'Since'ardipdle has heen thsidered, the gradient of Y is given by'

VY = @'§,Y e + 2.y .cos8sing o

: - (E.24)
r 2r, 3 cosze + 1

9

Combining Eqs. (E.I5) ta (E.24) results in

: 2 L
, . ] , |
e ZE" sing - % g—z—53§~¥"3f-(sin6 - 8400 .cosb cosé) - (E.25)
ar 7 °°S'¢ ' "3 cos 8-+ 1

. '__2 Lo
- 1f_;'3'_22§_§_i;l5,sin5)

3 cbs 9.+.;

or.

91 — .C_ L - -:i- | Y C'OS__ (4 - ) - : E.26
at = or _flslné 3 T cos § -1 (fzsiné fscosé) f451n§ (E.28)
- 127_ -



where:, fl,;is_ihﬁ,term,due-tp the vertical:gradient ofafhé%electrnnﬂdenu

: sﬂ%y . 1y s the radial.component gi_,,t'hee -gradient -of ;=th6'fmaguetic-: field; ~
‘ESZ iz the B component of the gradieant of the magﬂetic:iield,sandv.fh : _ )
isthe térm corresponding to theé 'varig_ti-'on of ~the magnetic field direction.

fhe terms Ei, f3 and f4 are plﬂttéd in.Figurgs E-2, E-3 and E-é,

‘respEctiweiyw

i
4
i
»
4
v
£
'
v - -
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. Figure E-2,

T B 7 ¥ T T
' GEOCENTRIC DISTANCE (X 10%km).

‘P16t df functibn-rf : versdé

geocentric distance. .In this

© case the height 1000 km and a
‘scale equdl to 1000 km were
_ taken for the base level,

=120 =
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APPENDIX F.

L

Thelobjective of this appendix is to show the general form of the
differential Snell's law.
A vector g 1is defined as

where u is the phase refractive index and ¥ a unit vector perpendicular.
_to' the wave front.

The cartesian components of B (see Figure F-1) are

: o = w sing | | (F.2)
and
p. = | cosd : (F.3) - : ,
y _ _ _ v
The total time derivatives of o, and py are B
dp . :
x . dp d¢
_x . oe F.4
T sine ¢ + @ cosd == | (r.4)
and
dp S
Y A cyne 92 (BB
vl cosd q¢ ~ © sino o+, | - (F.5)

dp e dx  dudy | dudd .
dt ~xat ' Iy at * dbat a _ (r.6)
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LOCAL
STRATIFICATION

A

‘Figﬁre:Féli'

At a given point in a cartesian
system of coordinates, .x and ¥y,
the direction of theé local strati-

ficatien (X),.the:unig vector Kk

and the unit vector § perpendicuiar

~to the local stratification are shown.

- 133 -



Combining Egs. (F.4), (F.5), (F.8) and (13a) results in

- dp.
e '
at T o (F.7)
vy
and
d
| %3- =£ % (F.8)
H x,d
Since
- =) - k (F 9)
p = pX e+ py ey : .
Equations (F.7)'and_(E.8) mgy;be“wfitten in the following way
= = o ; F.10
where ¥ is an operator defined ééd
Vu & eX"'ii- Frd) ey: (F.11)

LA R 9
This operator is not. the gradient ope;ator.(e)a,becauseﬂ_uuﬁié not only
a function of position, x- and y, but also of direction. For an
isotfopic med ium Q ié only a funétion of position and therefore for

=

this case

"ﬁful

o

\")p’-:

" The V p is always calculated-keeping.the direction of the vector p
constant. As an exaﬁple the expression for ﬁ’p is now found in-

‘'polar coordinates.
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S The two dimensional Haselgrove [1954} equations in polar coordinates

- are .

ewley) 0 ew

cdt T 5 * Py TR t _ L (F'ié)

'.dpe e 3 Pggs

4t T

- Startihg from Eq. (F.10) the Eqs. (F.14) and (E,15) are derived. -

' In polar coordinates the vector 5 is given by

- -

'p'ff“r'
 resulting in-

dp
dt

11

s . . .

'-;NQW Wrifiﬁ$”A@:ﬁ55ra,ﬁ#ﬁCinh-bf ry 0 _and & (see Figure F-2), the

actlon ofthe operator v upon ; Y resu ltS 1n ,

 From-Figure ¥F-2

S LF %6 T T dE L S -(Ff15)-

-ef7ffpé:?9 SN IR “‘-jj(?xlﬁ)_

9Py ag) o 9P 40\ =
(F-ng) e (@eons)n o

_ -
je, - - (F.18)
r;G.)ne. _ B
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Figure F-2.

" coordinates, r

a

At a given point in a pelar system of
and B,  the phase

.. refractive indexf?ectdr*iup,{fand the

“ static magnetic field: B- are shown.
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Combining ‘Eqs.  (F.10), (F,17) and (F.18) the results are

and

-~ (F.19)

(F.21)

It is hecessary to show that Eqs. (F.20) and (F,14) are equivalent, or to

~ show’ that

‘;Erom Eq. (15h) -

.- and.the reélation - .

the left-hand member of Ed. (Fi22) may be ‘written as

é'?ég'ﬁa %rde;Lfﬂﬁié:

Using

9y = w st

o ‘5T1;7 -

- sind sing

p(Flgz)

(F.23)

(F.24)

(F.25)

(F.26)"



and taking its vector product with Eq. (F.10) the following equation is

and (see Eq. (15a))

& .

gf.-.._.._.__._s]_m:g ( 7
dt U coso : , . 7 F.27)

results in

Lol

921_“.' C v

Rl j;;a—zsgai§1n& sinf (F.28)

which shows that Eqs. (F.15) and (F.21) are equivalent.

" Now defining a vector £ such’that -

-

obtained o | ]
— A

Ex%:o | : (F.30)

o,

or

Sy TR xp=0 | (F.31)

Equation {(F.30) or (F.31) are the differential Snell's law for any

medium-

An the next parag;aph the differentizl Snell's law for a two dimen-

sional geometry is derived from Eq. (F.31). The local stratificiation
is defined as heingrthe vector gl such that

E B0 S (r.32) .
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5

or

g o =0 o 'i (F.33)

The local stratification for. a given direction of ¢ is found by
- looking fqrvtﬁeIIOCﬁs:Qf.poiﬁts,that-hévé'ihefsame'bhase refractive index
“holding the direction ‘o'f'»-the:.veci::qu o :.'cqnstant. '

'For the case of Figure F-1, théistr‘atﬁ.f_ication. is given by

| %iw . :c_osx‘{% .' “siny =O : (F.34)
iy T Tl . | |

. where X .is the dir-ec’:fid_n of the 16’(’:51._strati'ficat'ion- The vector T_’:

is give.n- 'by -

| E‘ :'-:"-? slnX 25;’ -+, C.OSX‘ gy EE - T | (¥.35)

‘resulting in

' ?-x-?;: - g_cos;t¢-xi 32 , - _ (F.36)

and

“"dk_g-.v,-i_h' o (h g.X"‘
¢ B = - wsinGo0 GEE,

(F.37)

X

' The combination of ‘Eqs. (F.31), (F.36) and (F.37) vesults in

.2

Dol eos@myT L o Ve Do
‘ T - - -,-u 51n(¢ X)'_d.t-_i‘O . 7- (F.38)

or.

. -C?E(‘f’“‘x) g_.:_:‘: -usm(q)—x)—g—t: 0 . o (F.39) |
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Equatlon (F. 39) represents the.dlfferentlal Snell's law for the geometry
shown in Flgure F-1. ‘

_ In_ﬁgérqése whgrg.Q;gara%1&;-§§rat§ficq§ionzésfsupgosgd,glx;iis
constant, and also ¥, which results in Bq. (F.31) being simpliied to

Akgxs) R S N . Co L
‘*=fTE€T"»?f° s mr TR e e : -~FF‘40)'

or using Eq. (F.36)

dlu cos{d=y)1]
dt

=0 (F.41)

Thisris the forﬁ of the differéntial Sﬁeli's‘law valid'6ﬁ1§ for bdféilei

stratification; that is, when
QX -0 : {(F.42)
Equation (F.41) is the starting-pdint'fbr the deveiopment given in para-

graph 3 of the Haselgrove paper [1954]. Therefore indirectly a medium

was supposed with a parallel stratification in that paragraph. However

‘what is very interesting is that starting from Eq:.(F.41), which is
only valid for parallel stratification, Eq. {F.39) is obtained, as is
shown below. a

For parallel stratification

o 'ﬁ‘fu_égij@-x)’? o | o (F.43)
and |
g% o _  (F.44)
= 140 -



The combinatioh of Eg. (F,4'3)7a‘nd Eq. (F.44) results in

dé _

cos.(‘#-x) i _p‘isin(rcb—x) at -

which is the same as Eq. (F.39),
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