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Abstract

Radiation belts consist of high energy (ten of eV to tens of MeV) electrons
and ions trapped by the Earth's magnetic field with particle source and loss
processes in a dynamic equilibrium. When scattered in pitch angle, the
energetic electrons precipitate into the upper atmosphere where they cause
significant disturbances (produce heating, secondary ionization and
conductivity enhancement, emit light or X-rays). Interactions with
electromagnetic waves are an important means of loss of these particles from
the radiation belts. The Earth's magnetoplasma supports a large variety of
natural and man—-made electromagnetic waves amongst which are whistler—
mode waves. Whistler mode waves are typically in the very low frequency'
range (hundreds of Hz to tens of kHz), below the electron gyrofrequency so
that they can resonantly interact with radiation belt electrons resulting in their
precipitation out of the radiation belts and into the atmosphere. A computer
simulation model is developed to study the interaction between relativistic
charged particles and whistler mode waves traveling obliquely with respect to
the ambient magnetic field. This new model is used to investigate the
importance of gyroresonant scattering of radiation belt electrons by oblique
whistler waves in electron loss from the radiation belts. Application of the
model to the parameters of the inner magnetosphere (L<4) revealed that: (i)
oblique whistlers can efficiently scatter significant fluxes of suprathermal (10-
100 eV) electrons, (ii) higher energy electrons are precipitated from lower L—
shells and that corresponding precipitated differential electron flux and total
precipitated energy flux are higher for higher L—shells, and (iii) electron
lifetimes due to this loss process are calculated to be of the order of several
days, and are comparable with lifetimes corresponding to other loss
mechanisms (e.g., electron-hiss interactions).
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1.

Introduction

This thesis constitutes a theoretical investigation of the pitch angle and energy
scattering of electrons trapped in the Earth's radiation belts by very low
frequency (VLF) whistler—mode waves propagating obliquely with respect to
the Earth's magnetic field. The scattering occurs as a result of cyclotron
resonant interactions between the waves and the particles. The physical
consequences are of significance because a variety of VLF waves propagate in
the Earth's radiation belts and may dominantly effect their dynamics. In this
chapter, we introduce the terminology, provide a brief background on the
phenomena, discuss previous work, and outline the contributions of this
dissertation.

1.1. Magnetosphere

The Earth's magnetosphere is the space surrounding the Earth, filled with
relatively low density jonized gas, permeated by the Earth’s magnetic field. Its
boundaries separate plasmas which are under the influence of interplanetary
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Figure 1.1. Magnetosphere. The Earth’s dipolelike magnetic field lines
are distorted by the solar wind, forming a bow shock where the supersonic
solar wind is thermalized and becomes subsonic. The magnetopause

separates Earth's and interplanctary magnetic fields and plasmas.

Figure 1.2. Inner magnetosphere. The Earth’s magnetic field lines in the
inner magnetosphere are not significantly distorted by the solar wind.
Magnetic field lines crossing the equatorial geomagnetic plane at the same
distance from the center of the Earth form an L-shell. The Z—shell number
represents its equatorial radial distance in Earth radii. The shaded surface
represents L = 4.5, whereas L = 2, 3 and 4 are each represented only by a

single corresponding magnetic field line.




1. Introduction 3

and Earth’s magnetic fields, and are defined by the interaction of the
supersonic solar wind with the geomagnetic field [Akasofu and Chapman,
1972]. A schematic picture of the magnetosphere is shown in Figure 1.1. In
the sunward direction the Earth's dipole-like internal magnetic field, whose
axis is inclined at ~11° with respect to the rotational axis, is compressed by
the solar wind. A collisionless bow shock is formed where the solar wind,
due to its interaction with the magnetosphere, becomes thermalized and
subsonic. Further downstream is the first magnetosphere boundary — the
magnetopause. A rough estimate of its position, determined by balancing the
solar wind pressure and the Earth's niagnetic field pressure, places the
magnetopause at about ten Earth radii under geomagnetically quiet conditions.
In the anti—sunward direction, magnetic field lines are dragged away from the
Earth to form the magnetotail which represents the extension of the
magnetosphere beyond the moon to several hundred Earth radii.

The part of the magnetosphere where the Earth's magnetic field lines are not
significantly distorted by the solar wind and where the field can be
approximated by a centered dipole is referred to in this thesis as the inner
magnetosphere, as shown in Figure 1.2.

Magnetic field lines crossing the geomagnetic equatorial plane at the same
distance from the center of the Earth form a surface that is defined as an -
shell. The ambient relatively low density and low energy (cold) ionized gas in
the inner magnetosphere is created through ionization of neutrals by solar
ultra~violet radiation at the daytime atmosphere — magnetosphere boundary

[Banks and Kockarts, 1973], and it consists of electrons and positive ions

(H*, Het and O1) in diffusive equilibrivm [Angerami and Thomas, 1964].

The particle density in this background cold plasma ranges from a few
thousands to several particles per cubic centimeter [Park et al., 1978]. The
typical variation of the electron concentration at the equatorial plane with radial
distance from the Earth in Earth radii (or L-value by above definition) is
shown in Figure 1.3. An abrupt boundary at which the electron concentration
drops by roughly two orders of magnitude is known as the plasmapause
[Carpenter, 1963, 1966]. Its position (equatorial distance from the Earth's
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center) varies significantly with geomagnetic activity, from two Earth radii
following major magnetic substorms up to seven Earth radii after long
(several days) quiet periods [Carpenter, 1966]. Electrons and ions in this

background ‘cold” plasma havelow energies, typically in the 0:1 eV — 1:eV- = =~

range.

Figure 1.3. Equatorial electron density. Typical equatorial ambient cold
electron density as a function of L-shell, with the plasmapause being at L ~ 4.5.

As a magnetized plasma, the magnetosphere constitutes a dispersive,
anisotropic, and inhomogeneous medium that supports a large variety of
natural and man-made electromagnetic waves over a very broad frequency
range, ranging from fractions of a Hz to few MHz. Amongst the waves

supported by the magnetosphere is a special class of extremely low frequency -

(ELF) and very low frequency (VLF) waves (tens of Hz to tens of kHz)
called whistler—-mode waves, due to the fact that a particular kind of whistler—
mode wave, injected into the magnetosphere by lightning discharges and
known as a ‘whistler’, produces a whistling sound when detected in the
conjugate hemisphere with the receiver connected to an audio speaker
[Helliwell, 1965]. ELF/VLF waves can propagate through the magnetosphere
in either ducted or non—ducted modes as shown in Figure 1.4. Ducted waves
travel within background density enhancements called ducts, formed around
particular magnetic field lines [Helliwell, 1965]. As the waves propagate in the
duct, much like light traveling in a graded optical fiber, the wave vector
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remains approximately parallel (within. £30%) to the magnetic field line
[Helliwell, 1965]. Because of their near normal incidence to the sharp lower
ionospheric boundary, ducted waves can penetrate through the narrow
transmission cone of the lower ionosphere to reach the Earth's surface where

o) Vv

Figure 1.4. Ducted and non-ducted whistler—mode waves. Ducted
waves travel within background plasma density enhancements called
‘ducts’; their wave normal angle is approximately parallel to the magnetic
field line, they penetrate through the sharp lower ionospheric boundary and
are detected on the ground. Non—ducted waves propagate with their wave
normal at a substantial angle with respect to the magnetic field line; they are
typically reflected within the magnetosphere before they reach the
ionosphere, and they can typically be detected only ir sifu.
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they can be detected by ground based receivers. Non—ducted waves propagate
obliquely with their wave vectors at a substantial angle with respect to the
magnetic field line, and they are either reflected within the magnetosphere
before they reach the ionosphere (the reflections occur where the wave
frequency is equal to the local lower hybrid resonance frequency [Edgar,
1976]) or are specularly reflected at the sharp lower ionospheric boundary due
to their highly oblique incidence. Non—ducted waves can typically be detected
only in situ, on spacecraft or rockets. Whistler mode waves can be incoherent
or coherent signals. Incoherent, broadband noise-like signals, generally with
well defined upper and lower cutoff frequencies, are referred to as hiss
[Gurnett and Frank, 1972; Thorne et al., 1973; Laaspere and Hoffman,

1976], whereas examples of narrowband coherent VLF waves are natural

Ea]ﬂ DE-1 f\'ﬂ'ﬂ-m 205 MAY &4 125212 UT

kHz

ref Gl i
Al 31 HZ

Q12000 UT

' ref 75 dB
Al 15 Hz

EE'IE IE- UT

10
Tirna {sack

&l 135 HZ

Figure 1.5. Whistler mode waves. Frequency vs time spectra of
electromagnetic whistler—mode signals observed on the DE-1 satellite
[Gurnett and Inan, 1988]. Note that darker shades represents stronger
signals. a) 25 May 84, two multihop whistlers with well distinguished first
four hops. b) 9 Nov. 83, chorus with strong and clear rising tones. ¢) 8 Jan.
87, chorus with more complex structure.
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whistlers generated by lightning, discrete ‘chorus’ emissions, harmonic
radiation from large scale power grids, signals from ground based
transmitters and triggered emissions [Helliwell, 1965; Helliwell and
Katsufrakis, 1974; Helliwell et al., 1975; Park, 1976]. Whistler mode waves
are of special importance because their frequencies and propagation velocities
are low enough for resonant interactions with radiation belt electrons.
Examples of whistler mode waves recorded on the Dynamics Explorer-1
(DE-1) satellite are shown in Figure 1.5.

1.1.1. Radiation Belts

In addition to the cold plasma, the inner magnetosphere is also populated by
suprathermal (tens to hundreds of eV) and energetic (few keV to tens of
MeV) electrons and ions, which are trapped by the Earth's magnetic field and
which constitute the radiation belts [Hess, 1968; Roederer, 1970; Akasofu

and Chapman, 1972]. These particles execute helical motions around the
magnetic field lines, reflect back and forth between the two mirror points in
opposite hemispheres and drift around the Earth due to magnetic field
gradient and curvature drifts [Roederer, 1970]. Trapping of the particles by
the Earth's magnetic field constrains their motion so that the complete

trajectory of a given particle along a given magnetic field line can be defined
by only two parameters, for example by v, and «,, (equatorial velocity in

the direction of the magnetic field and equatorial pitch angle respectively,
where pitch angle is the angle between the particle's velocity vector and the
magnetic field), as illustrated in Figure 1.6. Along a given magnetic field line,
the mirror points are determined uniquely by the equatorial pitch angle; they
are independent of the particle’s total velocity (i.e., energy). The scattering of
the particles by external forces (such as those due to resonant whistler-mode
waves) may lead to changes in their equatorial pitch angle and displacement of
their corresponding mirror points along the field line. If its mirror point is
lowered into the increasingly denser atmosphere the particle interacts with the
atmospheric constituents and can be lost from the radiation belts and be
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Figure 1.6. The trajectory of a radiation belt electron. Radiation belt
particles (electrons and ions) execute complex helical motions consisting of a
gyration around the magnetic field line, reflection between the two mirror
points along the field line, and drift around the Earth across the magnetic field
lines. The particle’s trajectory and mirror points ( A,,) are definied by only two
parameters, for example by equatorial velocity in the magnetic field direction,
v,(A =0°), and equatorial pitch angle, (4 =0°).

‘precipitated’ into the atmosphere. The critical equatorial pitch angle which
corresponds to the mirror point defined with respect to an ‘effective’ upper
atmospheric boundary is called the loss cone angle. All particles that have
equatorial pitch angles smaller than the loss cone angle mirror below this
boundary and are therefore considered to be lost from the radiation belts. The
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Figure 1.7. Dependence of electron trajectories on the equatorial pitch
angle. Electron trajectories plotted in the lower panel as v,(A) correspond
to the equatorial velocity vectors shown in the upper panel. Mirror points do
not depend on the magnitude of the particle’s velocity; they depend only on
the pitch angle. Particles with equatorial pitch angles less than the loss cone
angle interact with the atmosphere and are precipitated.

concepts of loss cone, mirror point and the variation of the particle velocity
with latitude along a field line are illustrated in Figure 1.7.
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The determination of the loss rates of radiation belt electrons as well as the
quantitative evaluation of the contributions to this loss of different
mechanisms are important both in terms of our understanding of the
dynamics of the radiation belts and also because the precipitated energetic
particles cause significant disturbances in the upper atmosphere such as
heating, ionization, conductivity enhancements, emission of light and X-rays
[Rees, 1989]. Although not fully understood, the source and loss processes of
radiation belt particles are in a dynamical equilibrium. The solar wind is
believed to be one source of energetic particles which enter the magnetosphere
through the cusp or magnetotail and drift across the magnetic field lines to
form the radiation belts via radial diffusion. Since the boundary between the
atmosphere and the magnetosphere is gradual rather than abrupt, physical and
chemical processes in the intermediate region, the ionosphere, are also
important as sources and losses of radiation belt particles [Walt et al., 1968].

1.1.2. Cyclotron resonance

An important loss process for radiation belt particles are resonant wave—
particle interactions. During these interactions, wave fields perturb the
adiabatic motion of the particle (by primarily changing its pitch angle but also
modifying its energy), resulting in lowering of the mirror altitude below the
atmospheric boundary and leading to the particle’s loss from the radiation

belts. Resonance between a particle and a wave is considered to occur when, -

for some period of time, the particle experiences a relatively slow variation in
the phase of the wave’s electric and magnetic fields. The Landau
(longitudinal) and cyclotron (gyro) resonance are two forms of resonant
interactions that are common for whistler-mode waves in the magnetosphere.
Landau resonance occurs when the components of the particle’s velocity and
wave phase velocity in the direction of ambient magnetic field are
approximately equal. Cyclotron resonance (gyroresonance) occurs when the
Doppler—shifted wave frequency, as observed in the particle’s frame of
reference, is approximately equal to the particle’s gyrofrequency. The
geometry of cyclotron resonance between gyrating electrons and elliptically
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12 1. Introduction

polarized components of both ducted and non—ducted whistler mode waves
are schematically illustrated in Figure 1.8. The electrons rotate in the same
direction as the electric and magnetic fields of the right hand elliptically
polarized waves (in general an oblique whistler—mode wave is elliptically
polarized, but for the special case of ducted waves (7=0°) the polarization is
circular). If the rate of rotation of the electron and wave are matched, the wave
fields appear to have stationary phase in the reference frame of the electron.

For the same electric and magnetic field intensities the electron—-wave =

interaction is more effective for the case of a circularly polarized (ducted)
wave than for an elliptically polarized (non—ducted) wave. However, we
should note that the wave polarization as well as the ratio of electric and
magnetic field intensities are determined by the propagation medium and also
depend on the wave normal angle y in a complex manner, as shown later

(Chapter 3).

1.2. Review of Previous Work

Past investigations of resonant whistler—mode wave—particle interactions have
recognized their importance in the loss of radiation belt electrons [e.g.,
Dungey, 1963] and have evolved in essentially two directions depending on
the coherence of the wave. When interacting with broadband and incoherent
whistler mode waves through cyclotron resonance, individual particles are
subjected to a series of random pitch angle scatterings so that for a population
of particles the interaction can be viewed as a diffusion process. The cyclotron
resonant interaction of a distribution of particles with an incoherent whistler
mode wave can thus be studied via diffusion coefficients formulated in the
particle’s equatorial pitch angle space [Roberts, 1966]. This approach was
used by Kennel and Petschek [1966], Lyons et al. [1972], Lyons and Thorne

[1973], Spjeldvik and Thorne [1975] and others to study interactions of
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radiation belt particles with a class of incoherent magnetospheric signals
known as plasmaspheric hiss. Note that past studies based on the diffusion
coefficient approach have included interactions between radiation belt
electrons and oblique whistler mode waves [Roberts, 1969; Lyons et al.,
1971].

The physics of particle—wave interactions for the case of coherent and
narrowband whistler mode waves is fundamentally different. During the -
interaction with a coherent wave individual particles are not scattered
randomly; instead, they stay in resonance with the wave long enough for the
particle’s pitch angle to be substantially changed. This non-linear interaction
has been extensively studied for ducted whistlers by the means of a test
particle simulation model [Inan, 1977; Inan et al., 1978; Inan et al., 1982,
Chang, 1983; Chang and Inan, 1983a; Chang and Inan, 1983b; Chang et al.,
1983] including direct comparisons with experimental data [Inan et al.,
1985a; 1989]. A good review of this approach and a comparison between
interactions with coherent versus incoherent waves is given by Inan [1987].

Experimental observations have shown that ionospheric effects of precipitated
electrons, such as sub—ionospheric VLF perturbations, X—ray emissions, or
photoemissions can often be correlated with natural ducted VLF waves
(whistlers, chorus emissions, noise bursts, etc.) [Rosenberg et al., 1971,
Helliwell et al., 1973; Foster and Rosenberg, 1976; Lohrey and Kaiser,

1979; Helliwell et al., 1980; Mende et al., 1980; Rosenberg et al., 1981;

Dingle and Carpenter, 1981; Carpenter and LaBelle, 1982]. In particular, the
jonospheric signatures of the scattering of energetic electrons out of the
radiation belts in cyclotron resonant interactions with lightning—generated
ducted (i.e., parallel propagating) whistlers have been both theoretically
studied in detail [e.g. Chang and Inan, 1985] and are now commonly
observed [Inan et al., 1990; Burgess and Inan, 1990, and references therein].
As a measure of the effectiveness of this interaction, precipitated energetic
electron fluxes have been theoretically estimated and compared with
experimental data [Inan et al., 1985b; Inan and Carpenter, 1987; Inan et al.,

1989].
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However, the bulk of the wave energy injected into the magnetosphere by
lightning discharges propagates in the non-ducted mode. Although non-
ducted waves may be less efficient than ducted waves in pitch angle scattering
and precipitation of electrons in a single encounter cyclotron resonant
interaction (due to elliptical polarization of non—ducted waves versus circular
polarization of ducted waves, as described in Figure 1.8.), their overall effect
on radiation- belt electron precipitation is yet to be ascertained. Quantitative

consideration of the interactions between non—ducted whistler—mode waves -

and radiation belt electrons is the subject of this thesis, in which we provide a
first estimate of the effectiveness of non—ducted whistlers in precipitating
particles.

In this thesis we consider resonant particle interactions with coherent,
monochromatic whistler mode waves propagating obliquely with respect to
the ambient magnetic field. Further, we only consider the resuitant
modification of the electron distribution in a single encounter with the wave.
Such a ‘one—pass’ solution essentially integrates over temporal variations that
would occur as the wave packet propagates along the field line and interacts
with particles of different energy at different locations [Inan et al., 1982].
When applying our model to the Earth’s magnetosphere, the first assumption
of the coherence of the wave is justified since both signals from VLF
transmitters and lightning generated whistler mode waves are narrow—band
and coherent (see section 5.4). However, natural whistlers launched by

lightning discharges exhibit slowly varying frequencies (Figure 1.5)and are. .. . . ... .

discrete finite duration wave packets; both of these features are not included in
our present model. In this sense, our model results are more directly
representative of the effects of each Fourier component of lightning generated
whistlers or signals which are monochromatic (e.g., VLF transmitter signals)
and constitute the first step in a more general model that might also be
applicable for slowly varying frequencies and discrete wave packets.
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1.3. Contributions of the Present Work

The main contributicns of this Ph.D. dissertation can be listed as follows:

1) Development of a test particle simulation model of resonant
interactions between oblique whistler waves and charged particles. The
first step in this development was to extend the existing formulation of test
particle equations of motion to include relativistic particles. The first part of
the computer model is the simulation of the test particle trajectories. In the
second part, the individual test particle simulation results are combined with
the initial particle distribution function to infer the changes in the full
distribution function. Results are expressed in terms of measurable quantities
such as precipitated differential energy flux, total precipitated energy flux and
particle lifetimes.

One important feature of this model is its generality. With minor
modifications, the model can be used to study interactions occurring in
different media (magnetic field, background plasma density) such as at other
magnetized planets, interactions involving protons and other ions or other
types of resonant interactions (e.g., Landau resonance, higher order
gyroresonance). The model provides a good basis for future development of
- the test particle simulation method (see suggestions for future work in
Chapter 7.)

2) Application of the model to the parameters of the inner magnetosphere (L
< 4) revealed that oblique wave energy injected into the magnetosphere
by thunderstorms or tfransmitters may substantially contribute to the
establishment of radiation belt equilibrium as well as cause significant
perturbations (secondary ionization, light emission) in the ionosphere
via particle precipitation.
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3) In particular, we show, for the first time, that oblique whistlers can
efficiently scatter significant energy fluxes of suprathermal (10-100 eV)

electrons. Suprathermal E=100 eV electron energy fluxes are calculated tobe . = . . .

~ 6 times higher than those of energetic E=100 keV electrons precipitated by
ducted whistlers whose peak values are measured to be of the order of 10-3—
10-2 erg/cm?2-s. It is estimated that suprathermal electrons precipitated by
oblique whistlers can cause secondary ionization of ~ 30—40 ion pairs/cm3-s
at relatively high altitudes of 300400 km.

4) We have shown that MR whistlers originating in lightning can
resonantly interact with radiation belt electrons over a broad range of
L—shells and precipitate higher energy electrons from lower L—shells.
Electrons in the energy range of 1-2.6 MeV are precipitated from L = 2,
whereas from L = 4 the precipitated electron energy range is 150-220 keV.
The precipitated differential electron flux , due to this interaction, is higher for
higher L—shells, and the maximum value ranges from @ g, (1.11 MeV) =

52%104 el/em?-s-keVatL=2to ®, (173 keV) =4.6x10! el/cm?-s-keV

at L = 4. The lifetimes of radiation belt electrons in a given magnetic flux
tube around the L-shell on which the interaction takes place are found
to be of the order of several days, comparable to lifetimes corresponding
to electron loss induced by hiss, which was heretofore assumed to be the
dominant loss mechanism [Lyons et al., 1972]. The minimum electron
lifetimes vary from 2.47 days for E = 1.11 MeV electrons at L =2 to 4.64
days for E = 173 keV electrons at L = 4.
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Preliminary Assessment of the Efficiency
of Cyclotron Resonant Interactions
Between Electrons and Oblique Whistlers

In this chapter, we describe results of our preliminary evaluation of the
possible role of oblique whistler mode waves in the scattering of radiation belt
electrons via cyclotron resonant interactions. Part of the results reported in this
chapter were published in Geophysical Research Letters [Jasna et al., 1990].
Specifically, we consider (i) the equatorial gyroresonance conditions as
dictated by the propagation of VLF waves along a raypath in a model
magnetosphere and (ii) the equatorial pitch angle scattering coefficients. For
the first part of our study the Stanford two—dimensional raytracing code was
- used to determine the parameters of near-loss-cone electrons that would
undergo cyclotron resonance with the oblique whistler mode waves, the
characteristics of which are determined via raytracing [Jasna et al., 1990].

In the second part of our preliminary work we consider the radiation belt
electron pitch angle diffusion coefficients based on pitch angle changes
averaged over one electron gyroperiod. For this purpose, we consider the
interaction between near-loss-cone electrons and narrow band oblique whistler
mode waves and evaluate the diffusion coefficients as a measure of the
effectiveness of electron scattering. Scatterings by ducted and non-ducted

17
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waves are compared, based on the dependence of the magnitude of the
diffusion coefficient on wave normal angle.

The-combined results of the two preliminary analyses indicate that cyclotron~ =~ =

resonant interactions between electrons and oblique whistler mode waves can
potentially be an important mechanism of radiation belt electron loss and that
this type of interaction needs to be studied in more detail.

2.1. Equatorial Gyroresonance With the Raytraced
Whistlers

A large fraction of the wave energy injected into the magnetosphere by
lightning discharges propagates in the non—ducted (oblique) mode and is
often found to undergo multiple (up to 8-10 bounces) reflections back and
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Figure 2.1. Example of an MR whistler. Frequency—time spectrogram of
an MR whistler with 10 components and with well defined upper— and
lower—frequency cutoff patterns. Taken from Edgar [1976].
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forth between hemispheres [Edgar, 1976]. The reflections typically occur at
locations where the wave frequency matches the local lower hybrid resonance
frequency, leading to the so—cailed Magnetospherically Reflected (MR)
whistlers as observed on spacecraft (Figure 2.1.).

Little attention has been paid so far to the interaction of MR whistlers with
energetic particles and their contribution to the loss of these particles from the
radiation belts. Recent satellite— and ground-based data indicate that whistlers
originating in lightning discharges regularly precipitate energetic electrons out
of their trapped orbits [Voss et al., 1984, Inan et al., 1988]. While individual
events are commonly associated with ducted whistlers [Inan and Carpenter,
1986, Burgess and Inan, 1992] and/or lightning discharges [Inan et al.,
1988], the relative role of non—ducted whistlers is not known. In this section,
we investigate energies of the electrons that would undergo cyclotron
resonance with MR whistlers near the geomagnetic equator during multiple
crossings (Figure 2.2.). We find that the resonant energy for electrons
remains roughly constant as the equatorial crossings for typical rays move
inward over the range 1.5 < L < 4. This result indicates that wave energy
entering the magnetosphere from a single location can resonantly interact with
electrons of the same energy over such a wide range of L—shells. Thus, VLF
wave energy produced by lightning may play an important part in the
precipitation of energetic electrons on magnetic field lines far removed from
that of the lightning discharges.

2.1.1. Method of Calculation

The basis for theoretical calculations to determine the wave normal angle and
refractive index was the Stanford VLF Raytracing program [Burtis, 1974;

Inan and Bell, 1977]. Rays at selected frequencies in the range of 1-32 kHz

were injected into the magnetosphere at 1000 km altitude and at L=1.5-4,
and the output parameters of ¥, ®/@,, ncosy at each step along the ray

path were computed, where ¥ is the wave normal angle (the angle between
the wave vector and Earth's magnetic field), @ is the wave frequency, @
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Figure 2.2. Sample raypath. Schematic illustration of a sample raypath in
a magnetic meridional plane for a f = 2 kHz wave injected at 1000 km
altitude at L = 3. The wave normal direction is shown at intervals along the
raypath as a short line segment, and its angle with respect to the magnetic

ficld line and the upward vertical are defined at the point of injection as y,
and &, respectively.

is the electron gyrofrequency and n is the refractive index. Typical
plasmaspheric conditions as represented by the equatorial electron density
profile shown in Figure 2.3. were assumed. A sample raypath is shown in
Figure 2.2. to establish the coordinate system for all the calculations.

For oblique whistler waves, an important characterizing parameter is the
difference between the wave normal angle () and the resonance cone angle
(w,),ie, Y= Il/l - wr[. The quasi—electrostatic versus electromagnetic nature
of the wave as well as the pitch angle scattering coefficient for electrons in
transverse resonance with an oblique whistler depend strongly on this
parameter [Inan and Bell, 1991]. Dependence of Y on L—shell along the
raypath is given in Jasna et al. [1990].



2. Preliminary Assessment 21

With y and the refractive index (n) obtained from the raytracing program, the
relativistic resonant electron energy for electrons in the vicinity of the loss
cone (pitch angle « = ¢;,) was computed from

E=mc(y-1) ; v,2——— (0,7 -
mc(y=1 ; v, meow( Y —©)

where y7' =+1-p%, with B=(v/c)=(v,/c)cose,)™, v is the
magnitude of the electron velocity and v, is the electron velocity in the
direction of the magnetic field.

10° . . . .

N (el/cm?)

Figure 2.3. Equatorial electron density profile. The variation of the
density along the field line is assumed to follow a diffusive equilibrium
model [e.g., see Inan and Bell, 1977]. The equatorial electron density values
were assumed to be as shown.

2.1.2. Results

In this section, we first illustrate the parameter variations along the raypath
and then concentrate on the resonant interactions near the geomagnetic
equator. While oblique resonance can occur with electrons encountered
anywhere along the raypath, for typical rays the longest and most effective
gyroresonance is expected to occur close to the equatorial plane, where the
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variations in @, wave vector (k) and ¥ along the field line (in the frame of
the particles) are the slowest [Bell, 1986].

The equatorial plane crossings.of different rays are investigated in terms of the . ... ...

value of resonant electron energy E (i.e. E,,) and its dependence on L along

the raypath. We consider waves in the frequency range 1-32 kHz, injected ata =

1000 km altitude along the field lines in the L =1.5-4 latitude range and
with the initial wave-normal directions at the injection point of y, =—-80° to

+80°.

Parameter variations along the raypath

A typical raypath for an MR whistler is shown in Figure 2.2. Initially the ray

moves toward higher L-shells, but after one complete bounce it begins to-
move toward lower L values. The ray moves inward (toward lower L—shells)

if, at the magnetic equator, its frequency is higher than the local lower hybrid
resonance frequency (f > f;,z) [Edgar, 1976]. On the other hand, if

f < figr at the magnetic equator, the ray moves outward, so the surface

fimr= const. is a ‘strange’ attractor for all rays with f = f, ...

Figure 2.4. shows E for a single selected ray at 2 kHz injected at L =2,
vertically upwards. The ‘+’’s 'represent points along the raypath at regular
intervals and are connected by a thin line. The thick curve connects just the
equatorial crossings (E,, ). The variation of £, as a functign of frequency is

shown in Figure 2.5.

The resonant electron energy oscillates between lower and upper limits,
represented respectively by the energy curve associated with the equatorial
crossings and by E=mc’(w,/®~1) (at the reflection points where
k, — 0). Our values are somewhat lower than the upper limit due to the use
of a discrete set of output values.

Assuming that significant interactions can occur all along the ray path, the
results shown in Figure 2.4 indicate that wave energy at 2 kHz entering the
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magnetosphere at a fixed location (e.g., L =2) can resonantly interact with
electrons in the 100-1000 keV range as it bounces back and forth between
hemispheres.

L=2, h=1000km, f=2kHz, 6,=0°

10% |
10° | -
]
M 102- -
101 |
2.5 3 3.5

L

Figure 2.4. Resonant electron energy along the raypath. The variation
of resonant energy FE along a sample raypath shown as a function of Z—shell
for a f = 2 kHz ray injected vertically upward (8, =0°) at L = 2. The
parameter values at sample points are connected with a thin solid line in the
order of their appearance along the ray propagation path The thick curve
connects the equatorial crossings.

Dependence on injection latitude

The dependence of E,, on injection latitude (L-shell) is shown in Figure 2.5.

The rays injected at the lower latitudes (L =1.5 and 2) do not encounter the
plasmapause (at L=4) and exhibit relatively well defined features. The
raypaths initially move towards higher Z—shells and then gradually descend
toward lower L—shells. Frequency dependence is such that raypaths for higher
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frequency rays are shifted towards lower L-shells. We note that for wave
frequencies of 16 and 32 kHz there is only one equatorial crossing since the
lower hybrid resonance frequency ( f,,,) is always less than the wave

frequency (f); and magnetospheric reflection does not occur. For 12 kHz,

whether or not reflection occurs depends on the disposition of the raypath; for
example the 12 kHz ray injected at L = 1.5 arrives at the other hemisphere at
latitudes where f;,, < f and does not undergo MR reflection, whereas that

mjected at L = 2 does.

The variation of the equatorial resonant energy (E, ,) shows that this quantity

is relatively independent of frequency, especially after the first few equatorial

crossings. For example, for injection at L =2 with f =2 kHz, the equatorial
resonant electron energy is in the range 78 keV< E,, <122 keV while for all

other frequencies injected at L=2 we have 78 keV < E, < 148 keV.

Furthermore we note that this resonant energy range is not a very strong

function of injection latitude (L). For injection at L =1.5 the energy range is
319keV< E,, <579keV, and for L=3 itis85keV < E,, <191 keV.

The rays injected at the higher latitudes (L = 3 and 4) initially move towards

the plasmapause and in that region exhibit irregular behavior. After they
reflect from the plasmapause and propagate inward, well defined features
explained earlier are exhibited. Raytracing with a plasmapause located at
higher L—shells (e.g., L =7) shows that rays injected at L=3 also exhibit
well defined behavior. Rays injected at higher latitudes inevitably encounter
the plasmapause and exhibit irregular behavior, although this also depends on
the wave normal at the point of entry. The general effect of the plasmapause is
thus well illustrated in Figure 2.5.

Dependence on wave normal angle at injection

Figure 2.6 shows the dependence of E,, on y, for 2 kHz rays injected at

1000 km altitude at L = 2. Similar results are also found for other frequencies
‘and injection latitudes.



25

‘[oued yoeo 9y} Jo do) o1 T8 USAIS ST poroalur azom sfer oYy

[OTYAM T8 [[OYS—7 SYL, PoIAULod are sSuIssord darssaoons oy Avunbary yoes Joj pue fexa[8us e jo Surssoro suefd [epojenbo

ot syuasaidor jurod yoey ‘S[OQUIAS jusieyyip Aq p2Iousp ore Jey ZHY 7€ ‘91 ‘T1 8V T = £ sorousnbary yum ‘b ‘€ ‘T ‘S

=7 wo1y (,0=9Q) premdn Afeonioas pajoafur skerIof “bary ‘SUOI}0S[S JO ASIOUS JURUOSSY [RLIONENDO 3 JO Aouanbaiy aaem
pue opmIye| uonoalur uo aouspuada( *saejoureed el 91 uo souapuadop £810Ud LOX)IVP JUrU0SAI [BLI0)ENDY 6T aIngyg

1 g
7 ¢ C I ¥ ¢ 7 I
’ ’ - ’ NIO.H T v ! - T thﬁ
i v 1 1-01 - * ; -0t
i P.//.fi ] o [~ 10T
- m/m/mémw 1 01 & | 1101 2
: 1 201 & : 101 8,
i 1 01 — - 401 -
: : - 01 : : : 01
0 How b H.a.w_ .0 How ‘¢ H.EA ’
g B | | ot tem | i
m i T.O.— i O] ~ ..HlO.H
o
2 i - 1 o0l AR 4 01
i
< i 1 O 2 {01 8
3 - 1 01 7 101 7
£ - 1 01 S 1601 S
5 _ s ,01 01
& 0= 7=""1 ’
o~




26 2. Preliminary Assessment

The general behavior of E,, from Figure 2.6 is fairly independent of . The
ray with ¥, =+80° tends to propagate on lower L-shells, is far away from

the plasmapause, and therefore exhibits well defined characteristics similar to
the vertically injected (5, = 0°) case. The ray with Y, = —80° initially moves =

toward the plasmapause and exhibits irregular behavior until it moves to
lower L~shells in a manner similar to the case of vertical injection at higher -
shells. After the fourth equatorial crossing the E,_ for this ray varies in the
same way as that for ¥, =+80° and is shifted somewhat towards higher L~
shells compared to the 8, =0° case. Figure 2.6 shows that although the
equatorial resonant electron energy level is higher for 6, = 0°, dependence of
E,, on Y, is rather weak.

L,=2, f=2kHz
104 ] ] I
m] W(): 80‘3

10° - .
%
4 107 -
mu

10! 7]

100 1 1 1

1 2 3 4

Figure 2.6. The dependence of equatorial resonant electron energy on
the wave normal angle at the injection point. Dependence on the wave
normal angle at the point of injection of the equatorial resonant energy £,
versus L—shell value for rays injected at L = 2 with frequency f = 2 kHz in
three directions Yo, = +80°, 8, =0°, Y, = —80°, represented respectively
with a square, a circle and a triangle.
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2.1.3. Conclusions

Whistlers originating in lightning discharges, while they bounce back and
. forth between hemispheres due to magnetospherical reflections, undergo -
gyroresonance with electrons in well defined energy ranges near the
geomagnetic equator. As the wave reflects back and forth, the equatorial
resonant electron energy (E,,) remains roughly constant even though the

raypaths move inward with the equatorial crossing varying over a wide range
of L-shells (1.5 < L < 4). Typical E,, are of the order of 100 keV, depending
on the point of entry of the whistler into the magnetosphere. For example, for

whistlers entering the medium at L = 2, equatorial electron resonant energy
remains in the range 78 keV < E,, < 148 keV.

It thus appears that MR whistlers originating from a single location, initiated,
for example, by isolated thunderstorm centers, could resonantly interact with
and induce precipitation of electrons in relatively small energy ranges over a
wide range of L-shells. The importance of this effect in terms of the loss of
the particles from the radiation belts needs to be evaluated. However, we can
expect the contribution of MR whistlers to this loss to be substantial, since
pitch angle diffusion coefficients for oblique wave—particle interactions have
been shown to be comparable to that for v =0° [Inan and Bell, 1991].

2.2 Gyro—averaged Pitch Angle Diffusion

In this subsection we evaluate pitch angle diffusion coefficients to
quantitatively assess the magnitude of electron scattering by oblique whistler
mode waves and to compare results with scattering due to interactions with
ducted whistler mode waves. We note here that a diffusion formulation is
only appropriate for interactions involving incoherent waves [Inan, 1987] so



28 2. Preliminary Assessment

that, for the case of interactions with coherent signals (such as whistlers from
lightning or VLF transmitter signals), the magnitude of scattering as evaluated
in this section only constitutes a first approximation. Our results indicate that

‘the: pitchrangle scattering resulting-from-interactions with non=ducted waves~ -~ =7z =r s

are at least as large as those due to interactions with ducted waves.

2.2.1. Gyro-averaged Diffusion Coefficient

A given radiation belt electron is considered to be in resonance with a narrow
band oblique whistler mode wave if v, = v, = (v @y - m)k, ! where v,
is the component of the particle velocity D along E‘o, y ! =q1-(v/c)*,
k, = (w/c)ncos ¥ is the component of the wave vector along the magnetic
field line, @, is the electron gyrofrequency, @ is the wave frequency, n is the
refractive index and  is the wave normal angle with respect to the magnetic
field line. The pitch angle diffusion coefficient, D,, is defined as

D, = (Ac)? /At [e.g., Kennel and Petschek, 1966; Roberts, 1968], where
At=C2r) Ao+ v R / (U is the average time particles stay in resonance,
A is the wave bandwidth, v, = (dw/dk,) is the component of the wave
group velocity along E’o, Ag is determined by the equations of motion [Bell,
1986], and the bar represents averaging over the particle ensemble, assuming

uniform distribution in initial gyrophase. The rate of change of pitch angle for
resonant electrons averaged over one gyroperiod is given by [Bell, 1986]

do > @ cos’ar ) .
—=- 1+ sin ) +
dt kv, YO, — @

v, Jdwy
20 0z

where 02 =kl [J,(B)-oyJ,(B)+ /i (B)],  k={1+w?/(ck,)],
0% =(q/2Yme) (B} +B))k,v,, B=[1-0/(y"0y)|tnatany, o=
(BY —B})/(BY +B)) and @, =v['EY /(B! +B}), with J,() being the
Bessel function of the first kind and ith order, and m,, and g being particle rest
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mass and charge respectively. The conditions for the validity of the gyro—
averaged equations of motion are discussed in Chapter 3.

We now consider electrons of a given energy with pitch angles in the
vicinity of the loss cone at a given L—shell in the equatorial plane and
investigate their cyclotron resonant interaction with whistier mode waves of
different wave normal angles. The cyclotron resonance condition,
v, =V, =(y" @y —w)k;', determines the frequency of the wave for a
given wave normal angle ¥ ( is the angle between the wave vector k and

the magnetic field Eo as discussed further in Chapter 3) that can resonantly
interact with an electron with v, = v,. The pitch angle scattering coefficient is
calculated assuming that the waves have a power density (Poynting flux) of
S =09.7 pW/m? corresponding to that of a ducted (¥ =0") wave at L =3
with the frequency of f =16.2kHz ( f/f, = 0.5) and magnetic field intensity
of B, =1 pT. The bandwidth of the wave (Aw/2 ) is assumed to be 200 Hz

for all the waves considered in this section.

Table 2.1. Equatorial electron density and pitch angles. Ambient equatorial electron -
densities and energetic electron equatorial pitch angles used as input parameters for pitch
angle diffusion coefficient calculations.

L | N,(elkc) | o,/(deg)

2 1560 17
3 600 9
4 400 6

We consider electron energies of 1 keV, 10keV and 100 keV at L =2, 3, and
4. The equatorial electron densities and the equatorial pitch angles (close to the
loss cone angle) at the Z—shells considered are summarized in Table 2.1. The
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values of equatorial electron densities given in Table 2.1 are used throughout
this thesis.

2.2.2. Results

We use a formulation similar to that described in Inan and Bell [1991] to
determine the wave frequency required for cyclotron resonance with £ = 1, 10
and 100 keV electrons at L = 2, 3, and 4 in the equatorial plane as a function
of the wave normal angle, (i.e., f(¥)), and the corresponding values of
D, (y). Results are presented in Figure 2.7.

The frequencies of the waves that would undergo cyclotron resonance with an
electron of a given energy in the equatorial plane is higher for lower L—shells,
ranging for example, for E = 1 keV electrons, from 5 kHz at L = 4 to ~80
kHz at L = 2 for ducted (y = 0°) waves. At a given L—shell, higher energy
electrons resonantly interact with lower frequency waves; for example, at L =
2, E =1 keV electrons resonate with ~80 kHz waves with =0, while a
wave with ¥ =0" at ~15 kHz resonantly interacts with E = 100 keV
electrons. Wave frequencies required for resonance for waves with
0°<w<50° at a given L—shell are weakly dependent on  (f( y)=constant).
For 1 keV electrons, the frequency of the resonant wave decreases with the
wave normal angle for all L-shells as ¢ — y, where V., is the resonance
cone angle at which the refractive index is infinite, as further discussed in
Chapter 3. Athigh y’s, the f(y) curves for E = 100 keV electrons exhibit a
maximum which is more pronounced and occurs at higher ’s for higher L~
shells. For example, the highest wave frequency for resonant interaction with
100 keV electrons at L =4 is f~0.8 kHz for w~85°, whereas that for a ducted
wave ( Y =0°) interacting with the same energy electrons is f~0.2 kHz. For 10
keV electrons f(y) decreases with ¥ at high w’s for L = 2, whereas at L =
3 and 4 it exhibits maxima similar to those for E = 100 ke V.
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We see from the lower panels of Figure 2.7 that, for electrons of a given
energy, the pitch angle scattering coefficient D, () does not depend strongly
on ¥ for 0°<y<50°. Furthermore, for 10 keV and 100 keV electrons
D, () appears to approximately have the same value for different Z—shells,
For 10 keV and 100 keV electrons at high y’s, D,(y) decreases rapidly
with increasing ¥, whereas D, () at high y’s for 1 keV electrons exhibits
interesting behavior. Before a rapid decrease for y’s close to 90°, D, ()
exhibits pronounced maxima. For example, at L =2, D (v =0") = 3x104
rad2/s. As y increases, D, (y) decreases slightly until it reaches local
minimum of D,~2x10-4rad?/s at y~45" and subsequently increases to the
maximum of D,~10-3rad?/s at y~80° and rapidly decreases for higher yr’s
as y approaches the resonance cone. The rapid decrease D, (y)— 0 for
¥ — v, has a fine structure with minima D, =0 due to @, =0 as opposing
effects of the different wave components cancel [Bell, 1986; Inan and Bell,
1991). Comparing the curves for different electron energies, D, () is higher
for lower energy electrons. For example D,(y=0") has the value of
~2.5x10-4 rad?/s, ~6x10-5 rad?/s, and ~1.5x10-5rad?/s for E=1, 10, and 100
keV electrons respectively. The importance of these results arises from the
fact that a large fraction of the waves in the magnetosphere propagate in the
non—ducted (oblique) mode [Edgar, 1976].

2.2.3. Conclusions

Cyclotron resonant pitch angle scattering of electrons by oblique whistler
mode waves appears to be at least as efficient as that due to parallel
propagating (i.e., ducted) waves. For lower energy electrons (i.e., 1 keV),
oblique whistler mode waves can be even more efficient in electron scattering
than ducted whistlers. The precipitated energy fluxes caused by resonant
interactions between radiation belt electrons and oblique whistlers would
depend on various parameters such as whistler intensity, radiation belt
electron distribution, and the distribution of the effective interaction region
along the magnetic field line. To determine the resulting precipitation fluxes,
we undertake a more detailed study based on a test particle formulation as
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discussed in Chapter 4. Based on the pitch angle diffusion coefficients
calculated here, we can expect cyclotron resonant interactions between
relatively low energy electrons (1 keV) and oblique whistler mode waves to
lead to significant precipitation energy fluxes. The scattering coefficients can
often be higher than those for parallel propagating waves as shown earlier,
and, also, trapped particle fluxes at the lower energies are typically higher for
most magnetospheric particle distributions. Observed lightning induced
‘precipitation events involving > 40 keV electrons caused by whistler
components propagating along the magnetic field lines [e.g., Inan et al., 1990;
Burgess and Inan, 1992] should thus be accompanied by substantial fluxes of
lower energy electrons scattered by oblique whistler components caused by
the same lightning discharges. A quantitative evaluation of the oblique
whistler contribution to the precipitation of the radiation belt electrons is the
subject of the following chapters.
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3.

Theoretical Formulation

Test particle equations of motion form the basis for the simulation method
developed here for quantitative investigation of cyclotron resonance
interactions between radiation belt electrons and oblique whistler mode waves
in the magnetosphere. These equations of motion incorporate the effects on
the particles’ motion of the gradients of the Earth’s magnetic field and within
which interaction takes place and the wave electric and magnetic field forces
that act on the radiation belt electrons. The equations of motion in the absence
of the electromagnetic wave define the unperturbed electron trajectories and
allow us to establish a suitable coordinate system for modeling the electron—
wave interaction. The waves are assumed to be given, with their properties
determined by the cold magnetosplasma and its gradients along the field line.

35
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3.1. Mathematical Model of the Cold Magnetoplasma .

Medium

In the inner magnetosphere (L<6), the Earth's magnetic field lines are not
significantly distorted by the solar wind and for our purposes can be modeled
using a centered dipole tilted with respect to the rotational axis by ~11°. The
magnetic field intensity is then given by

2
B(L,l)=§i\“+3sm A

I} cos®A

where L is the L—shell value, A is the geomagnetic latitude and
B, =3.12x107 T.

A dipole field line (Z—shell) is defined as
r(L,A)=r,cos’ A =LR, cos® A

where R = 6370 km is the Earth's radius. Note that, as was defined before,
r(L,A =07 =r,, = LR, so that the L value corresponds to the geocentric

distance at which a given magnetic field line crosses the geomagnetic equator
(Figure 3.1).

In the inner magnetosphere, the background ‘cold’” plasma consists of
particles with typically less than a few eV energy, with the electron gyroradii
being of the order of a few meters. Under such conditions, centrifugal forces
and the Earth’s gravity act upon the electrically neutral isothermal mixture of
electrons and positive ions (H*, He* and O) to form a diffusive equilibrium

along the magnetic field lines [Angerami and Thomas, 1964]. The variation
along the magnetic field lines of the electron density for the diffusive
equilibrium model of the cold plasma density is given by [Park, 1972]
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Figure 3.1. Dipole magnetic field geometry. Coordinate system for dipole
magnetic field geometry. :

]

N, (L,A)= Nl\/zgil eXp[——;—J ’

where
2 o2
Q
Z=1 —r—l——(r2 cos” A —r{ cos” 1)
roo2g
s
m;8

and ¢& is the fractional abundance of ionic species, r is the geocentric distance
depending on both L and A, Q is the angular rotational speed of the Earth, g is
the gravitational acceleration, A is the dipole latitude, k is Boltzman's constant,
T is the temperature and m is the particle mass. The subscript i refers to the ith

ionic species (H*, He* and O™), and the subscript 1 refers to the reference

level at 1000 km altitude. Figure 3.1. illustrates the coordinates and the
symbols used.
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3.2. Oblique Whistler-Mode Waves

The properties (dispersion relation, polarization of the wave fields, group
velocity) of the electromagnetic waves that are supported by the cold, infinite,
homogeneous, collisionless plasma in the presence of the external
homogeneous, static magnetic field B, are derived from Maxwell's equations

- oB
VXE=——
ot
. . 10E
VxB= —-— ,
J ¢t ot

where the plasma current is given by
Jj= 2nqu (VR
i

and the motion of the charged particles constituting the plasma is governed by
the Lorentz's force equation
dv, e
m,——=q (E+0,XB
LY g k )

where E and B are the total electric and magnetic fields, and #,, m,, q, and
U, are the density, mass, charge and velocity respectively of the kth species of
particles in the plasma [Stix, 1962]. To represent the variation of the wave
characteristics along its propagation path due to the variation of the ambient
cold plasma, we use the slowly varying (WKB) plane wave approximation

(the first order quantities are assumed to vary as @k 77} which is valid here
since the electrical characteristics of the propagation medium do not change
substantially over the distance of the order of a wavelength. For a wave that
propagates at an angle y with respect to the direction opposite to that of the
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b
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Figure 3.2. Wave vector orientation. Coordinate system for an
electromagnetic wave with wave vector k in the presence of an ambient
magnetic field B,. The wave vector lies in the x—z plane.

ambient magnetic field (Figure 3.2), the condition for a non—trivial solution
of the above equations gives the dispersion relation which can be solved for
the square of the refractive index

g2 = Byt Fy
2A
where
A = Sgsin® y + Pg cos® y
F§ =(RsLg — PsSs)* sin® y +4P3D; cos” y
S¢=(Rg+Lg)/2
Dy =(R;—Lg)/2
and
2 2 2
W w W @ w
P.=1-V—2 R =1-V2& , Lo=1-% -2
2
nq 9B,
(D;Z;k— CL L g =5
£,y m,
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with @, and @y, being the plasma and cyciotron frequencies of the kth

species respectively. Note that theoretically there are two branches of #n2 that
satisfy the dispersion relation, each representing elliptically polarized waves
but with the opposite sense of rotation around the ambient magnetic field.
However, the typical parameters of the Earth’s magnetosphere (i.e., plasma
and cyclotron frequencies) are such that for frequencies between the electron
and proton gyrofrequencies only those waves whose fields rotate in the same

sense around the ambient magnetic field as the electrons can propagate -

[Helliwell, 1965]. The dispersion relation shows that the refractive index of
the wave as well as its phase velocity (V,;, = @/k, where k=nw/c is the
wave vector and ¢ is the speed of light) and group velocity (178 = daJ/ dk)
vary with both the wave frequency, ®, and the direction of propagation, .
These features are characteristic of electromagnetic wave propagation in a
dispersive and anisotropic medium, which the Earth’s magnetosphere is in
this frequency range.

The wave electric and magnetic fields are given as
W o A W A W AW s
E¥ =—¢ E sin®+¢ E’cos®—¢ E”sin® 31
DWW _ A pw A pW _* A W o
B" =¢, B, cos®+¢ B sin®—¢ B cos®

where ® = ot —k - 7 is the wave phase, and the polarization ratios are

_E¥ (n*-Ss)n*sinycosy

L= EY "~ Dy(n*sin® y - Py)
b, = E' (n®-S)
2 - w -
E Dy
p —Bf“tanw 4
ml w o W
BJ’ B}’
BY  Dg(n’sin® - Py)
me - =~

B Py(n® —S,)
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It is useful to express the wave intensity in terms of the wave power density
or the Poynting flux §, which is defined as

S=E"xH"

From this, one has for the time averaged Poynting flux value

S= ﬁ B[ (p? X* ncos yr)” \/(tan y—pp,X) +(1+p2x)’ 32
where
u, =4rx107 Ll ,
m
X = P

(P—n’sin® y)

All equations in this section are derived for a homogeneous medium. The
magnetosphere is not a homogeneous medium since both the plasma density
and magnetic field (and therefore @, and @y, ) vary in space. Fortunately,
these spatial variations are generally small over the distance of the order of the
wavelength, so that at any given point, the wave propagation can be
represented using the slowly varying approximation (WKB) in which the
wave is assumed to have the same characteristics as those of a wave traveling
in a homogeneous medium having the same refractive index. Therefore the
equations derived above are valid for electromagnetic waves propagating
through the Earth’s magnetosphere, and are used in Figures 3.3 through 3.6

to show the dependence on wave frequency and direction of propagation
(wave normal angle, ) of the wave refractive index, n, polarizations, p,, p.,
P> P, and phase and group velocity, V,, and V. Note that the scaling on -

these figures is not fine enough for the lower cutoff frequency (equatorial
proton gyrofrequency of 17.5 Hz at L = 3) to be discernible.
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103

n 102

101 I 1 1

Figure 3.3. Wave refractive index. Dependence of the wave refractive
index n on wave frequency f for the various wave normal angles y at the
equator at L=3. The equatorial electron density at =3 was taken to be 600
el/cm’, as given in Figure 2.3.
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Figure 3.4. Wave polarization: electric field. The polarization of the wave
electric field p, = E /E; and p, = E;/ /E} as a function of wave frequency
f and wave normal angle y at the equator at 7=3.
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Figure 3.5. Wave polarization: magnetic field. The polarization of the
wave magnetic field p,,, = B /B; and p,,, = B} /B; as a function of wave
frequency f and wave normal angle yr at the equator at L=3.
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Figure 3.6. Wave phase and group velocities. The dependence on the
wave frequency f of the wave phase and group velocities Vpp and Vg for
waves with different directions of propagation () at the equator at L=3.
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3.3. Unperturbed Electron Trajectories

The complex trajectories of radiation belt electrons can be decomposed into - -

three components, gyration around the magnetic field line, reflection back and
forth along the magnetic field line between the two mirror points, and drift
around the Earth in the eastward direction [Roederer, 1970].

Gyration around the magnetic field line is governed by the Lorentz’s force,

F; = —ev, B, balanced with the centrifugal force, Fp = mv? [r, where e and

m are the electron charge and mass respectively, B is the Earth’s magnetic

field intensity, v, is the electron velocity perpendicular to the magnetic field

and r is the radius of the electron orbit. Since the electron gyroradius is -
r=mv, [eB=v, /@y, where @, =eB/m is electron cyclotron frequency,
for a fixed location along the field line ( @, = const.) r depends linearly on

v, , and is of the order of 1-100 m.

The motion along the magnetic field line stretches the gyration circle into a
helix. The bounce motion of the electrons along the magnetic field line
reflecting between the two mirror points in the opposite hemispheres is
governed by the so called first adiabatic invariant [Chen, 1984]

2

P,
= &= = const
# B

The first adiabatic invariant determines the dependence of the electron
gyroradius along the field line on geomagnetic latitude

r=ﬂ£=C0nSt
evB B

The electron gyroradius r is larger for weaker magnetic fields (close to the
equator) and smaller for stronger fields (close to the mirror points).
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The first adiabatic invariant also determines the relationship between the
equatorial pitch angle, o, and mirror latitude, A,,. Using y,, = it and the
conservation of energy (at the mirror point v, =0 and v, = v, where
v,,V, and v are the electron velocities parallel and perpendicular to the
magnetic field, and total electron velocity respectively) we find

6
cos” A,
\/1 +3sin% 4,

Oy (Apy) = arcsin\/

Note that «,,(4,,) does not depend on-electron velocity (energy), as was
discussed earlier in connection with Figure 1.7 in Chapter 1.

The expressions for radiation belt electron trajectories in velocity space also
follow from the first adiabatic invariant and conservation of energy, in both
explicit form

BAL), . _\/\/1+3sinzl
eq —

v, (A)= v D,,, tan
J_( ) Beq(L) Zeq 00861 Zeq eq
Vyeq V1+3sin® A .
v, (4)= 1-— Z sin” ¢,
COS coS

-and as coupled equations of motion in the time domain (using the time
derivative of [ = const and E = const)

L= L8 5
3.3.
z v, 198 7
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The third component of the radiation belt electron motion is the eastward drift
around the Earth due to the gradient and curvature of the magnetic field
[Chen, 1984]. The frequency of this periodic motion is of the order of 10-4 Hz
[Schultz and Lanzerotii, 1974] and is much smaller than the gyrofrequency
(of the order of 106 Hz) and the frequency of the reflection between the mirror
points (of the order of 10-1Hz) so that the particle drift around the Earth can
be neglected during the course of the interactions simulated here and we only
need to consider the cyclotron rotation and bounce motion along the field lines -
for our investigation of resonant electron—~wave interactions.

3.4. Test Particle Equations of Motion

In this section, the equations of motion for relativistic electrons interacting
with an oblique whistler mode wave are derived following the same
procedure used by Bell [1984] for non—relativistic electrons.

The charged particle motion under the influence of an electromagnetic field is
governed by the Lorentz’s force equation

9P _ E+-Px B 3.4,
dt my

where E and B are the electric and magnetic field, p, g and m are the
particle's momentum, charge and mass respectively, and

1 p’
”=\F7:szcz”
CZ

1-—

For the special case of an electron interacting with an oblique whistler mode
wave in the presence of the Earth’s magnetic field, Eq. 3.4 becomes
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% S

=p=-—e [EW + LB+ E’O(F))} 3.5.

e

The oblique whistler mode wave electric and magnetic fields are (see Eq. 3.1
in the section 3.2)

W o_ A W s A W -3 L
EY=—¢ E}sin®+é ,E’ cos®—¢ E’sin®
pw __ A pw A oW s A W

B” =é,B cos®+é B sm®P—¢ B cos®

Note that these can be expressed as a sum of right and left hand circularly
polarized waves, for example

—

B" =B, +B,—-¢,B’ cos®
where
By = M(éx cos® + 2, sin )
B! — B’

B, -x;—y(é‘x cos® — &, sin®)

The Earth’s magnetic field is assumed to be slowly varying along the field
line (z axis) and locally parallel to the z axis (the geometry of the interaction is
given in the Figure 3.7), namely

B,(F)=B,,(z)+B,, (x,9,2)

For a dipole model, B , can be evaluated using a Taylor expansion in x and y

E’u =~ —(é,cos§, + €& sin E Yxcosé, +ysing)) ag"z
rd

where & is the angle between the magnetic meridional plane and the x—z
plane.
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Figure 3.7. Wave-particle interaction geometry. Geometry of the
interaction between a gyrating electron and a non—ducted coherent wave
propagating at an angle W with respect to the negative z axis. The coordinate

system is chosen such that the wave vector & is in the x-z plane. The
Earth’s magnetic field B, is assumed to be locally parallel to the z axis. The
planes of constant wave phase are shown as dashed lines.

Substitution of the expressions for the Earth’s magnetic field and wave
electric and magnetic fields mto the vector equation of motion (Eq. 3.5) gives
three scalar equations of motion

p. =eE" sinq)_iy[py(_B: cos®+ B, )~ p,(B; sin®+B, )]

[

p, =—eE’ cos®— __e?[_px (=B cos®+ B, )+ p,(Bcos®+B, )]

[:4

p, = eEr sin® ———][ p (B’ sin®+ B, )~ p, (B cos®+B,,,)]
m,y
However, in the presence of an external magnetic field (Earth’s magnetic

field) the equations of motion are expected to be simpler if expressed in terms

of electron momenta (velocities) parallel and perpendicular to the magnetic
field line, p, and p, respectively. Since resonant electron-wave interaction

occurs when the gyration of the electron is in phase with the right hand
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elliptically polarized component of the oblique whistler mode wave, the angle
between the magnetic field of the right hand elliptically polarized wave
component ( B,) and the perpendicular component of electron’s momentum
(p,)Q.e., the angle @ in Figure 3.8.) arises as the most appropriate third
coordinate for describing the electron trajectory. -

AX
0 —
BR
UJ_ d
¢
y g——
5, ©
7z ©

Figure 3.8. Electron phase with respect to the wave. Angle ¢ is that
between Bg, the right hand circnlarly polarized component of the wave
magnetic field and v, the component of the electron velocity vector which
is perpendicular to B,. Angle 8= ¢+ @ represents electron phase with
respect to the x axis whereas @ is the wave phase.

Substituting
p, =p, cos0
p,=p, sinb
0=p+®

. db b dF¥ Jb d
q):—:———l——-—:—
dt ot dr oF - dt

=0-0-k=0+0v.k, +0,k,

(Joat-[kar)=
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into the rectangular coordinate version of the equations of motion and

recognizing
B 10 _10°, Po< <<10° _10%,
B [#) p 1 tan alc
r ~Spv . Pk 108 _10°
n v,

to neglect lower order terms in the equation for ¢, gives

=20 _g_Prg Py 1,
14 m.y m,Y 14

P, =—1—a)2pl sin((p+2<I))+la)1pL sin@ +eE, sin® —m,A, 3.6.
14 14

P —_w.q'a)l(p—;+meR )smqo a)z[p—;—meRstm((D+2(I))+meA3

where
e B’ +B’ e B'~B’
O =—-—2X | @ =———
m, 2 m, 2
o EHE &_w—m
1_¢+$ ’ - B'-B
A=2v(D B )v?=—L(B  cos(¢p+®)+B,, sin(p+®))
m, m, p,
€ . = . oA e p, .
A =—(V, XB ) é =— (B, cos(@+®)— B, sin(p+))
me me me,}/
e v . —- ~ e .
=——%(D, XB, )&, =— - L, sin(@ +®))
m, v, m,

Equations 3.6 determine the detailed electron motion under the influence of
the wave forces including its gyration around the Earth’s magnetic field line.
However, for our investigation of resonant electrons’ pitch angle scattering
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and their precipitation, the gyro—averaged version of these equations is
sufficient. This is because the period of the electron circular motion around the
field line is short (~10-6 s) compared to the time scale of the wave—particle
interaction (10-3-10-2 s) [Bell, 1984]. To compactly express the gyro—
averaged form of the equations, it is useful to introduce three new variables
¥, nand C

N e=n-x = ¢=1-%
o qb=%f——a)—kxvx—kzvz = (p=&t—¢+goo+<bo

x:  x=lkdx = F=kuv,

d)=%’—t+60—go=cr—(p:0—n—x

0=&r+90, 8, =¢ +®,

Y

The usefulness of 7 arises from the relation
n=n=g9

where the bar under the symbol indicates an average over one gyroperiod. As

shown in [Bell, 1984], physically the phase angle 77 can be conceived as the
value of @ (electron gyration phase with respect to the right hand circularly

polarized component of the wave magnetic field) averaged over one
gyroperiod. .

Using these new variables the equations of motion can be rewritten as

= Lo _ - kv—lA
Y Y

p, = 0%k [sin(n - %) + o sin(2o+x—1) + ¥ 0, sin(o+x—1)| - m,A,

pL =_[ (J;j +m,R Jsm(n—x)ﬁ-a)z(%—m R2)81n(20'+x“*77)}+m A,
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where

2 — a)lkzpl — a)Z

_ eE;
™ » O =—= a,

y a)l a)lpJ.

w

These equations can now be averaged over one cyclotron period using
x=[kdc=kv, [cos(p+®)dt=

kv, . .
:kxvljcos(a)yt+ Ga)dl‘:;)—lSIIlG:ﬁSan' |
H

and

) cos(fsino) = i J (B)cos(ma)
ei,ﬂsino — sz (ﬁ)eima — m:_m
me sin(Bsinc)= Y J (B)sin(mo)

m=—co

where J,, are Bessel functions of the first kind and mth order and
k.p, _ pksiny
a)H’},me a)Hyme .

We find
=Qu_ g _Pkeosy 1,
Y my Y
p, =@k sinn—m A, " 37.

b= .{a)l (% +m,R, JJO B)- o, [% —m,R, )Jz (ﬁ)}sin n+mA,

with GJi = w:o[‘]o(ﬁ)_ 051‘]2(13)"' yazjl (ﬂ)] .

The expressions for A;, A, and A, are derived using the approximation for
B given earlier
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A,=0
1 p! Jdo,
é: - pJ.
ym: 20, 0z
A3 e 1 pJ_pz aa)H

ym’ 2@, Jz

Note that these terms represent the adiabatic part of the electron motion, which
occurs in the absence of the wave when all other terms in the gyro—averaged
equations vanish and we have

___L p oo,
© oym, 20, Oz

— 1 pJ_pz aa)H
ym, 20, 07

1

which resembles the equations for the unperturbed electron trajectory (Eq.
3.3), derived in section 3.3.

The first gyro—averaged electron equation of motion in 3.7 gives the rate of
change of the average electron gyration phase 17 with respect to the right hand
circularly polarized component of the wave’s magnetic field. The condition
for resonant electron—wave interaction is thus

1'7=&—a)—kzvz =0
4

This condition can be used to derive a more convenient variable for
establishing the resonant condition, namely, the velocity v, in the z direction
that an electron must have in order to be in the resonance with the wave

2

2,2 2 24| 1.2 Oy
Wk +{(Wy -0 ) kI +——5— | — 0k
\/ z 7 (Z c?cos® o z

Vs =
R CO?{

k24O
0 ?costa
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where k, = kcos y is the component of the wave vector in the -z direction, k
and  are the wave vector and wave normal angle with respect to the -z axis
respectively, @y, is the electron gyrofrequency, c is the speed of light and o
is the electron pitch angle. With v, defined as above in terms of the properties
of the medium and the wave, the cyclotron resonant condition can now be
expressed simply as



4.

‘Test Electron Trajectories

When integrated over time the equations of motion derived in the previous
chapter determine the velocity space trajectories of individual test electrons
interacting with an oblique whistler mode wave. These trajectories and their
deviations from the corresponding unperturbed electron trajectories (in the
absence of the wave) are the basis of our investigation of the resultant pitch
angle scattering and electron precipitation induced by oblique whistler waves.

Part of the results reported in this chapter were published in Geophysical =~

Research Letters [Jasna et al., 1992].

4.1. Problem Formulation

The interaction between radiation belt electrons and magnetospherically
reflected (MR) whistler waves is schematically illustrated in Figure 4.1. We

first consider interactions at L = 3, between electrons with initial equatorial

pitch angle in the vicinity of the equatorial loss cone angle (O, = 9%) and a
whistler wave propagating at an angle ¥ (assumed constant along the field

line) to E’o. The Poynting flux of the wave is assumed to remain constant

35



56 4. Test Electron Trajectories

during the interaction and is taken to be S=8.1 pW/m?2, corresponding to that
of a 10 kHz wave with y=0" and an intensity at the equatorat L =3 of B, =
1 pT. Equatorial electron density at L = 3 is assumed to be 600 cm-3 (see
Table 2.1).

electron

Figure 4.1. Schematic illustration of the electron-oblique wave
interaction. The motion of radiation belt electrons is fully described by any
three independent coordinates that can be derived from the electron velocity

. We use the equatorial pitch angle ¢,, and energy E to initially identify the

test particle. The equations of motion are expressed in terms of the velocity
v, paraliel to B, equatorial pitch angle «,, and gyrophase 7. The position in
space is defined by specifying the field line (Z-shell) and geomagnetic latitude
A . The electromagnetic wave is specified by its frequency, wave normal
angle y with respect to the B (which for a given electron density determines
the wave vector k), and power flux § (Poynting flux).

Figure 4.2 indicates that gyroresonance with 100 eV electrons can occur at L=
3 for wave frequencies up to ~ 25 kHz, although we only consider waves for
which f<f i, /2 or f < 16.17 kHz. Raytracing in typical model
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E=100eV A E =100 keV
|
S 3 -
S— 1 -
0 |
0 50 100

y (deg)

Figure 4.2. Dependence of wave frequency on wave normal angle v for
equatorial gyroresonance. At L = 3, in the equatorial plane, the cyclotron
resonance condition of 17 = 0 requires the dependence of f on y for 100 eV

and 100 keV electrons as shown for electrons with piich angle of o, =9
(edge of the loss cone).

magnetospheres, such as that shown in Figure 4.3, indicates that for signals
originating on the ground (such as VLF transmitter signals and lightning—

generated whistlers), which upon entry into the ionosphere have nearly
vertical y, the equatorial plane crossings occur at L such that f < f H,, /2

[Inan and Bell, 1991]. This fact is also consistent with experimental data
which indicates that signals from ground-based sources are confined to I—

shells corresponding to f < f H,, [Bell et al., 1981]. Thus, our analysis here is
particularly applicable to interactions involving waves generated on the

ground. Note that for 100 keV electrons the frequency of gyroresonant waves
for all y is less than 3.25 kHz (0.1 fHeq )-

The results of Figure 4.2 are used below to determine the wave f and y for
gyroresonance with 100 eV or 100 keV test electrons at the geomagnetic
equator at L = 3. '
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Figure 4.3. Sample raypath. A sample raypath in the magnetic meridional
plane for a f=10.93 kHz wave injected at 1000 km altitude at L=4. The
wave normal direction is shown along the raypath, and its angle with
respect to the magnetic field line is defined at the equatorial crossing as .

In this example, ¥ = 60" at the point where the ray crosses the equator.

4.2. Test Particle Trajectories

Trajectories of sample equatorially resonant 100 eV and 100 keV test
electrons calculated under the conditions described above are shown in
Figures 4.4 and 4.5, respectively.

For each o, and v, 12 different test electrons initially distributed uniformly

in Larmor phase are used since we see from Figures 4.4 and 4.5 that the net
scattering is strongly dependent on initial phase [Inan et al., 1978].
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The variation of the resonant velocity v, (see section 3.4) with geomagnetic
latitude A illustrates the inhomogeneity of the medium which ultimately

restricts the duration of the interaction. As is evident from Figures 4.4 and
4.5, significant interaction (i.e., significant pitch angle scattering) occurs only
when v, = V. We note that the length of the available interaction region
rapidly decreases with increasing Y, which is why the net scattering 1s

roughly the same for different y, although the scattering efficiency itself
-rapidly increases with ¥ for v — v, where Y, is the resonance cone angle

[Inan and Bell, 1991].

We use Ao, ¢ to denote the root-mean-square (rms) value of the final pitch

angle change at the end of the resonant interaction, namely

Ac,, = 1/<Aafq(l s )), where the ensemble averaging ({ )) is over the 12
test particles.

For 100 eV electrons (Figure 4.4) Aa,,, slightly decreases with increasing
¥ being Aoty =0.2797° for y = 60° and 0.1997° for y=80". For 100 keV
electrons (Figure 4.5) we see a more rapid dependence on y with A, r =
0.0107° for y=0° (parallel propagation), while Act,,; =0.0039° for y=80"
(highly oblique propagation).

Comparison of Ac,,s for 100 eV and 100 keV electrons shows that, for the

parameters considered here, equatorial pitch angle scattering of suprathermal
electrons by oblique waves produces higher scattering than even the most
efficient scattering of 100 keV electrons by a wave with ¥ = 0° and the same
Poynting flux. We note that the scattering of energetic electrons by parallel
propagating waves at L =3 has been extensively studied [e.g., Chang and
Inan,; 1985] and that electron fluxes have been measured on satellites [Voss et
al., 1984], and rockets [Goldberg et al., 1986]. Thus, a preliminary estimate
of precipitation fluxes of suprathermal electrons can be obtained by means of
comparisons of scattering of 100 eV and 100 keV electrons as shown in
Figures 4.4 and 4.5. We undertake such a comparison in the next section.
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Figure 4.4, (Previous page) Sample trajectories of suprathermal (E=100 eV)
electrons. Trajectories of E=100 eV electrons interacting at L=3 with waves having a

power density of $=8.1 pW/cm2 and three different wave normal angles y=60°, 70°, 80°
with the corresponding equatorial resonance frequencies f=15.79 kHz, 10.93 kHz, 5.60
kHz (Figure 4.2). The trajectories are shown as plots versus geomagnetic latitude (A) of the
electron’s velocity parallel to the Earth’s magnetic field v, and equatorial pitich angle
change Ao, for 12 test electrons with different, equally spaced initial gyrophases

n(A,) =n=zf6, (n=1,2,...,12). Aoceqf is the root-mean-square value of the final pitch angle
change at the end of the resonant interaction, namely Aoceqf = (Aafq(/'l.f)) , where the

ensemble averaging ({ )) is over the 12 test particles. In the absence of a perturbing wave,
vz follows an adiabatic variation while Ac.,, remains zero. vy is the resonant velocity
defined by v, ={(@y4+/1-(v/c)* — w)k;" and is shown on the same graph with v,(A) for
easy assessment of the resonant condition v, = V.

1|j= Oo’ f=1.44kHZ llf: 800, f=3.23kHZ

162.6
162.5

162.4
162.3
162.2
162.1
1620 | i H ! | |

V,, Vg (105 m/s)

0.02
0.01

Ao, = 0.0039°

Aoceq (deg)
o

—0.01

—0.02

Figure 4.5. Sample trajectories of energetic (E=100 keV) electrons. The
format is identical to that of Figure 4.4,




62 4. Test Electron Trajectories

4.3. Precipitation Energy Flux Estimates

We use the results obtained above to comparatively estimate differential
energy fluxes for 100 eV and 100 keV electrons, pitch angle scattered by
parallel propagating or oblique waves. The differential scattered energy flux
dQ is proportional to (section 5.1.2)

dQ = Ev} f(E)dv do,,

where f(E) is the electron distribution function, E is the electron energy and |
units of dQ are ergs/cm2-s. Based on experimental data [Schield and Frank,
1970] a typical electron distribution function at L = 3 can be taken to be

Sf(E)Ye< E™™ where 2.5<m<3

To compare the ratio of dQ for 100 eV electrons precipitated by an oblique
(y=60") wave to that for 100 keV electrons precipitated by a ducted ( y=0")

wave, we use Aaeqf for daeq. To estimate dv,, test particle simulations
were used to determine Ac,,  for different initial v, as shown in Figures

4.6 and 4.7 respectively for 100 eV and 100 keV. Using the velocities
corresponding to peak Aaeqf as v,, and dv, as determined by a 10%

reduction in Aoceqf on both sides of the peak in the expression for dQ, we
find:

| < 9QE=100eV, y=60") _

< 2 <34
dQ(E =100keV, ¥ = 0°)

It thus appears that, at L=3, the differential precipitated energy flux of 100 eV
electrons precipitated by an oblique wave would be higher than that of 100
keV electrons precipitated by parallel propagating waves.
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v = 60°(f=15.79kHz)

0.5 |
§ -

= 04 < Aooceqf= dot,, —
QL
< 03+ —
- 0.2
< o1 dv, _

O I

5.85 5.86 5.87

nq (106 m/s)

Figure 4.6. Dependence of electron scattering on initial electron velocity
for suprathermal (E=100 V) electrons. Ensemble averaged scattering of
12 test particles with the same initial v, as a function of v, for

suprathermal (100 eV) electrons. The result shown is for test electrons with
initial equatorial pitch angle o, =9" and energy ~ 100 eV interacting with a
wave with y=60°, f=15.79 kHz, and S=8.1 pW/cmZ.

To put this result in perspective, we note that lightning—induced electron
precipitation bursts have been measured to have peak flux levels of 10-3-10-2
ergs/cm2-s [Voss et al., 1984], consistent with the ionospheric disturbances

produced by such bursts [Inan et al., 1985a]. On this basis, we can expect

lightning—induced whistlers propagating in the oblique mode to precipitate
fluxes of > 102 ergs/cm?-s of ~ 100 eV electrons. Note that the power density
in an oblique wave may be expected to be lower, but in terms of the overall
contribution to the radiation belt loss, this effect would be compensated by the
illumination of much larger spatial regions by non—ducted waves.
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v = 0°(f=1.44kHz)

0.02 < I
- Ae eqf= dO(‘eq
/5\0 L
)
)
= 0.01— —

50)
< dv,

0 I

162 162.5 163
0, (10° m/s)

Figure 4.7. Dependence of electron scattering on initial electron
velocity for energetic (E=100 keV) electrons. Same as Figure 4.6 but for
energetic (100 keV) electrons.,

4.4. Conclusions

Our results indicate that on typical mid—latitude field lines (e.g., L=3), pitch
angle changes of 100 eV electrons gyroresonantly scattered by highly oblique
whistler-mode waves are generally higher than those of 100 keV electrons
scattered by parallel propagating waves having the same power density.
Estimates indicate that precipitated energy fluxes resulting from such
interactions can be up to 30 times larger than those due to the precipitation of
100 keV electrons, which are commonly observed in ground based
experiments by means of their effects in the lower ionosphere. In view of the
omnipresence of highly oblique magnetospherically reflected waves at mid
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latitudes [Edgar, 1976], it appears that lightning—induced whistler wave
energy can precipitate substantial fluxes of 100 eV electrons which would be
deposited at 200-300 km altitude and produce secondary ionization
enhancements. In view of the relatively large scale heights at such altitudes,
the upward field-aligned diffusion from such ionization enhancements can
contribute to the formation of whistler—-mode ‘ducts’ as suggested by Inan
and Bell [1991].
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S.

The Interaction Between an Oblique
Whistler-Mode Wave and a Full
Distribution of Electrons

The test particle trajectories illustrate the detailed dynamics of the electron—
wave interaction and the resultant electron pitch angle and velocity scattering
as well as the duration of the interaction and its dependence on electron and
wave input parameters (initial electron velocity, wave frequency and wave
normal angle). However, full distribution modeling is required to assess the
effects of the oblique whistler-electron interactions on the radiation belt
electron population and to quantitatively evaluate these resulting effects in
terms of measurable quantities such as precipitated electron fluxes and
lifetimes. The development and application of a test particle model of the
interaction between oblique whistler mode waves and a full distribution of
radiation belt electrons 1is the subject of this chapter.

67
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5.1. Theoretical Introduction

5.1.1. Electron Velocity Space

In general, electron velocity space is three dimensional. For the special case of
electron motion in the Earth’s magnetosphere, important features of the

unperturbed particle motion can be described by only two velocity space
coordinates, for example the equatorial pitch angle @, and the component of

the particle velocity along the Earth’s magnetic field line v, . We represent

the full distribution function by a large number of individual test particles and
infer the modification of the distribution from the simulated trajectories of
each of the test particles in the presence of the wave. Once a new particle
distribution is determined, measurable quantities such as differential (per unit
particle energy) and total precipitated particle fluxes and radiation belt electron
lifetimes*, are easily derived.

Oeg A
max L — — — — -
L kA e |

.
—

min max Voo

Figure 5.1. Velocity space cells. The portion of velocity space that is
simulated is divided into cells each of which is to be represented by test
particles.

* Subject to certain assumptions as discussed below
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Figare 5.1. shows «, - v, velocity space divided into cells. Note that in the

absence of the wave, the trajectory of a test electron moving in the Earth’s
magnetic field would be a single point in o, —v, space. Due to the

interaction with the wave, the electron trajectory in velocity space evolves
along a curve with initial and final points corresponding to the initial and final
velocity space coordinates. Since the wave forces acting on the particle are
functions of the initial electron phase 77 (the third velocity coordinate that
determines the direction of the electron velocity perpendicular to the Earth’s
magnetic field) as shown in Chapter 3, electron trajectories and their final
points in velocity space depend on the initial 17 (Chapter 4). Figure 5.2 shows
twelve different electron trajectories corresponding to 12 electrons with
different initial phases, originating at the same initial point in velocity space
(i.e., having the same initial «,, and vzm). In view of this dependence of
scattering on 7, each cell in velocity space needs to be represented by a
distribution of several test electrons with different initial phases. We choose
12 test electrons equally spaced in phase to represent a given cell based on the

fact that the pitch angle change Ac, (as introduced in tChapter 4) does not

change significantly with further increase of the number of test electrons
representing each cell, This choice of 12 test electrons limits the accuracy* of
our calculations to 10-5°, well sufficient for our purposes here.

Since the goal of our study is to determine the modification of the electron
distribution function in a single encounter with the wave (i.e., one pass) rather
than the evolution of the distribution function with time during the interaction,
and since we neglect the effects of the energetic particles on the wave, the
initial and final points of the electron trajectory in velocity space determine the
pitch angle scattering and the resultant change in the electron distribution
function. Figure 5.3. shows the scattering of a single test electron in terms of
the initial and final points in v, -0, space. The initial population of electrons
as represented by any such test electron is then distributed into the four
adjoining cells in proportion to the overlapping fractional area of the final cell.

* The precision by which we can specify Aaeqf
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Figure 5.2. Test electron trajectories in the velocity space. Trajectories
of the twelve test electrons with different initial phases, originating at the
same initial point in velocity space are represented in velocity space as
ocgq(vzm } and as the velocity space coordinates dependence on geomagnetic

latitude namely ¢,,(4) and v, (A).



3. Electron Distribution 71

In other words, the fraction of the total number of electrons which populated
the initial cell but which are scattered into any of the four cells adjoining the
final point in v, —C,, space is proportional to the area of the final cell,

centered at the final pointin v, —o,, space, that overlaps each adjoining cell.

The modified electron distribution after a one—pass interaction with the wave
is obtained using the scattering of all test electrons as described by the sample
electron in Figure 5.3, weighed by the initial distribution function (electron
density per velocity space volume) and its dependence on the velocity space
coordinates [i.e., f( V0, )] '

Oth/

L
-

L))

Zeq

Figure 5.3. A single test electron scattering in velocity space. The
schematic shows the initial and final points of the test electron trajectory in
the velocity space. Electron population from the initial cell represented by
the test electron is scattered into the four adjoining cells as represented by
the cell corresponding to final point on the electron trajectory. The number
of electrons scattered into any of the four adjoining phase cells is
proportional to the area of the final cell that overlaps the corresponding cell.

For our formulation, we have found it useful to represent the electron
trajectory in terms of velocity space coordinates v, and ¢, . However,

because these coordinates (especially v, ) are not as convenient for depicting

the electron distribution function, we transform the resulting distribution to
express it in terms of total electron energy E and o, . Figure 5.4 shows the
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Figure 5.4. Coordinate transformation. Transformation of the velocity
space distribution from v, o, to E-a,, coordinates.

transformation of a uniform grid in the v, —a,, space into the corresponding
E-a, grid, whose cell size AE depends* on both a, and E (i.e. Dz,q)° The

next step, i.e., the transformation to a uniform grid in E-¢;,, space is shown
in Figure 5.5. The value of the distribution function at each of the uniform

grid points was calculated by linear interpolation of the values of the

distribution function in the adjacent non—uniform grid points with the same

«,,.

9 -3f2
* Dzeq vzeq
AE=m l-——7 Av,
c"cos” o, “
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Figure 5.5. Velocity space grid transformation., Transformation of
velocity space description from a non-uniform (filled circles and
superscript n) to uniform (empty circles and superscript u) grid.

5.1.2. Particle and Energy Fluxes

The relationship between the particle distribution function f(v_,«) and
differential energy spectrum @, (E, o) can be written as (see, for example,

Chang, [1983], Appendix A)

(I)EdW(E,OC)=f(UZ,Ol) 1);2 i[\/l——}?:—] 5.1.

cos’a m, ¢’ cos’ o

To find the differential energy spectrum at pitch angles below the loss cone
(i.e., to be precipitated) at the equator we integrate
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®, (E)—j | @, (Ea,cosa,sina, deo, do
P 6=0 0,=0 %r—’

adiustmentto solid angledQ,
thearea Lto B,

At atmospheric altitudes the reduction of the flux tube volume element needs

to be taken into account so that the precipitated differential energy spectrum. - - -

becomes

\1+3sin®4, % ,
(B=ni—7—2 [®, (E0,)sinCa,)da,,

6
Epe cos® A,

0, =0

flux tube volume reduction
Jactor for dipole field

The precipitated differential energy flux is defined as
dO=E®, (E)dE

and the total precipitated energy flux can be found

Q=[E®, (E)dE

or as derived in Chang, [1983]

”1+3sm Aa j _[Ef(vz L, )V} —g—n——d(x dv,

cos® A, =t “t cos’ @,

%q

The equations derived above are expressed in SI units and should be
multiplied with the appropriate scaling factor for use with variables expressed
in different units. For comparison purposes the units of the variables defined
and used in both SI units and most commonly used units are given in Table
5.1, together with the conversion factor that the quantity in SI units should be
multiplied with to get the corresponding value of the quantity in the more
common units.
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Table 5.1. Dimensions of various quantities .

SI units common units | conversion
factor
3 m 3
( m J m’ (—J cm’
5 5
(I)Edm, (E,a) el el 1.6%x107%
m?s J ster cm’skeV ster
q)Epm (E) el el 1.6 % 10—20
m?sJ cm’skeV
Q J erg 10°
m?s cm’s

5.1.3. Particle Lifetimes

75

The precipitated differential energy spectrum @ . (E) can be used to infer the

electron lifetimes in a given magnetic flux tube subject to certain assumptions

...as discussed below. We note in this context that the precipitated differential

energy spectrum may change as a function of time both because of temporal
variations of the electron distribution function, and gradient and curvature
drifts, or because of variations in the parameters of the wave interacting with
the electrons. For the purpose of estimating electron lifetimes 7(E), we
assume that the precipitated differential energy spectrum remains constant in

time, 1.e.,

®, (En=®; (E)

prec
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We define N, as the number of energetic electrons with a given energy per

unit energy in a flux tube, per unit area of a tube cross section, at the equator
so that the ST unit of the variable N is el/m?-J. We assume that N, decays

exponentially in time as a result of the resonant scattering due to the electron—
wave interaction

t

N(E.t)=N (E)e *¥
while

JN #(E,1)

at == (DEprec (E, t) == ®Eprec (E)

so that the lifetime of the electrons in a given tube is

Nf (E) '
®, (E)

prec

T(E)=

The number of energetic electrons of a given energy per unit energy in a tube
can be expressed as an integral

Ay 72 2T Ay Omax(A) 27 dN 2
Np= | ] ] WA, el

dEdA "Ly o Lo, ot dEdA

A=—A, o=a;, (1) 6=0

Figure 5.6 shows mapping of a distribution of electrons with pitch angles
between local loss cone angle «,, and 90° at any given georhagnetic latitude 4

along the field line to the corresponding distribution at the geomagnetic
equator. Using

dA

4 oA

dN, (A)=f(E,a)v* -Z—ngsin adadb ﬂdﬂ, dA

h'd T
velocity phase space volume element volume element

where
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o (A)=nr/2

A)

max(

o(A)

V

0{'lc(}“’)

at A at the equator (A=0)

Figure 5.6. Mapping of the pitch angle distribution. Mapping of a pitch
angle distribution of electrons at any geomagnetic latitude A to the
corresponding distribution at the equator.

-3
2@:L 1-— 1 > 1+ E2
dE m, E m,c
1+—
m,c

and

j_/'sz LR cosﬂ,m

- the differential energetic electron density in a tube N, can be expressed as

Age Clynay (A)
N, (E)=C j cos A1+ 3sin? A If(E,aeq)sinada dA
A=0 Qg =0

where
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-3
coATLRe [ L [1+ EZJ
m, E m,c

Note that the electron lifetimes defined above are derived for the electron
population confined to a narrow flux tube around the field line where the
interaction takes place. The extent to which this loss process contributes to the
electron lifetimes on a global scale depends on the extent of magnetospheric
regions illuminated by the waves, since similar scattering processes would be
expected in all regions where the oblique waves are present. Experimental
data indicates that magnetospheric regions illuminated by whistlers from a
given thunderstorm center may extend to many tens of degrees in longitude
around that of the storm center [Sonwalkar and Inan, 1993].

5.2. Initial Conditions and Assumptions

5.2.1. Initial Electron Distribution Function

We describe the initial electron distribution function in a manner similar to
that of Inan et al. [1978] and Chang and Inan [1985]. We assume that

radiation belt electrons are uniformly distributed in the electron pitch angle
space between ¢, and 7/2 and with an energy dependence of the form

Fe(B)ec E

based on the experimental data [Schield and Frank, 1970]. We can
alternatively express the distribution in terms of the electron velocity
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fv(v)=i6

v
Since the energetic electron population is commonly described and measured
in terms of the differential energy spectrum @, (E), the constant A in the

above expression is chosen such that the corresponding differential energy
spectrum at E=1keV is

el
cm’s keV ster

@, (lkeV)=10°

Using Equation 5.1 the corresponding value of the constant A is found to be

A=7.034x10% _e

s ster

5.2.2. Assumptions Concerning the Resonant Wave

One of the fundamental assumptions of our test particle formulation is the fact
that we neglect the effects on the wave of the distribution of energetic
electrons. This means that we are assuming either that the currents stimulated
in the particle population do not lead to significant damping or amplification
of the wave or that this effect has been included in the model chosen for the
wave structure. This approximation was also adopted in the test particle model
studies of ducted wave—particle interactions [Inan et al., 1982; Chang and
Inan, 1985]. For ducted waves, wave growth is commonly observed to occur
[e.g., Helliwell, 1988]; however, experimental and theoretical evidence
suggest that the region of temporal growth of the wave is within a few
degrees of the geomagnetic equator [Helliwell, 1967; Helliwell and
Katsufrakis, 1974, Tsurutani and Smith, 1974; Carlson et al., 1990]. Since

the change in the wave amplitude structure occurs over a relatively small
portion of the field line the effect of such non—uniform amplitude variation on
the total precipitated flux is likely to be negligible. In the context of this
assumption, it is only necessary to define the wave characteristics as an input
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to the test particle code. For non—ducted obliquely propagating waves, taking
the wave as a predefined structure and neglecting the effects of the energetic
particles on the wave is probably an even better approximation, since growth
and emission triggering by non—ducted waves is observed much less often
[Bell et al., 1981].

In our modeling, then, we assume the wave to be monochromatic (single
frequency), and propagating at a given angle y with respect to the magnetic
field. With the wave frequency @ and wave normal angle W specified, all
properties of the wave are defined in terms of the local cold plasma
parameters, as was discussed in section 3.2. The Poynting flux (power
density) of the slowly varying wave was also assumed to be constant during
its interaction with the radiation belt electrons, although the wave normal angle
w was allowed to slowly vary with latitude as dictated by raytracing. The
expression for the Poynting flux given in Chapter 3 (Eq. 3.2) was used to
calculate the wave field components at different points along the field line.

5.3. Comparison of Precipitated Energy Fluxes for
Suprathermal and Energetic Electrons

Using the full distribution simulation model described”above, it is now
possible to refine our first approximation estimates (section 4.3) of the
precipitated differential energy fluxes for E = 100 eV and E = 100 keV
electrons due to their resonant interaction with the oblique (¥ = 60°, f =
15.79 kHz) and ducted (y = 0°, f = 1.44 kHz) waves respectively at L = 3.

Note that our previous analysis (section 4.3) was based on the scattering of
electrons in a very narrow range of v, and thus constitutes a crude first

estimate.
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The background equatorial cold plasma electron density was taken to be 600
el/cm3 (Table 2.1). The wave Poynting flux was again taken to be § = 8.1
pW/mz2, corresponding to that of a parallel propagating (y =0°) f = 10 kHz
wave at L = 3 in the equatorial plane with a magnetic field of B, = 1 pT.

Figure 5.7 shows a region in velocity space that is divided into 30 x50 cells
each of which is represented by twelve test electrons equally spaced in Larmor
phase. As a result of a one—pass (i.e., single encounter) resonant interaction
with the wave, these test electrons are scattered in pitch angle and velocity and
move to different locations in velocity space (also shown in Figure 5.7). The
example shown is for E=100 keV electrons with pitch angles close to the loss
cone angle. The initial area in velocity space sampled by the test electrons and
the cell sizes are defined as

A Oy (deg) A Oeq (deg)

3.69219
-1 8.66819 - -4 8.66819

-1 8.62019 ~~ 8.62019
| + -~ 8.59619
|

164.5 161.5 164.56 161.44
Vseq (106 m/s) Yy, (106 m/s)

| \
I {

-

s

Figure 5.7. Modification of the velocity space area. The initial
rectangular area of near-loss-cone electrons with £=100 keV represents the
ensemble of electrons resonantly interacting with 1.44 kHz ducted ( yr=0")

whistler mode wave. After a one—pass interaction (single encounter) the
ensemble occupies a larger area due to electron scattering. The electron

scattering into the loss cone (oceq<8.62019°) depends on v, and, for this
example, has four maxima and minima as shown. The change in min( v, )

and max( v, ) is relatively small on the scale shown.
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v, €[161.5,164.5]x10°Z | Av, =0.06x10° =
“ A “ hY

o, €[8.62019°,8.66819°] , Aa, =0.0016°

The range of the velocity space region and the size of the velocity space bins
were determined on the basis of test trajectories similar to those given in
Chapter 4. The dependence of the rms value of the final pitch angle change

A, =+(Aa ;) as defined in Chapter 4, on the initial velocity v,_
(e.g., Figure 4.6 and 4.7) determines how small the step size in v, needs to

be so that the fine structure of electron scattering is brought out. Since we only

consider electrons in a relatively narrow energy range (i.e., 100 eV or 100
keV electrons), the lower and upper limits in v, are not crucial and we

simply choose them such that there are 50 velocity bins.

The minimum value of the initial equatorial pitch angle is equal to the loss
cone angle for L = 3, i.e., min(e,, }=a,, (L=3) = 8.62019°. The
maximum value of the initial pitch angle and the cell size Ae,, were

determined by the maximum pitch angle scattering. Since the maximum pitch
angle scattering for the given example is max(Ac,, ) ~ 0.024°, we choose
the upper limit of the simulated region such that all the electrons that could
possibly have their pitch angles lowered to o, < ¢, in a single encounter
with the wave are included, that is, max(a,, ) = min(e,, )} +
2max(Ac,, ) =8.66819". The smaller the step size, the better resolution
of the fine structure of distribution function dependence-on velocity space
coordinates. However, the cell size A, can not be smaller than the
fluctuation or ‘noise’ Ievel of electron pitch angle change oscillations
(Aat,, e = 10", see Figure 5.8). In general, the distribution function after a
one-pass interaction does not depend significantly on the pitch angle; instead,
the fine structure of this distribution function depends strongly on v,

(Figure 5.9). In our example, we choose pitch angle cell size to be Ae,, =

0.0016° so that the population of electrons that is being scattered into the loss
cone is represented by 15 cells.
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Figure 5.8. Fluctuation or ‘noise’ level for pitch angle scattering. For a
sample test electron trajectory, we show resonant pitch angle scattering due
to the interaction with the wave (Ac,, ), and oscillations in pitch angle

change far away from the resonant interaction region that we refer to as
‘noise’ scattering (Ao ). Figure is not in scale.

eq noise

Figure 5.9. (Next page) Initial and final distribution. The initial and
final electron distribution functions are shown for a one—pass resonant
interaction with the wave of E=100 keV electrons. Note that this figure is a
three dimensional version of Figure 5.7. Only half of the areas represented
on Figure 5.7 are shown since max(o,,) was taken to be 8.64419°. The

values for min( Uz,,,) and max( v, ) before and after a one—pass interaction

are the same as on Figure 5.7. The lower limits for ¢, are also the same.

Local maxima and minima in electron scattering occur due to the
constructive and destructive interference between the two resonant
encounters of the distribution with the wave.

83
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Initial distribution function

Distribution function after
a one pass interaction
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The picture for E = 100 eV electrons would be similar, with the initial area in
the velocity space and cell size given by

v, €[5.84,590]x10°2 | Av_ =0.0012x10° "
“ S “ )

o, €[8.62°,1012°] , Ae, =0.05°

The resultant scattering of the test electrons from the initial velocity space
region as shown on Figure 5.7 is weighed by the initial electron distribution
function (see section 5.2.1) to obtain the new electron distribution function
after a single encounter between the wave and the distribution (i.e., a one—pass
interaction). The initial and final electron distribution functions for a one—pass
resonant interaction with the wave of £ = 100 keV electrons in the vicinity of
the loss cone are shown on Figure 5.9 (for half of the velocity space area
shown in Figure 5.7).

The resultant electron distribution function is then used to calculate (as

described in section 5.1) the precipitated differential energy spectrum
() - (E). The results for both suprathermal (100 eV) and energetic (100

keV) electrons are shown in Figure 5.10. Since the differential precipitated
energy flux is

dQ~E®, (E)dE

we can compare the precipitated energy flux at 100 keV and at 100 eV in
~10% ranges around the maximum of the respective @ B (E). We find the

ratio of the differential precipitated energy fluxes for suprathermal electrons
precipitated by highly oblique waves and energetic electrons precipitated by
ducted (y=0") waves to be

40,1 100 €V) s
d0,,...(100keV) =
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Figure 5.10. The precipitated differential energy spectrum. The
precipitated differential energy spectrum @ E,. (E) for suprathermal (100

eV) and energetic (100 keV) electrons. The 10% range centered around the
first maxima was used to estimate the ratio of the differential energy fluxes
of suprathermal electrons precipitated by a highly oblique wave and of
energetic electrons precipitated by a ducted wave.
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This value is lower than the value of 34 that was evaluated as a first
approximation in Chapter 4. Nevertheless, it appears that, on a one—pass
interaction basis, the precipitation of suprathermal (100 eV) electrons by non-
ducted, oblique whistler mode waves can deposit-more-energy in the upper..
1onosphere than the precipitation of energetic (100 keV) electrons by ducted
whistler mode waves. Since the latter phenomena is now regularly observed
to occur within the plasmasphere both by means of ground-based and in situ
techniques [Inan ef al., 1990; Voss et al., 1984], our results suggest that
suprathermal electron precipitation by non~ducted whistlers should also be
detectable and that this process possibly constitutes a significant source of loss
for the electrons and an important energy input for the upper ionosphere.
Estimates of the loss of suprathermal electrons from the radiation belts due to
their interaction with oblique whistler mode waves and the perturbations that
precipitated energy flux carried by suprathermal electrons might cause in the
upper ionosphere are discussed further in Chapter 6.

5.4. Magnetospherically Reflected (MR) Whistlers

Non-ducted (oblique) whistler mode waves originating in lightning discharges
are often found to undergo multiple reflections between hemispheres. These
reflections occur at points where the wave frequency matches the local lower
hybrid resonance frequency [Edgar, 1976]. Such multiply reflected whistier
waves are called Magnetospherically Reflected (MR) whistlers.

Figure 5.11 shows examples of MR whistlers observed on the DE-1 satellite.
The format is one of a typical frequency vs time spectrogram with the density
of the shading representing the intensity of the recorded signal. Two whistler
events originating in two successive lightning flashes (in this case ~8 s apart)
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are shown, each initiating a sequence of MR components. The first few (four)
hops of both whistlers show very pronounced dispersion after which the hops
begin to merge into each other to form a long enduring relatively narrowband
signal. The duration of the narrowband part of the signal for this example is
about 2 s. Although the total duration of each MR event is ~10 s for the cases
shown, MR whistlers are known to last for as long as 100 s [Draganov et al.,
1992].

DE-1 (WER) 25 May &4

4 2 & & 8 10 12 14
Tim= { e}

Figure 5.11. MR whistlers observed on the DE-1 satellite. The
examples are given in the form of a typical frequency vs time spectrogram
with the shading representing the intensity of the recorded signal. Two
whistler events originating in two successive lightning flashes, ~8 s apart,
are shown, each initiating a sequence of MR components. After very
pronounced dispersion of the first four hops of both whistlers, the hops
begin to merge into each other to form a relatively narrow band signal
lasting for about 2 s.

Both ducted and MR (oblique) whistlers are generated by lightning
discharges. It should be noted that non—ducted whistlers do not require the
presence of any specific density structures (e.g., ducts) for their propagation.
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They generally occupy larger regions of the magnetosphere [Sonwalkar and
Inan, 1993]. On this basis, although the statistics of the occurrence rates of
non—ducted whistlers are not well documented, it may safely be assumed that
they occur at least as often as ducted whistlers. The ducted whistler rate
depends on the time of the year and time of the day and varies from 0.3
whistlers per minute for an average summer day to 22 whistlers per minute
for an average winter night [Burgess and Inan, 1992]. For an extremely
active day, the ducted whistler rate can be as high as 195 whistlers per minute,
but year-round average is 6 whistlers per minute.

Figure 5.12. Sample raypath for an MR signal. The raypath for a
f=0.33 kHz wave injected at 400 km altitude, vertically upwards from the
southern hemisphere at L=2, propagating to higher L—shells by reflecting
back and forth between hemispheres and eventuvally settling down at L=4.

The magnetospheric reflection of oblique whistler mode waves can be
effectively studied by raytracing. Here we utilize the Stanford VLF raytracing
code [e.g., see Inan and Bell, 1977]. The example in Figure 5.12 shows a f =
0.33 kHz wave injected vertically upwards from the southern hemisphere at L
= 2. The ray travels vertically upwards reflecting back and forth between the
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hemispheres as expected and eventually settles down at L = 4. More
extensive raytracing studies [Draganov et al., 1992] show that the L-shell at
which the whistler wave settles down depends strongly on the wave
frequency, but is relatively independent of the injection latitude or initial wave
propagation direction. The frequency of the whistler wave vs L—shell of
settlement as obtained from raytracing is plotted in Figure 5.13. -

settling frequency vs L

f (kHz)

1 2 3 4 5
L - shell

Figure 5.13. The frequency of the MR whistler wave vs L—shell of
settlement. This result is derived on the basis of simulated raypaths as
shown on Figure 5.12.

To summarize, MR whistlers are oblique whistler mode waves injected into
the magnetosphere by lightning, they can endure in the magnetosphere for as
long as 100 s each, and after several (5-6) reflections the raypaths settle down
into a multiply reflecting pattern at an L—shell uniquely corresponding
(f = fgp) to the signal frequency. Thus, at any given L—shell, we can expect
accumulation of oblique whistler mode wave energy at the corresponding
frequency. The wave normal angle of the multiply reflecting waves slowly
varies with latitude along the field line in a particular manner as dictated by
raytracing. As such, these multiply reflecting waves, continuously present
along the given L—shell constitute a narrowband wave which can resonantly
interact with the radiation belt electrons. It should be noted that the wave
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distribution along the field line consists of a superposition of multiply
reflecting waves. In the following, we use a test particle simulation to
represent the interactions of a distribution of electrons with these continunously
present nearly monochromatic MR whistlers, the wave normal angle of which
vary along the field line as described by raytracing. Our assumption of a
monochromatic wave with specified phase variation amounts to considering
one of the many multiply reflecting wave components, the superposition of
which may generate standing wave patterns and slow variations in wave -
phase.

5.5. Electron Precipitation by MR Whistlers

We now investigate the interaction between radiation belt electrons and MR
whistlers in the equatorial region at three typical L-shells. The Poynting flux
of the whistler waves was assumed to be § = 113 pW/m2 corresponding to

the intensity of a f = 6.82 kHz ducted wave (¥ = 0°) with B, = 5 pT in the
equatorial plane at L = 4. The frequencies of the waves that settle down at the
chosen L-shells and the dependence of their wave normal angle ¥ on the

geomagnetic latitude are determined using the Stanford raytracing simulation
code, and are given in the Table 5.2. The y(A) represent bestfits to the
numerical results obtained from raytracing. The variation of wave normal
angle along the field line w(A) is slow enough so that the wave can be
considered monochromatic in the WKB sense. The maximum change of
wave normal angle y during the course of one electron gyroperiod occurs for
the high electron energies for which the resonant interaction occurs in the
region of the most rapid change of wave parameters considered (see Table
5.3). Using the expressions for y(4) from Table 5.2, the value of maximum
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change of wave normal angle during the course of one electron gyroperiod is
calculated to be of the order of 103"

Table 5.2. Parameters of non—ducted waves. The dependence of the wave normal angle
on geomagnetic latitude and the frequency of oblique whistler mode waves which settle
down on the corresponding L-shell. Also given are the equatorial cold electron densities
assumed for each of the corresponding L-shells.

Ll v el f (kHz) w(A), both in degrees
s

2 1500 2.6 y =90 - 0.0684+/8” — (1 —0.15)

3 600 0.78 y =90 —0.07+/67 — (4 —0.1)*

4 400 033 | y=90-0.07274/5.5" (1 - 0.1)*

Table 5.3. Simulation parameters. Limits for the simulated region in velocity space, cell
sizes and constraints on the position of the resonant interaction along the L-shell for the
resonant interaction with the MR whistler mode waves settling down at L= 2, 3, 4.

L D (106 E) Av, ., (deg). Aa, | A (deg)
. .

2 | 270.0-283.1 | 0.05 |16.76813-16.76827 | 1x10°| -7—-+7

3| 220.8-261.1 | 0.1 | 8.62019-8.62043 | 2 x10~°| -5—-+4

41 186.6-215.0 | 0.1 5.4735-5.4747 | 6x107°|-4.5—+5
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We now study the resonant interaction between these monochromatic MR
signals and radiation belt electrons repreéentcd by the distribution function as
defined in section 5.2.1, using the test particle simulation model described in
previous chapters.

Table 5.3 defines the boundaries of the regions in the velocity space, the cell
sizes and the region along the field line included in our model for all three 7

shells considered.

L=3, f=0.78 kHz

10 ,

'noise’ level

fﬂﬂ

A, (107 deg)
o
l

o LWV | |
220 240 260

Vs (105 m/s)

Figure 5.14. Dependence of particle scattering on initial v, . The root-
mean-square value of the particle pitch angle change A(xeqf is plotted for
different initial electron velocities v, . Pitch angle scattering depends
strongly on v, with local maxima and minima corresponding respectively

to the constructive and destructive interference between the two resonant
encounters of the particles with the wave. With the decrease in 0,

scattering eventually reaches the ‘noise’ level (Figure 5.8).
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Single test particle trajectories were examined to determine the region in-
velocity space that includes all electrons that can resonantly interact with the

chosen wave and that could be scattered into the loss cone. The size of the.

V., ~ %y cell and the minimum and maximum value of the initial &,, were

determined in the manner identical to that described in section 5.3. Since we
are now interested in all possible resonant interactions with near-loss-cone

electrons regardless of their energy, the lower and upper limits for the initial

v, are determined by the resonant interaction region in the velocity space

itself and restrictions on the model validity rather than by the narrow electron
energy range considered, as was the case in section 5.3.

The value of the lower limit of v, is smaller than the equatorial resonant

velocity v,(A1 =0°) (a parameter that depends on the medium and wave
characteristics as discussed in more detail in section 3.4} and was chosen such
that all electrons whose pitch angle scattering due to the resonant interaction
with the wave is larger than the ‘noise’ scattering due to the non-resonant

2 ——r——r— 250 —r————
& 200}
£ L3 ' E 150}
A < 100}
> 50
06220246 0-6-4-26246
A (deg) A (deg)

Figure 5.15. Dependence of the wave parameters on geomagnetic
latitude along the field line. (also see next page) For a 0.33 kHz whistler
mode wave that settles down at L=4, best fit to the numerical data from the
raytracing was used to determine the wave normal angle dependence on
geomagnetic latitude Ww(A) along the L=4 field line. For such a wave, the
dependence of wave electric (Ex, By, Ez) and magnetic (Bx, By By) fields,
refractive index », and group velocity Vg on latitude A, at L=4 are given.
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interaction with the wave (e.g., v, << Vg (A =0), are included (Figure
5.8). After it reaches the maximum value (for v, slightly higher than

U, (A =07)), the rms value of the pitch angle change Aaeqf decreases rapidly
to the ‘noise’ level with the decrease in v,,, (Example on Figure 5.14 is given

for the interaction with MR whistler at L = 3.). These curves, obtained by

examination of single test particle trajectories, were used to determine
min(v ey ). The upper limit for v, is determined by the constraint on validity

of our simulation model, that is that resonant interaction has to take place ata
magnetic latitude where wave parameters do not change significantly over one
gyroperiod in the reference frame of the electron. Figure 5.15 shows the
dependence of electric and magnetic fields as well as the refractive index and
wave group velocity on latitude for a wave that settles down at L = 4. Wave

parameters change relatively more rapidly with geomagnetic latitude for
A <—4.5 and A >5°, so at L = 4 we choose to consider resonant interactions
of the given wave with near-loss-cone radiation belt electrons with energy
such that v, <max(v, )= min[ vz (A =-4.5%), 05 (A =57)].

Figure 5.16 shows the near loss cone electron distribution function resulting
from a one—pass interaction with a (.33 kHz oblique whistler wave at L = 4.
Local maxima and minima in electron scattering occur due to the constructive
and destructive interference between the two resonant encounters (on both
sides of the equator) of the particles with the wave that occur for
v, >V, (A2 =0°) (see sample trajectories in Chapter 4). Maximum penetration

into the loss cone (~ 5 ><10"4°) occurs for v, = 198.4 ><r‘106m/s, which is
slightly higher (2.96%) than v, (A =0°)=192.7 x 10°m/s.

The distribution functions similar to that shown in Figure 5.16 and which
result from a one—pass interactions with the wave are also computed for L =2
and 3 and are subsequently used to calculate the precipitated differential
electron spectra as shown in Figure 5.17 for all three L-shells. In general, MR
whistler components which settle down on higher L-shells resonantly interact
with and scatter lJower energy electrons. For example, a 0.33 kHz whistler
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Initial distribution function
J~v¢ (103 el/cm2-s-sr-keV at 1keV)

Distribution function
after one—pass interaction

Figure 5.16. The initial and final near-loss-cone electron distributions
for a one-pass interaction with a 0.33 kHz whistler wave at L=4. Local
maxima and minima in electron scattering occur due to the constructive and
destructive interference between the two resonant encounters of the
distribution with the wave.
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Figure 5.17. Precipitated differential electron spectra. For all three cases
considered, precipitated differential electron spectra is calculated from the
distribution function (such as that in Figure 5.16) after a one—pass
interaction with the corresponding wave.

wave at L=4 scatters electrons in the 150-220 keV range, whereas the 2.6
kHz MR whistler component that settles down at L=2 scatters electrons in the
1-2 MeV energy range. Precipitated differential electron-flux is in general
higher for lower energy electrons that are scattered on higher L—shells.
Maximum value of the precipitated differential electron flux at L = 4 is
®, (173keV)=4.6x 107" el/cm®—s—keV and is three orders of magnitude

higher than that due to the resonant interaction with MR whistler at L. = 2,
@, (1L.11MeV)=5.2%107 el/cm’—s—keV . Corresponding total precipitated

energy fluxes are
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O(L=2)=0.48x10" —2— = 0.48x 10~ '8

m-s cm’s
O(L=3)=2.66x10" 7

nts
O(L=4)=314x10" =

ns

and are generally higher for higher L—shells.

The electron lifetimes corresponding to the precipitated fluxes of Figure 5.17
and calculated using the definitions and assumptions described in the sections
5.1.2 and 5.1.3, are given as a function of electron energy in Figure 5.18. The
minimum lifetimes of the electrons with the corresponding energy that are
scattered by MR whistlers are of the order of several days and do not differ
significantly for interactions on different L—shells. The minimum electron
lifetimes vary from 2.47 days for £ = 1.11 MeV electrons at L=2 to 4.64
days for E =173 keV electrons at L=4. .

1035 T T T T T TTTT I T T T TTTE
- L=4 =
7 102 = =
= = -
= — 4
ST = L= 3
100 i ] 11 1 111l ) L F 1 11 |;-

102 103 104

E (keV)

Figure 5.18. Electron lifetimes. Precipitéted differential electron spectra are
used to calculate electron lifetimes as discussed in the text.
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In Figure 5.19 we compare our lifetime estimates with those due to cyclotron
resonant scattering by whistler mode hiss following large magnetic storms
[Lyons et al., 1972]. Interaction between radiation belt electrons and hiss .
causes precipitation and loss from L = 3 and 4 of electrons in a broader
energy range than that due to the resonant electron-MR whistler interaction.
At L =3 and 4 electron lifetimes due to hiss induced losses are smaller than
the electron lifetimes due to resonant electron—-MR whistler interaction.

103 E [} I T TTETIT | 1 T TTITT] | 11 ES
- L=4 -
102 £ =
2 = ]
5] — -
) _
= 100k 5
= = =
(=] — -
100 % L=4 %
10-1_ 1 L 3 1 1L1Lt i .l Lt ] L 1 1Ll

10! 102 103 104

E (keV)

Figure 5.19. Electron lifetimes compared with previous work. We
compare our lifetime estimates ( ) with those due to cyclotron
scattering by whistler mode hiss following large magnetic storms [Lyons et
al., 1972] (—o—).

However, at L =2 MR whistlers can contribute more than hiss to the electron
loss from the radiation belts. Note that the results given by Lyons et al. [1972]
are calculated based on the assumption of the continuous presence of a wide
band oblique whistler mode signal throughout the entire plasmasphere. In
order to be able to compare the two, we also assumed the continuous presence
of coherent, narrowband oblique whistler mode signal throughout the entire
plasmasphere. However, our results can be scaled to more realistic values by
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simple multiplication once the ratios for spatial and temporal presence of the
MR whistlers throughout the plasmasphere are available.

5.6. Interaction With Incoherent Signals

In this subsection, we briefly discuss dependence on the coherence of the
wave of the single particle trajectories and the net pitch angle changes which
occur in a single encounter with the wave. This issue is important in view of
our assumption of a coherent wave in all of the test particle calculations
presented in this report. In principle, whistlers injected into the magnetosphere
can be represented as narrowband signals with slowly varying frequency so
that the assumption of a coherent wave is valid along each ray path. However,
from the point of view of a particle confined to a given field line, the wave -
phase could in general deviate from that of a coherent wave as described by
e’ @~*1) since different points along the field line are illuminated by different
rays along which there is a different accumulated phase. It is important to
note, however, that for given magnetospheric density gradients (which
determine the distribution of ray paths) the deviation in phase would be a
deterministic and slowly varying function so that the test particle trajectories
would not significantly differ from those for a coherent wave. In other words,
Just as we have specified a particular variation of the wave normal angle v
along the field line (either taken constant as in Chapter 4 and section 5.3 or
variable as dictated by raytracing as in section 5.5) we could have added a
slowly varying phase term in the equation for the phase 7 (Eq. 3.7), with
little effect on our results. Note that in the case of multiply reflected MR
whistlers (section 5.5), our calculations with the assumption of a coherent
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wave with specified w(A) are valid for each component of reflected wave
which might coexist with others.

With this perspective, we now examine the nature of the particle trajectories as
a function of the coherence of the signal. For a detailed comparison of
gyroresonant scattering by coherent and incoherent whistler mode waves in

the magnetosphere the reader is referred to Inan [1987], who showed that, for

test particle calculations, the incoherence of the waves can be simulated by
means of random frequency modulation and applied this method to the
interactions involving ducted whistler mode waves. Results of Inan [1987]

indicated that although the net scattering of individual test particles were
reduced for incoherent waves, the velocity space bandwidth of the interaction
increased (i.e., more particles are scattered) and the precipitation flux levels
remained about the same for coherent or incoherent waves. Here, we use the
same approach to describe the effects of the incoherence of the wave on the -
scattering of the particles by non—ducted whistler mode waves. For each step
along the electron trajectory (AA =4.4X 107*° corresponding to
approximately Az ~ 1i4s) the wave frequency is taken to be given by

fnoise =f(1_pRn)

where f is the fixed, coherent wave frequency, p is the maximum noise level
expressed as a fraction of the wave frequency and R, is a random number. As
shown by Inan [1987], power spectral density of such a signal with randomly
modulated frequency is relatively uniform around the center frequency so that
this method provides a good representation of an incoherent signal.

In the region where the MR whistler raypath converges to a certain L—shell
corresponding to its frequency (Figure 5.13), the frequency of the MR
whistler 1s very close to the cutoff frequency above which there is no
propagation (see Figure 3.3). Therefore we take the random number to be in
the range

R €[0,1]
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Figure 5.20. Test trajectories for electrons interacting with incoherent signals. Test
electron trajectories for interaction with a) coberent signal, b) incoherent signal with 1%
random frequency noise and c) incoherent signal with 10% random frequency noise.
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Figure 5.20 shows trajectories of test electrons interacting with waves of
different levels of coherence, as indicated by p =0, p =0.01 and p = 0.1. The

wave was taken to be at 0.33 kHz, with a wave-normal angle variations along.... . . ...

the field line as given in Table 5.2, representing an MR whistler component at
L = 4. The resonant interaction with all three signals cause scattering in
electron pitch angle. The rms of pitch angle change due to scattering by the

incoherent whistler with p = 0.01 is equal to Aocgqf =2.5659 %107 and is

somewhat smaller than the Aw,, =2.6813% 107 for the interaction with

coherent, p = (0 whistler. Scattering due to the interaction with the incoherent
wave with p = 0.1 produces -A"@ =1.2118 x10™°, approximately two
times smaller than the scattering for coherent waves. The general trend of the
results is, as expected, a reduction in net scattering for individual test particles
with decreasing wave coherence, as was also found by Inan [1987] for
parallel propagating waves.
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Summary and Conclusions

We have carried out test particle simulations of the cyclotron resonant
scattering of energetic and suprathermal electrons in a single resonant
encounter (one pass) with obliquely propagating monochromatic whistler—
mode waves in the magnetosphere. Our results indicate that, for typical
parameters as used in this thesis, these interactions result in significant
perturbations of the trapped particle distributions and lead to precipitation of
particle fluxes into the ionosphere. The primary geophysical significance of
our results lie in their implications in terms of (i) radiation belt equilibrium
and (ii) effects of the precipitation on the ionosphere.

6.1. Radiation Belt Equilibrium

Although our individual simulations were limited to one—pass interactions
with monochromatic oblique waves, when viewed as a whole, they imply that
wave energy injected into the magnetosphere by lightning and propagating
obliquely in the non—ducted mode may substantially contribute to the
establishment of radiation belt equilibrium.

105
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In this context, we have shown that (i) obliquely propagating waves can
efficiently resonate with particles of the same energy as they multiply bounce
back and forth between hemispheres (Chapter 2), (ii) precipitation fluxes of
suprathermal electrons scattered by oblique waves is comparabie to or larger
than that of energetic electrons scattered by ducted waves (Chapter 4), and (iii)
oblique MR waves which settle down on given L—shells and exist for up to
100 s can significantly affect the lifetimes of the energetic electrons. In the
case of the latter, it should be noted that non-ducted whistlers injected into the
magnetosphere typically have components over a wide range of frequencies,
so that each frequency component would ‘settle’ on a different L-shell and the
scattering as computed in Chapter 5 can be expected to occur simultaneously
over a broad range of L—shells during the 10-100 s following each lightning
discharge.

The implications of our results should be evaluated in the context of recent .
theoretical and experimental findings which clearly indicate that ducted
whistler waves originating in lightning regularly precipitate energetic radiation
belt electrons. The ionospheric signatures of the scattering of energetic
electrons out of the radiation belts in cyclotron resonant interactions with
lightning—generated ducted (i.e., parallel propagating) whistlers has been both
theoretically studied in detail [Inan, 1977, Inan et al., 1978; Inan et al., 1982;
Chang, 1983; Chang and Inan, 1983b; Chang and Inan 1985] and
commonly observed [Inan et al., 1990; Burgess and Inan, 1990, and
references therein]. As a measure of the effectiveness of this interaction,
precipitated energetic electron fluxes have been theoretically estimated and
compared with experimental data [Inan et al., 1985b; Inan and Carpenter,
1987]. Although ducted whistlers often reflect from the lower ionospheric
boundary and can bounce back and forth along the duct multiple times, most
experimental evidence of ducted whistler induced precipitation involves single
encounter interactions with a discrete one—hop whistler. In terms of the
contribution of ducted-whistler-induced precipitation to radiation belt losses,
the rate of occurrence of lightning and whistlers is thus a determining factor.
For an extreme day ducted whistler rate can be as high as 195 whistlers per
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minute, but year-round average is 6 whistlers per minute [Burgess and Inan,
1992].

However, the bulk of the magnetospheric wave energy from lightning
discharges propagates in the non—ducted mode. Non—ducted whistlers do not-
require the presence of any specific density structures (e.g., ducts) for their
propagation and they generally occupy larger regions of the magnetosphere
[Sonwalkar and Inan, 1993]. On this basis, although the statistics of the.
occurrence rates of non—ducted whistlers are not well documented, it may
safely be assumed that they occur at least as often as ducted whistlers. The
rate of event occurrence is important for discrete one—pass interactions such as
those involving the first few hops of non—ducted whistlers or with oblique
whistlers that are not magnetospherically reflected.

For discrete one—pass interactions, the significance of the processes studied
lies in the quantitative precipitation flux levels. As an example of an early
stage (first or second hop) of an MR whistler or just an oblique whistler that
will not get reflected by the magnetosphere (Figure 4.3), we can consider the
f=15.79 kHz, y=60°" oblique whistler, introduced in sections 4.3 and 5.3.
Resonant interactions of this whistler with the E=100 eV electrons in the
equatorial region of L=3 and in the AE=0.2 eV energy range causes
precipitation flux of 2x 104 el/cm?2-s. This value can be compared with that
which results from the interaction of E=100 keV electrons in the equatorial
region at L=3 with ducted, f=1.44 kHz, w=0° whistlers for which the
precipitation flux is 30 el/cm2-s in the AE=0.5 keV range. Since fluxes of the
later type have been measured on satellites and rockets [Voss et al. 1984;
Goldberg et al., 1986] and are believed to be significant in terms of radiation
belt losses [Burgess and Inan, 1992), it appears that the 100 eV electron
fluxes due to oblique whistlers would be easily detectable and at least as
significant.

Interaction of radiation belt electrons with MR whistlers at a later stage of their
propagation (after the settlement of ray paths on a certain L—shell, when the
wave normal angle is high, close to 90°) endures for as long as the waves
exist (~100 s) so that it is appropriate to discuss the consequences of the
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losses in terms of radiation belt electron lifetimes. As shown in section 5.5,
interactions with MR whistlers causes precipitation of higher energy electrons
from lower L—shells. Electrons in the energy range of 1-2.6 MeV are
precipitated from L=2, whereas from L=4 precipitated electron energy range
is 150-220 keV. The precipitated differential electron flux , due to this

interaction, is higher for higher L—shells, and the maximum value is ranging
from @, (1.11 MeV)=52x10-* el/cm2-s-keV at L=2 to @, (173

keV)=4.6x10-1 el/cm2-s-keV at L=4. The lifetimes of the radiation belt
electrons in a tube around the L-shell on which the interaction takes place
range depending on electron energy from several days to ~100 days and are
comparable with lifetimes corresponding to electron loss induced by hiss
[Lyons et al., 1972]. The minimum electron lifetimes vary from 2.47 days for
E=1.11 MeV electrons at L=2 to 4.64 days for E=173 keV electrons at L=4.

6.2. Effects on the Upper Ionosphere

The electrons lost from the radiation belts due to their resonant interaction
with whistler mode waves are precipitated into the ionosphere where they
may cause significant disturbances.

Scattering of energetic electrons out of the radiation belts through cyclotron
resonant interactions with lightning—generated ducted whistlers has been
observed and related to the ionospheric disturbances [Voss et al., 1984, Inan

et al., 1985, Inan et al., 1990; Burgess and Inan, 1990, Burgess and Inan,

1992]. As a measure of cyclotron resonant interaction between the radiation
belt electrons and ducted whistler mode waves, precipitated energetic electron
fluxes have been calculated in theoretical studies and experimentally observed.
These results can be combined with the results shown in the previous chapters
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to predict, to the first order, the effects on the ionosphere of the electron
precipitation by oblique whistlers.

6.2.1. Ionospheric Disturbances Caused by Suprathermal Electrons

In section 5.3 the ratio of the differential precipitated energy fluxes for
suprathermal and energetic electrons precipitated by oblique and ducted
whistler mode waves respectively, is calculated to be

40,111 (100eV)
dQyes(100keV)

Lightning induced electron precipitation bursts have been measured to have
peak flux levels of 10-3-10-2 ergs/cm?-s [Voss et al., 1984], consistent with
the ionospheric disturbances produced by such bursts [/nan et al., 1985a].
Since our simulation model is restricted to the particle precipitation by a
coherent signal whereas in reality there are a broad range of frequencies in a
single whistler wave and many whistlers originating from a single lightning
discharge we expect the total precipitated energy fluxes to be higher than the
calculated ones. Therefore, to estimate the total precipitated energy flux of
E=100 eV electrons due to their resonant interaction with an incoherent,
lightning induced, oblique whistler mode wave we use the peak value of the
measured energy flux of 100 keV electrons, caused by the lightning induced
ducted whistler and the ratio of the differential prec1p1tated energy fluxes for
100 eV and 100 keV electrons to get

Qe (100eV) = 5.9 107 &
cm's

The E=100 eV electron particle flux precipitated by oblique whistler mode
wave is then

e (100€V
F opigue (100€V) = Qe 10V) _ 36 83107 elz
! 100eV Ccm’s
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This precipitated electron flux can lead to measurable light emissions (e.g.
6400A), X-rays and density enhancement through secondary ionization. For
example, using published ion—pair production rates per unit incident electron
flux [Rees, 1989, Doolittle, 1982, Banks et al., 1974] we find that the above
flux of 100 eV electrons should produce maximum ionization rates of

(100eV)x 10" =36.83 L2

q= Fobiique CmSS
at altitudes of 300400 km. Such an incremental change in electron density
(AN, =36 cm™ for a 1 s long precipitation burst) is small compared to
typical nighttime ambient densities of ~ 10*cm™ at these altitudes [Ratcliffe,
1960]. Howeyver, it should be noted that relaxation time for excess ionization
at these altitudes can be as long as many minutes, [Vickrey and Kelley, 1983]
which is much greater than the interval between flashes in typical
thunderstorms [Uman, 1984], so that the ionization can be expected to build |
up as a result of successive flashes. In the course of an hour long
thunderstorm, for example, the excess ionization might build up to

~10* —=10° cm™, constituting a significant disturbance on top of the ambient.

6.2.2. On Secondary Ionization in the Lower Ionosphere Caused by MR
Whistlers

The ionization rate due to the electron precipitation caused by MR whistlers
can be calculated using the same sources for the dependence on altitude and
incident particle energy of ion—pair production rate per unit incident flux[Rees,
1989, Doolittle, 1982, Banks et al., 1974]. '

As a first step we use the results from section 5.3 (see Figure 5.9 for 100 keV
electrons precipitated at L = 3 by ducted whistlers with intensity S;= 8.1
pW/m?2) and section 5.5 (see Figure 5.17 for 400 keV electrons precipitated at
L =3 by an MR whistler with intensity Syz= 113 pW/m?2) to determine the



6. Conclusions 111

ratio of the 400 keV electron flux precipitated by MR whistlers and 100 keV
electron flux precipitated by ducted whistler

F,.(400keV) [S, @, (400keV)dE
F,(100keV) \S,, ®, (100keV)dE

=0.89x10™

The square root of the ratio between the Poynting fluxes of the waves reflects
the fact that the precipitated differential fluxes @ s, Aare proportional to the .

wave intensity.

For the case of observed fluxes of 10-2 ergs/cm?-s [Voss et al., 1984] of ~100
keV electrons precipitated by a ducted whistler we find the corresponding
particle flux

F,(100keV) = 6.24 x 10* —2*

cms

Using the 1on—pair production rates from [Rees, 1989, Doolittle, 1982, Banks
et al., 1974] we get the maximum ionization rate caused by 100 keV electrons
precipitated by a ducted whistler to be

ion pairs

3

g, = F,(100keV)x10~° =62.4
cm’s

at ~80 km. The maximum ionization rate caused by 400 keV electrons
precipitated by an MR whistler, calculated in the same manner is
1 0_2 ion pairs

cm’s

Goe = F i (400keV) x 107 = 5.57 X

at ~75 km.

The secondary ionization rate caused by 400 keV electrons precipitated by an
MR whistler is thus expected to be 3 orders of magnitude smaller than the
secondary ionization rate caused by 100 keV electrons precipitated by a ducted
whistler. However, because of the difference in the time duration of these two
signals the total ionization created in the two cases may well be comparable.
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MR whistlers cause a moderate to small ionization rate that lasts longer (100
s) while ducted whistlers cause strong but short (< 1 s) ionization bursts.

The 1onization in the lower ionosphere caused by the energetic electrons
precipitated by ducted whistlers has been associated with perturbations (so
called ‘“Trimpi’ effects) of amplitude and phase of subionospheric VLF, LF,
and MF signals, characterized by a sudden onset that lasts from 0.5to 1.5 s
and a roughly exponential recovery of variable duration but a return to
ambient within 100 s is common [Burgess and Inan, 1992 and references
therein].

Ionospheric disturbances caused by MR whistlers would not be expected to
have similar signatures, due to the fact that, as shown above, significant
ionization changes would build up slowly with time. Since the precipitation
due to MR whistlers would continue for up to ~100 s, we can expect signal
amplitude and phase change to exhibit slow variations in response to single
lightning flashes. However, the fact that successive flashes are likely to occur:
at intervals of < 100 s and the fact that the recovery times for the nighttime D-
region [Glukhov et al., 1992] are of the order of 10-100 s would complicate

the signatures of this effect in subionospheric VLF data.



7.

Suggestions for Future Work

During the course of the work presented above several ideas for future
research have emerged. These topics can be divided into two groups, namely
(i) applications of the existing test particle simulation model and (ii) further
developments and extensions of the model.

7.1. Applications of the Test Particle Simulation Model

Mulriple Interactions of the Particle Distribution With the Wave

The results presented in section 5.5 concerning the interaction between
radiation belt electrons and MR whistlers were based on a one pass interaction
involving a single encounter of each test particle with the wave. In principle,
the distribution function obtained after one pass interaction can be used as the
initial distribution function for a second encounter with the wave of all test
particles and such an iterative procedure would allow the determination of the
time evolution of the distribution function and precipitated particle fluxes.
Note, however, that the regions of coverage of the distribution function must

113
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be significantly expanded (nearly doubled) at each interation and that the
source processes for the radiation belt electrons must be taken into account in
order for such an iterative process to accurately represent a realistic situation.

Interpretation of Satellite Data

Combining the results of the simulation model with the actual satellite data on
MR whistler mode waves from lightning and VLF transmitters would enable
the calibration of model predictions and the prediction and estimation of the
long and short term time dependence, as well as the dependence on the .-
shell, of magnetospheric distribution functions and precipitated particle and
energy fluxes. At the simplest level, better statistics on the distribution of
non—ducted whistler intensities and wave normal angles are needed to provide
quantitative input for modeling.

Effects on the Upper Ionosphere

A quantitative investigation of the effects of the calculated precipitated particle
fluxes on the upper ionosphere compared with past and future measurements
would provide a bench mark test for the model validity and its predictions.
This study may include modeling of the temporal and spatial dependence of
secondary ionization, light emission and other effects of the precipitated
radiation belt electron fluxes on the ionosphere and further influence of these
effects on the magnetosphere. For example, is it possible that the secondary
ionization effect of electrons precipitated by MR whistlers originating in a
thunderstorm is strong enough to create ionization build up that by upward
diffusion forms a duct, as suggested by Jasna et al., 1992?
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7.2. Further Developments of the Model

Variable Frequency and Discrete Wave Packets

The main restrictions of the applicability of the model come from the - -

requirements of a monochromatic and continnous wave. Therefore, the first
step in an attempt to improve the simulation method would be to extend the
test particle model to include wave frequency variations and transient (i.e.
pulsed propagation) effects. This would open for investigation a whole new
area of resonant interactions between radiation belt electrons and oblique,
incoherent, time dependent signals. The wave frequency variations and
transient (i.e. pulsed propagation) effects have already been incorporated into
test particle simulation models of interactions with ducted waves [Chang,
1983; Chang and Inan, 1983a; Chang and Inan 1983b; Chang et al., 1983;
Chang and Inan, 1985; Bell and Inan, 1981; Inan et al., 1982]. Their results
combined with our one—pass model, form an excellent basis for future
developments of our model to include temporal variations of wave frequency
and intensity.

Raytracing

Once the model is extended to include resonant interactions with oblique,
variable frequency and temporally structured signals the next step further
would be to combine it with a generalized ray tracing formulation [Burtis,
1974; Inan and Bell, 1977] to include more accurate determination of the
wave. This would broaden the wave—particle interaction regions from a
particular L-shell to the larger regions which are illuminated by the waves and
would allow the incorporation of dependence of the particle distribution
function on L-shell, so that the particle distribution functions can be defined
and studied over a range of L—shells rather than at a particular one.
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Effects of Particles on the Wave

The mathematical model used in this report neglected the influence of the
resonant particle-wave interaction on the wave. A more general solution,
however, should include the energy transfer between the particle and the wave
during the interaction in both directions, i.e., the modification of the wave in
accordance with the fields radiated by the currents produced by the particles
[Helliwell, 1967]. This should be done at the each step of the simulated
interaction. One theoretical model for the space—time evolution of ducted
whistler mode wave growth was developed by Carlson et al. [1990]. Since
the mechanism for growth in their work is cyclotron resonance between
- circularly polarized waves and gyrating energetic electrons, it may be possible
to extend this research to include oblique whistler mode waves.
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