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The Scattering of VLF Waves by Localized Ionospheric Disturbances
Produced by Lightning-Induced Electron Precipitation

WiLLiaM L. PouLseN,! TiMoTHY F. BELL, AND UMRAN S. INAN

Space, Telecommunications and Radioscience Laboratory, Stanford University, Stanford, California

A three-dimensional model of the scattering of VLF waves in the Earth-ionosphere waveguide by local-
ized disturbances in the lower ionosphere is examined for typical disturbances expected to be produced by
lightning-induced electron precipitation events. Results indicate that the scattering is generally independent of
the conductivity and permittivity of the Earth’s surface immediately beneath the disturbed region except for
extremely low conductivities such as that found over deep ice caps. Thus the scattered signal is principally a
function of the ionospheric perturbation. For typical disturbances characterized by altitude profiles of enhanced
ionization expected for 1.4 < L < 3, most of the measurable wave energy scatters within a fairly narrow
angular region (15-dB beam width of +7° for a disturbance radius of 100 km) centered on the forward scatter
direction. Thus moderate- to large-scale disturbances (radius 50-200 km) must be located within <250 km of
a moderate-length path (3000-16,000 km) in order to scatter a measurable signal to the receiver. These two
findings suggest that the scattered signals can be used with confidence as a diagnostic tool to determine the

characteristics of the energetic electron precipitation.

1. INTRODUCTION

Subionospheric VLF probing has recently emerged as a power-
ful tool for remote sensing of transient ionospheric perturbations
associated with lightning-generated whistlers [Inan and Carpen-
ter, 1987; Inan et al, 1988b] or lightning discharges [Inan et
al., 1988b; Yip et al., 1991]. The phenomenon is sometimes
referred to as the “Trimpi” effect, in which- phase and/or am-
plitude perturbations in subionospheric VLF radio signals occur
in response to secondary ionization generated in the lower iono-
sphere by lightning-induced electron precipitation bursts [Helli-
well et al., 1973; Lohrey and Kaiser, 1979; Dowden and Adams,
1988, 1989a, b, 1990; Cotton and Smith, 1991] (see Figure la).
In general, these perturbations are observed only during the night,
when the reflection height for VLF waves in the D region lies
above the region of secondary ionization.

Quantitative interpretation and understanding of lightning-
associated VLF perturbation events must be based on a model
of subionospheric VLF propagation in the presence of localized
density enhancements in the nighttime D region. In particular,
a three-dimensional model is needed, sinice the disturbances are
likely to be of finite transverse extent and can be located off the
great circle path (GCP). Such a model was recently proposed by
Poulsen et al. [1990a].

In principle, a three-dimensional model of the scattering pro-
cess can be used as a diagnostic tool to determine the magnitude
of the energetic electron precipitation flux and the location of the
perturbed region of the ionosphere. In practice, the usefulness
of this tool would be enhanced if the characteristics of the scat-
tered signal did not depend significantly upon the conductivity of
the Earth immediately beneath the peérturbed ionospheric region
but instead were a function prirharily of the ionospheric perturba-
tion. In order to locate the perturbation from multiple VLF path
measurements [Inan et al., 1990], it would also be useful to be
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able to set an upper bound on the transverse displacement of the
perturbed region from the GCP between transmitter and receiver.

In the present paper we address two questions. The first con-
cerns the effect of the ambient ground conductivity on the am-
plitude and phase of the signal scattered by the ionospheric dis-
turbance. The second concerns the beam width of the scattered
signal as a function of the characteristics of the input mode, a
quantity which determines the maximum displacement of the per-
turbed region from the GCP.

2. DESCRIPTION OF THE SCATTERING MODEL

Figure 1 shows the basic geometry of the 3-D scattering prob-
lem. With this model, Poulsen et al. [1990a] derived an expres-
sion for the scattered modal field e;, observed at the receiver in
terms of the unperturbed modal field e;, that would be observed
at the receiver in the absence of any disturbance:
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where r’ and ¢’ are polar coordinates within the perturbed re-
gion, d is the GCP distance between the transmitter and receiver,
ko is the free space wave number, S (r') is the complex index of
refraction along the direction of propagation, Sy is the ambient
value of Sy, in the absence of any disturbance (in the single-mode
analysis, it is a constant independent of r’ and 6’), and P (the
region of integration) extends over that portion of the z-y plane
that encompasses the disturbance (i.e., where Sp, # Sp). The
remaining variables are defined in Figure 1. For the purpose of
this study, the region P is assumed to be a circular, cylindrically
symmetric disturbance with effective radius a. In deriving (1), it
is assumed that each modal field satisfies the Weritzel-Kramers-
Brillouin (WKB) approximation within the perturbed region.

For a circular disturbance of the ionosphere of radius a located
at (z,,y0) and for a given wave frequency, a complex value for
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Fig. 1. (a) Cross-sectional view of the Earth-ionosphere waveguide be-
tween a transmitter and receiver separated by a distance d along the surface
of the Earth. The change in the electron density with altitude h of the
lower ionosphere is represented by the change in shading density. Also
represented is a density enhancement perturbation of the “ambient iono-
sphere such as those generated by lightning-induced electron precipitation
bursts. The center of this disturbance is located at the point (zo, yo). Such
a disturbance, appearing transiently, scatters some of the signal impinging
on it and causes a temporary perturbation in the total signal measured at
the receiver. (b) A plan view, seen from above, of the situation depicted
in Figure la showing the three-dimensional configuration of the problem
and identifying the geometry and variables used in the text. Note that the
origin has been shifted to the point z=zo.

the field scattered by the disturbance (relative to the “direct” sig-
nal) can be determined numerically from (1) if the ambient refrac-
tive index S;; and the refractive index in the disturbance region
Sn(r’) are known. The equations given above provide a means
to numerically model the effects of localized three-dimensional
disturbances on VLF waves propagating in the Earth-ionosphere
waveguide [Poulsen et al., 1990a].

The complex quantities Sn and S;, can be computed using
the mode theory of VLF propagation in the Earth-ionosphere
waveguide [Wair, 1962]. In this theory the wave energy within
the waveguide is considered to be partitioned among a series of
waveguide modes. Each mode is associated with one of a dis-
crete set of angles of incidence 05 of the waves on the iono-
sphere for which constructive interference occurs and energy prop-
agates away from the source. The complex quantities Sn and S;,
are simply the (complex-valued) sine of the eigenangles 8 (i.e.,
Sn = sin@y). The procedure for calculating the eigenangles is de-
scribed by Poulsen et al. [1990a]. In general, the eigen-angles de-
pend upon the reflective properties of both the ionosphere and the
ground. However, for diagnostic purposes, (1) will be most useful
if the values of S, are determined predominantly by the iono-
spheric perturbation and are relatively independent of the ground
conductivity.

3. IoNnosPHERIC DISTURBANCES

One important cause of localized disturbances in the lower iono-
sphere, and the primary motivation behind the present work, is the
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precipitation of bursts of energetic electrons due to gyroresonance
interactions in the magnetosphere between whistler waves from
lightning and the energetic electrons [Chang and Inan, 1985].
When the energies of the precipitating electrons exceed ~50 keV,
the particles penetrate down to altitudes below 90-100 km, where
during the night they can alter the upper VLF waveguide boundary
in a localized region and consequently affect the mode structure
of the propagating waves [Poulsen et al., 1990a].

Since the energy spectra of electrons precipitated by whistlers
is a complicated function of wave frequency and magnetospheric
parameters [Chang and Inan, 1985], a simple theoretical model
developed by Inan et al. [1988a] has been used in past work
[Poulsen et al., 1990b, 1993] to estimate the modification of the
lower ionospheric electron density profile that is expected to oc-
cur under different conditions. For the sake of comparison we
will consider these same profiles in the present paper. The ap-
proximations and assumptions used in calculating the profiles are
discussed by Inan et al. [1988a]. Figure 2 shows examples of
several profiles (which we identify by the labels I, II, I11, IV, and
V) representative of the electron density at the location of max-
imum perturbation (zo,yo) as a function of altitude h resulting
from electron precipitation bursts of 200-ms duration induced by
lightning-generated whistlers propagating at L=3, 2.5, 2, 1.6, and
1.4, respectively, according to the /nan et al. [1988a] model. The
ambient nighttime D region electron density profile, representa-
tive of geomagnetically quiet times, is also shown for reference.
The total precipitating electron energy flux density for each profile
was taken to be 1.5 x 1072 ergs em™ 257!

The difference between the disturbed electron density Ne(h) at
the location of maximum ionospheric perturbation and the ambient
nighttime density N¢ (h) is designated ANe(h). The variation of
AN, (k) with distance in the horizontal direction r’ (see Figure 1b)
is represented in this work by a cylindrically symmetric Gaussian
distribution such that

el 2
ANG(TI’h)=ANG(xo,'yo,h)B—(T) (2)

where v’ = [(z' —z0)* +(3' —'yo)z]% and the parameter a is the ef-
fective disturbance radius. In general, the refractive index Sy (r')
depends on density in a complex manner. However, analysis in-
dicates that for the parameter ranges considered an approximate
expression for Sp(r’) can be written

Sn(r') — 58 = [Sa(0) — 53] ="'/ @)
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Fig. 2. Ionospheric profiles used for examples and comparisons in this
work. See text for the rationale for selection of these profiles.
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Fig. 3. Eigenangles for different surface conductivities. Wave frequency
of 25 kHz and disturbed density enhancement profile II from Figure 2
were assumed. Eigenangles for both quasi-transverse electric (QTE) and
quasi-transverse magnetic modes (QTM) are shown.

4. SENSITIVITY OF THE SCATTERING
TO SURFACE CONDUCTIVITY

Figure 3 is a plot of the eigenangle solutions [Poulsen et al.,
1990¢] in the complex plane for a 25-kHz signal and with profile
11 of Figure 2 as the disturbed electron density profile for the lower
ionosphere. The figure shows results for four different cases of
Earth surface conductivity, ranging from ¢ = 4 S/m for seawater
to o = 10™3 S/m for low-conductivity continental soil (e, = 81
for the seawater case, and ¢, = 15 for the other three cases).
Also plotted are the eigenangle solutions for the ambient electron
density profile of Figure 2 with 0 = 4 S/m. The eigenangles
are shown for both quasi-transverse electric (QTE) and quasi-
transverse magnetic (QTM) modes.

Notice that the disturbed density eigenangle solutions for each
mode are nearly identical regardless of the conductivity of the
Earth surface boundary underneath the disturbed region. Only
for mode n = 3 (QTM;) is there any significant change in the
eigenangle solution as the Earth surface conductivity is varied.
The ambient ionosphere eigenangle solutions for Earth surface
conductivities ranging from o = 10! to 10~ S/m are also nearly
identical to those of the ambient case shown in Figure 3 for o = 4
S/m. This result indicates that the mode structure of propagating
VLF waves encountering an ionospheric disturbance, as described
by profile II of Figure 2, would be affected in a manner that
is generally insensitive to differences in the conductivity o of
the surface under the disturbed region. In other words, a given
ionospheric disturbance would scatter an incoming signal by the
same amount whether the disturbance was over water or over
different types of land.

Another way to illustrate this result is by plotting the differ-
ence term, [S,Z, ") —(S3 )21 of (1), labeled AS?in Figure 4. This
is the only part of (1) that depends on the properties of the dis-
turbed region (i.e., the disturbed eigenangle solutions). As can be
seen in the figure, the magnitude of AS? is nearly identical for
all four ground conductivities for each mode. We note that since
the strength of the scattered signal is directly proportional to the
magnitude of AS? in (1), the larger the AS? difference term is,
the larger the amplitude of the modal field scattered toward the
receiver is. Also, since Sp = sinfy, the distance in the com-
plex plane between an ambient-mode eigenangle solution and its
corresponding disturbed-mode eigenangle solution gives a rough
measure of the relative magnitude of the modal signal scattered
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Fig. 4. AS? versus mode number for a 25-kHz signal, profile II of Figure
2, and for different surface conductivities as indicated.

towards the receiver by that disturbance. Thus the farther apart
a given mode’s ambient and disturbed eigenangle solutions are,
the greater is the relative magnitude of the scattered field of that
mode compared to that of modes whose ambient and disturbed
eigenangle solutions are closer together in the complex-6 plane.
Figure 3 indicates that for a 25-kHz signal, the higher-order QTM
modes have larger scattered field strengths than the higher-order
QTE modes for a disturbance having the electron density shown in
profile IT of Figure 3. However, we note that the overall effect of
any mode on the total scattered field is also dependent on the rela-
tive strength of that mode which arrives at the disturbance, which
in turn is a function of the amplitude of that mode initially excited
at the transmitter and the attenuation it suffers before reaching the
disturbance.

Although the results of Figures 3 and 4 strictly apply only
for f = 25 kHz, additional calculations (not shown here) also
demonstrate that over the entire frequency range 15 kHz < f <
50 kHz the eigenangle solutions depend only weakly on ground
conductivity when o > 10~> s/m.

Finally, Figure 5 is for the same conditions as Figure 3 except
that two additional sets of eigenangle solutions are plotted. One
set is for a low Earth surface conductivity of ¢ = 10~* S/m
and permittivity of ¢ = 10, representative of ice shelves and
shallow ice-covered ground. The other set is for a very low Earth
surface conductivity of ¢ = 10> S/m and permittivity of ey =
5, representative of deep ice caps such as those in Greenland
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Fig. 5. Eigenangle solutions for ice cap surface conditions.



15,556
forward-scatter direction
- —-— -
i ; ¥
incident signal
scattered or
“echo” signal
) —s— mods 1
3 —— 2
o —_— 3
8 —_—
= —— s
1 —— [
§ c 7
® — B
2 —_—— 9
% —— 10

-130

0 10 20 30 40 50 60 70 80 S0
scatter angle v (degrees)

Fig. 6. (Top) Scattering geometry and definition of the angle 1; (bottom)

scattered modal signal strength versus angle ¢ for a 25 kHz signal and

a disturbance 50 km in radius. The density enhancement profile was

assumed to be profile I from Figure 2, while the Earth surface conductivity

and permittivity were taken to be ¢ = 4 S/m and ¢-=81.

and Antarctica [Hauser et al., 1969]. For these conditions, and in
particular over ice caps, the eigenangle solutions vary considerably
from those described earlier in conjunction with Figure 3. Thus
for propagation over these regions of the Earth, the scattering from
disturbances with altitude profiles such as those shown in Figure
2 can be a sensitive function of the conductivity of the ground
beneath the disturbance.

5. BEaAM WIDTH OF SCATTERED
WAVE RADIATION PATTERN

Another important property of the type of scatterers defined by
the altitude profiles of Figure 2 and having a transverse extent
of 50-200 km is their radiation pattern. Figure 6b shows a plot
of the relative scattered signal strength calculated for each of the
first 10 most significant modes of a 25-kHz signal as a function
of the angle 9 (as depicted in Figure 6a) measured away from the
forward scatter direction. The scattering region used in the case
shown was chosen to have a disturbed electron density profile
labeled II in Figure 2 at its center, with density falling off with
distance from the center in the manner described by (3). The
scattering region was assumed to have an effective radius ¢ of 50
km, while the Earth surface conductivity and permittivity under
the disturbance were respectively taken to be & =4 S/m and ¢, =
81.

Notice that the main lobe of the scattered “radiation” pattern
extends out to ¥ ~ 20° and is very similar (nearly identical) for
every mode. Only the overall relative magnitude varies among
the modes. The amplitudes of all the modes for scatter angles
9 outside the main lobe beam width are found to be uniformly
much lower than the main lobe amplitudes for every non negligi-
ble waveguide mode over the entire range of frequencies (15-50
kHz), effective radii (25-200 km), disturbed density profiles (pro-
files I-IV of Figure 3), and ground conductivities (10—3—4 S/m)
considered. In all the cases involving the Gaussian-shaped dis-
turbances considered in this work, only one main lobe is found,
as depicted in Figure 6. Figures 7a and 7b show the results of
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Fig. 7. Scattered signal “radiation” patterns for (a) 15-kHz signals and
(b) 50-kHz signals. All other parameters are the same as in Figure 6.

calculations for the same conditions as those of Figure 6 but for
frequencies of 15 and 50 kHz, respectively. The general form
of the main lobe is seen to be very similar at all three frequen-
cies. Experimental observations [Carpenter et al., 1984; Wolf and
Inan, 1990] indicate that typical normalized amplitudes (ef,/ef)
for signals scattered by ionospheric perturbations lie in the range
0.3-1 dB and that the noise threshold is roughly 0.04 dB. Thus,
typically, the signal-to-noise ratio of the scattered signal was in
the range 8-15 dB. This result suggests that the measurable beam
width of the signal scattered from the ionospheric perturbation
would be roughly given by twice the angle || = 15 at which
the radiation intensity is reduced 15 dB below that of the forward
scatter direction ¥ = 0. Adopting this definition of beam width,
it can be seen from Figure 6 that ¢;5 = 12°.

Figure 8 compares the main lobe of the scattered radiation pat-
terns of four different disturbances with transverse radii ¢ = 100
km, where each has a different peak disturbed ionospheric elec-
tron density profile (corresponding to profiles I, II, III, and IV of
Figure 2). For comparison the figure shows the scattering pattern
of the same mode (n = 3) for each case. (Other parameter values
are f =25 kHz, 0 = 4 S/m, and ¢, = 81.) This result illustrates
the fact that the effective angular width of the main lobe of the
scattered radiation pattern is insensitive to differences in the iono-
spheric electron density profile of the disturbance. For this case,
s = 7°.

Figure 9 compares the relative magnitudes of the scattered ra-
diation patterns of a typical waveguide mode (n = 5) for four
disturbances of different effective radii (a = 25, 50, 100, and 200
km). Other parameter values for this example were taken to be
f =25 kHz, 0 = 4 S/m, and ¢ = 81, and profile I of Figure 2
was assumed to represent the altitude variation of density at the
center point. Notice that for disturbances which have radii of 50
km or larger, the scattered signal strength at 3 = 20° is lower
by more than 40 dB with respect to the forward scattered signal
strength. Even for the relatively small 25-km radius disturbance,
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Fig. 8. Scattered modal strength versus 4 for different disturbed density
profiles I, II, ITI, and IV as defined in Figure 2. All other parameters are
the same as in Figure 6.

the scattered signal strength has diminished by more than 30 dB
for scatter angles ¢ > 35°. However, as can be seen for the for-
ward scattered (¢ = 0°) signal strength, the smaller disturbances
scatter a relatively smaller amount of signal than the larger distur-
bances (as measured by the comparison of scattering magnitudes
at ¢ = 0°). For example, the forward scatter for a 25 km radius is
~25 dB lower than for a 100-km radius and 11 dB lower than for a
50-km radius. Disturbances having radii smaller that 25 km were
not considered, because such small disturbances begin to violate
the WKB approximation used in this model. It also appears that
the overall scattering effect of such small disturbances is lower,
so that generally, much larger density changes would be needed
to produce the same amplitude and phase changes at the receiver.

Since our calculations have concemned the particular density
distribution given in (2), it is important to show that the radia-
tion patterns we have presented in the figures are representative of
those that would be produced by other distributions of enhanced
density in the disturbed region. The Appendix considers two ad-
ditional cases, namely, (1) a slowly varying localized disturbance
which vanishes at the boundary where f(r')=[1 — (+'/a)?] for
r < a, and (2) a slowly varying more widespread disturbance
where f(r')=[1 +4(r'/a)2]‘7 for 0 < r < oo.

In these cases, for f = 25 kHz and a = 50 km, the —15 dB
beam width is shown to be in the range 15 ~ 7°-8°. Thus the
results of Figure 9 for the Gaussian disturbance shape are within
40% of the results for these additional two cases, suggesting that
the results shown in the figures are representative to this degree
of accuracy.

The calculations in the Appendix are carried out under the as-
sumption that (aa)z <1, where « is defined in (A4). At the mid-
point of a 6000-km path with f=25 kHz, we have a=1.3x10"2
km~! and thus only the ¢ = 25 km and e = 50 km plots of Figure
9 satisfy the condition (ouz)2 L1

6. SUMMARY AND DISCUSSION

We have shown that under fairly general conditions the VLF
wave scattering produced in the Earth-ionosphere waveguide by a
density enhancement perturbation in the lower ionosphere is pre-
dominantly independent of the conductivity and permittivity of
the Earth’s suface immediately beneath the perturbed region. The
only exception to this rule is the case of extremely low conduc-
tivity such as could be found over the deep ice caps of Greenland
and the Antarctic. This finding indicates that on midlatitude prop-
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Fig. 9. Scattered modal signal strength versus 1 for disturbances of
different sizes, with a = 25, 50, 100, and 200. Profile I of Figure 2 was
assumed for the disturbance profile. All other parameters are the same as
in Figure 6.

agation paths the characteristics of the VLF wave scattered by an
ionospheric disturbance depend primarily on the altitude distribu-
tion of density and the transverse shape of the disturbance. Thus
it appears that the scattered signal can be used with confidence as
a diagnostic tool to study the ionospheric disturbances.

Our results also indicate that for a 6000-km GCP and for the
type of disturbances considered here, most of the measurable wave
energy scatters within a fairly narrow angular region centered on
the forward scatter direction. For the geometry shown in Figure 1
we can write yy5 = dsin¢;5/4, where y;5 is the lateral displace-
ment of the perturbation from the GCP at which the amplitude of
the scattered signal observed at the receiver is reduced by 15 dB
below that in the forward scatter direction (¢ = 0). From Figure
9 it is seen that ;5 ~ 8° for f = 25 kHz and a = 100 km, and
thus we have y;5 =200 km.

For smaller values of a, assuming that (aoz)2 < 1, we can use
(A9) and (A10) to write ¢ ~ 4/ka and thus

y15 T dfka @

Equation (4) shows that the maximum displacement of the dis-
turbed region is directly proportional to the length of the GCP
connecting transmitter and receiver and inversely proportional to
the phase shift across the horizontal extent of the disturbance (ka).
For d = 6000 km, f = 25 kHz, and a = 50 km, y;5 & 250 km
according to (4). Thus it is suggested that moderate- to large-scale
disturbances (50 < e < 200 km) must be located within ~250
km of a moderate-scale GCP (3000-6000 km) in order to scatter a
measurable signal to the receiver. This upper bound on y;5 should
aid in determining the exact location of the disturbed ionospheric
region and the frequency of occurrence of those disturbances on
a continent-wide scale [Inan et al., 1990].

Equation (1) is derived assuming that each modal field satisfies
the WKB approximation within the perturbed region [Poulsen et
al., 1990a]. When this approximation is satisfied, no significant
mode coupling takes place and the input and scattered wave have
similar mode structures. However, it is important to note that the
WKB approximation may not be satisfied for ionospheric pertur-
bations which either are larger than those of Figure 2 or occur
over regions comparable to or smaller than one wavelength (< 12
km for 25 kHz). In these cases, mode coupling may be important,
and a different mathematical model is needed. Examples of cases
in which such mode coupling is important are treated by Wait
[1968; 1991a, b]l, Pappert and Ferguson [1986], and Poulsen et
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al. [1990%]. In addition the WKB approximation can also fail in
the case of degenerate eigenmodes where the eigenangles of two
modes are very close in value [J. R. Wait, private communication]

APPENDIX: APPROXIMATE RADIATION
PATTERNS OF SCATTERED WAVES

According to Wait [1964a], the approximate normalized wave
field for each mode scattered by an ionospheric disturbance of
limited horizontal extent can be expressed by the relation (the
mode subscript n has been dropped in the following)

Cs _ . %koa _qo
% =—® ﬁ[S(O,O) S (AD)
where
io2y2
I=// flz,9)e”** Y dzdy (A2)
P

S -5°
flz, )= % (A3)

]

o d |7
a= [koS 2szR] (A4)

and where z and y are defined in Figure 1.

If we assume that f(z,y) is cylindrically symmetric in the hori-
zontal plane about the point (o, yo) and that the observation point
is located in the far field where a?a? < 1, then we can express
(A2) in the approximate form [Wait, 1964b]

2.2 8
I=2xe ' Yo / f@)Jo(mr)rdr (A5)
0

where 9 = 2a2yo, r is the radial (horizontal) distance from
(zo,¥o0), Jo is the Bessel function of the first kind of order zero,
and we have dropped the prime superscript from r. In general,
7 has a small imaginary part 5;, because S° has a small imagi-
nary part. If 7;a < 1, then #; can be neglected in (AS5). In the
following we make this assumption.

The radiation pattern of the scattered wave can be found from
(A1) and (A5) using the relations yo = R, siny=R’sinB, z7 =
Rocosv, tp = R'cosB, and ¥ = v + B, where R, and R’
are the fixed GCP distances between the center of the disturbed
region and the transmitter and receiver, respectively, and v and 8
are defined in Figure 1. For comparison with Figures 7-10, we
assume that R, = R’ and thus ¥ = 8 = 3¢ and @ = a(y) =
[koS°/Ro COS(ib/Z)]i. Assuming that ¢ is small, we see that
a(¥) ¥ a(y = 0) = a,. Thus the radiation pattern of the scattered
field can be simply expressed in terms of the forward scattered
signal e; (¢ = 0) = es(0):

s 2 a a
Z’%; o~ ‘/0 f(r)Jo(r]r)rdr/‘/0 f@@)rdr
where 7 ¥ kS2+y and S? is the real part of S°. It is worthy
of note that the intensity distribution given in (A6) is similar to
that obtaining in Fraunhofer diffraction of light through a circu-
lar aperture [Born and Wolf, 1965], where f(r) represents the
cylindrically symmetric distribution of wave amplitude across the
aperture. If f(r) > 0, then it is clear from (A6) that the signal
scattered towards an arbitrary angle v, will always be less than
that in the forward direction, since |Jo(77)| < 1 for all yr > 0.
Furthermore, the scattered signal should drop sharply for na > 1,
since in this case the term Jo(nr) will have many periods in the

2
P(y) = (A6)
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integral of (A6) and the positive and negative portions will tend
to cancel. For simplicity we can give a qualitative measure of the
“beam width” of the radiation pattern as the angle ¥ at which
na & 2.4. This is the first zero of Jo(na). Assuming kaS;? > 1,

¥p ~ 2.4(kaS%)! (A7)

We note that ¥ p is inversely proportional to the total number of
wavelengths across the scattering region. This is similar to the
case of a uniform broadside antenna array [Jordan and Balmain,
1968].

The value of ¢¥g given in (A7) is only a qualitative measure
of beam width. To find quantitative values of ¥ g, we need to
consider explicit models. For simplicity we consider only two
models for f(r):

model A fa@®)=01-(%), where0<r<a
fa(r) =0, where r > a
model B fB@)=[1+%:173, where0<r< oo

The function f4(r) represents a localized ionospheric distur-
bance which varies slowly with r and vanishes at the boundary
of the disturbed region. The function fg(r) represents a more
widespread disturbance which varies slowly for r < a but falls
off quickly for r > a. These two functions have the same total
amplitude within the disturbed region.

Insertion of f4(r) and fp(r) into (A6) yields the following
results;

Pa) = [8J2(2)/ 21 (A8)

Pp(¥)=¢""

where z = na.

The main lobe of P4(%) extends from the maximum value at
% = 0° to the first zero at z ~ £5. The secondary maxima in the
pattern are more than 20 dB below the main lobe. The —15 dB
bandwidth for this case occurs at the value z = 4, and thus the
beam half angle is

[9i5| = 4/ (ka)

where we have set S < 1 for the lower-order modes.

For f = 25 kHz and a = 50 km, we find that |¢5| ~ 8°.
From Figure 9, for a = 50 km, it can be seen that the —15-dB
point for mode 3 occurs at an angle of ;5 ~212°. Thus the —15-
dB pattern for this case is roughly 70% as wide as that for the
Gaussian perturbation.

For disturbance shape B the radiation pattern Pg () consists
of a single lobe. The —15-dB point occurs where v=3.5. For
f=25 kHz and a = 50 km, this relation yields

B
lbis| = 7°

Thus the main lobe of pattern Pg(v) is roughly 60% as wide as
that for the Gaussian perturbation shown in Figure 9.

(A9)

(A10)
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