JOURNAL OF GEOPHYSICAL RESEARCH, VOL. 98, NO. A2, PAGES 1705-1717, FEBRUARY 1, 1993

A Multiple-Mode Three-Dimensional Model of VLF Propagation
in the Earth-lonosphere Waveguide in the Presence
of Localized D Region Disturbances

WIiLLIAM L. PouLseN,! UMRAN S. INAN, aND TiMoTHY F. BELL

Space, Telecommunications and Radioscience Laboratory, Stanford University, Stanford, California

Transient localized D region disturbances, such as those associated with lightning discharges, affect the
characteristics of VLF waves propagating in the Earth-ionosphere waveguide. In particular, both phase and
amplitude changes in the subionospheric signal can be observed at receiving sites as a result of the wave
scattering that takes place in the disturbed region. In the present paper we present a multiple-mode three-
dimensional model of VLF propagation in the Earth-ionosphere waveguide in the presence of localized D
region disturbances. The model takes into account great circle (GC) propagation paths with realistic ground and
ionospheric conductivity changes that result in mode conversion along the path. It is assumed that conductivity
changes transverse to the GC paths are negligible except in the vicinity of the D region disturbance and
that mode coupling is negligible within the disturbed region. This new model is applied to experimental
observations and is found to be in general agreement. The diagnostics potential of the model for characterizing

energetic particle precipitation events is discussed.

1. INTRODUCTION

Very low frequency remote sensing has recently been increas-
ingly used to study ionospheric disturbances associated with light-
ning discharges [Inan et al., 1990 and references therein]. While
extensive data have been acquired on the variations of ampli-
tude and phase of subionospheric VLF signals on a variety of
great circle paths, the interpretation of such data in terms of the
physical characteristics of the disturbance (e.g., location, size, al-
titude profile) requires a quantitative model of VLF propagation
in the Earth-ioriosphere waveguide. Earlier theoretical models
have treated the Earth-ionosphere waveguide, in which the VLF
signal propagates, as infinite and homogeneous in the horizon-
tal dimension transverse to the direction of propagation [Tolstoy,
1983; Inan et al., 1985; Tolstoy et al., 1986; Inan and Carpenter,
1987]. In this picture, the perturbation is assumed to lie on the
great circle (GC) path of propagation and is assumed to extend
to infinity in the transverse dimension. The problem is thus re-
duced to one having two dimensions: the height of the waveguide
and the distance along the path of propagation as depicted in Fig-
ure 1. Analysis of experimental data has indicated the need for
a more general treatment. Carpenter and LaBelle [1982] found
that perturbations associated with ducted whistlers can at times
be located at significant distances (up to ~200 km) transverse
to the GC path between transmitter and receiver, and Inan and
Carpenter [1987] recognized the need for more realistic three-
dimensional models which include the effects of off-GC-path loca-
tions of ionospheric perturbations. Recently, Dowden and Adams
[1988, 1989a] have put forward a heuristic three-dimensional
model based on “echoes” from lightning-induced electron pre-
cipitation (LEP) ionization “patches” or ridges located off the
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GC path, and Poulsen et al. [1990] have developed a three-
dimensional model for scattering by D region perturbations based
on waveguide mode theory.

Poulsen et al. [1990] considered a single-mode method of mod-
eling the effects of scattering caused by localized enhancement
disturbances (also referred to as scatterers) in the lower iono-
sphere. The entire ambient path was assumed to be horizontally
homogeneous, and the disturbances were assumed to involve grad-
ual (i.e., slowly varying) changes in electron density over distances
in the horizontal direction of the order of a wavelength, thus al-
lowing the use of the WKB (Wentzel, Kramers, and Brillouin)
approximation. Also, the maximum change in electron density
from the ambient values was assumed to be of sufficiently small
magnitude that the Born approximation [Born and Wolf, 1965]
could be used within the scattering region. In the present paper
this single-mode scattering method is extended to the case of mul-
tiple modes in the WKB limit. We consider more realistic great
circle propagation paths by taking into account the conversion be-
tween the different modes as the signal propagates along paths
which have changing ionospheric as well as ground conductiv-
ities and permittivities (1) between the transmitter and receiver,
(2) between the transmitter and the disturbance, and (3) between
the disturbance and the receiver (Figure 1). We extend the single-
mode method to take into account all non negligible modes that
arrive at, and are scattered by, the disturbance. However, we con-
tinue to assume that the nature of the disturbance is such that the
WKB approximation still holds within the disturbed region and
that, therefore, mode conversion within the scattering disturbance
region can be neglected.

For the case of a single dominant waveguide mode, it was found
(as described by Poulsen et al. [1990]) that the scattering effect of
a localized electron density enhancement is sensitively dependent
on the altitude profile of ionization in the disturbed region. In
other words, it was found that the disturbance should not merely
be treated as a reflective scatterer (simply leading to a change in
the effective reflection height as for example assumed by Dowden
and Adams [1989a]), but that rather, the actual altitude profile of
electron density within the disturbance (as compared to the ambi-
ent density profile) must be considered in determining the effects
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Fig. 1. A depiction of the methodology used to calculate the total per-
turbed value of the electric field observed at the receiver. The numbers
correspond to the numbered items given in the text of section 2.3. The
Long Wave Propagation Capability (LWPC) is used along the three great
circle paths shown, and the single-mode three—dimensional methodology
explained by Poulsen et al. [1990] is used on a mode-by-mode basis
within the ionospheric perturbation region.

that a particular disturbance will have on the propagating VLF
wave. Our results here show that the altitude profile of enhanced
ionization within the disturbed region is an important determinant
in the more general multiple-mode cases as well, especially since
each waveguide mode is scattered a different amount relative to
the other modes of the wave by the same disturbance.

The underlying methodology of the new multiple-mode three-
dimensional model is depicted in Figure 1. Basically, a com-
puter code, referred to as the Long Wave Propagation Capability
(LWPC) and developed by the Naval Ocean Systems Center [Pap-
pert and Snyder, 1972; Ferguson and Snyder, 1987], is used to cal-
culate the complex field amplitude of the wave as it travels along
the direct path between the transmitter and receiver (“direct path”),
and along the paths from the transmitter to the disturbance (“leg
1”) and from the disturbance (or scatterer) to the receiver (“leg
2"), taking into account the propagation and attenuation of multi-
ple waveguide modes and the coupling between modes that occurs
due to the changes in ground conductivity and ionospheric varia-
tions that may occur along each path. In addition, the single-mode
three-dimensional method described by Poulsen et al. [1990] is
used to calculate the magnitude and phase of the signal scattered
by the disturbance toward the receiver on a mode-by-mode ba-
sis, assuming that no conversion among modes occurs within the
disturbed region. (This assumes that the WKB approximation is
valid, in other words, that any variations in the ionospheric or
ground properties are gradual and relatively small over distances
of ~1X in the horizontal directions.)

In the following, we describe the basic formulation and the
underlying assumptions for the new three-dimensional model and
illustrate the application of the model to a particular path.

2. DESCRIPTION OF THE MODEL

The starting points for our development of the new multiple-
mode three-dimensional model are (1) the expression for the total
electric field (equation (1) below) as derived by Wait [1970], and
(2) the scattering formulation of Poulsen et al. [1990] (equa-
tion (2) below). Wait [1970] showed that under undisturbed iono-
spheric conditions, with the space between the Earth and the iono-
sphere taken to constitute a spherically concentric waveguide, and
with homogeneous conditions along the entire path, the total ver-
tical electric field £y, at a great circle path (GCP) distance d
(much greater than a wavelength) from the transmitter is in the
form

Eiotal(d) = ey

1 = TR —ikoSnd
- A ) tRovon
N Z me
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where n is the mode number, i = v/—1, and S, = sinf, (6n
is the complex-valued “angle of incidence” of each mode on the
ionosphere). Sy is equivalent to the complex index of refraction
for miode n and thus determines the attenuation and phase velocity
of that mode. In the general case, Sy, is a function of the waveg-
uide properties at each point along the propagation path. Rg is
the radius of the Earth, ko = 27 Ao where ), is the free space
wavelength of the signal, and An is a complex-valued function
which includes the excitation and the height gain factors at the
transmitter and receiver and is dependent only on conditions at
the transmitter and receiver locations. The factor
1

V| sin(@d/Rg)|

represents a cylindrical spreading factor on a spherical surface
and is a first-order approximation resulting from the asymptotic
expansions of Legendre functions.

All of the variables in equation (1) are functions only of the
properties of the wave-guide at the transmitter or receiver loca-
tions, or of the transmmer and receiver antennae, except for Sp.

The factor A2’ can be written out more completely as

AZ’R = I\’Tn Rn

where K = a+/PJ; a is a constant coefficient; P is the radiated
power; f is the signal frequency;

Tn _Et AT GT n(2)
3=1

3
Rn = Z "'jA;?nGﬁn(z)
j=1

and j = 1, 2, 3 represent the three-dimensional coordinates z,
y, and z, where z is the distance along the GCP; ¢; and r;
are factors which account for the orientation of the transmitter
and the receiver antenna, respectively; and AT' are the “initial
excitation” factors for each mode for the transmmer or receiver
antennae, respectively [Budden, 1961]. These factors represent the
relative amount of each mode that each component of the antenna
excites (or, by reciprocity, receives). (The initial excitation factor
A as written here is egulvalent to v/A as defined by Ferguson and
Snyder [1980].) G' 1, (2) are known as the “height gain” factors
for each mode for the transmitter or receiver, respectively. They
represent the relative amplitude and phase of each of the three
components of each waveguide mode as a function of altitude, at
the transmitter or receiver.

Equation (1) is a three-dimensional formulation which applies
only to a homogeneous waveguide. In the case of the Earth-
ionosphere waveguide we can expect that the waveguide proper-
ties may change both along the propagation path and transverse to
the propagation path. Thus the Sy, in (1) will be functions of po-
sition in the waveguide. Wait [1964a] has shown how to modify
(1) appropriately for the case in which the waveguide properties
vary slowly (WKB approximation) both along and transverse to
the propagation path. This type of solution is three-dimensional
and includes refraction effects due to changes in the S, transverse
to the GCP between transmitter and receivet. In the present work
we are interested in localized D region disturbances which may
be located many wavelengths off the GCP between transmitter
and receiver. In order to focus attention on the three-dimensional
scattering properties of these disturbances, we simplify our model
by assuming that the S, in (1) do not vary significantly over a
distance of one wavelength (~10 km) transverse to the three great
circle paths shown in Figure 1. This assumption is equivalent to
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neglecting refraction effects which may occur on these paths. This
assumption is discussed further in section 4.

The single-mode scattering formulation used by Poulsen et al.
[1990] was based on Equation (6) of that paper, which is repro-
duced below. The relevant coordinate system and vector relation-
ships are given in Figure 2.

direct field scattered field
P e,

en(,9) = en(z,9) + en(z,¥)

= en(z, y)——//[Sn @, y)— (SR  enle’,y)
—,_/ ——
AS? field inside disturbance

cylindrical spreading factor
HP(koSR)  dz'dy’ o)

where e, is the total modal field for the mode of order n (i.e.,
the total field seen at (z, y) in the presence of some disturbance
in the waveguide); e5, is the unperturbed modal field, also called
the “direct” field, (i.e., the field seen at (z, y) in the absence of
any disturbance); e;, is the secondary or “scattered” field, (i.e.,
the field seen at (z,y) due to the disturbance); and S3 is the
ambient value of Sy, in the absence of any disturbance. (In the
single-mode analysis, it is a constant independent of  and y.) As
seen from the above the scattering is proportional to ASZ, ie., the

(a)

Fig. 2. (a) A plan view, seen from above, of the Earth-ionosphere waveg-
uide between a transmitter and receiver separated by a distance d along the
surface of the Earth and a disturbance located at the point (z,, yo). Such
a disturbance, appearing transiently, scatters some of the signal impinging
on it and causes a temporary perturbation in the total signal measured at
the receiver (reproduced from Poulsen et al. [1990]). (b) Phasor diagram
illustrating the relationship between the total signal modal field ey, the di-
rect, or unperturbed, signal modal field e?,, and the scattered signal modal
field e£. The two quantities important in the discussion of the results, AA
(change in amplitude) and A¢ (change in phase), are indicated. The phase
angles Zen and Ze? are measured with respect to the same (arbitrary)
reference.
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change in the mode refractive index with respect to the ambient.
P is the region of integration, or “patch”, which extends over that
portion of the z-y plane that encompasses the disturbance (i.e.,

where Sn, # S3); Ho 2) is a Hankel function of the second kind of
order zero; and

R =e-oP+y—y7
is the distance from each integration point (z’, y') within the dis-
turbance to the observation point (z, y).
To extend to the case of multiple-mode propagation and scat-
tering we combine equations (1) and (2) to write

Emm~ZATR[en+en]-ZATR ° +ZATR NG)

where
e—ikoSpd

\/|sin(d/R )|

and e}, is as in (2). Making the same substitutions as were made
by Poulsen et al. [1990], in particular, using the Born approxima-

tion (substituting e% ~ Ke~ %o oSnd /V/d for en) in the 1ntegrand
and subst.ltutmg the far-field ap ox1mat10ns for 3 and Hy 2) G.e.,

~ [2i/7ko SSR'1Z e—ikoSn ) respectively, we can write

o
en

@

[o.2] ; 0
Ke—zk.,S,,d
Etota = Z AZA"R —\/E

n

+ZATR( )/ (S, v = (SR
Ke—ikoSnRo

y 2% %e—ikQS:lR’ 4 ’d , 5
/_Ro rkoS% \/ﬁ ray ()

where all the variables have been previously defined.

2.1. Cylindrical Spreading on a Spherical Surface
and the LWPC Code

The far-field approximation for a cyhndncally spreadmg wave
as utilized by Poulsen et al. [1990] (ie., €3 ~ Ke~iFoSn nd /\/d)
and in (5) above does not account for the fact that, in the
earth-ionosphere waveguide, the wave cylindrically spreads over
a spherically curved surface. Equation (4) is a more accurate
representation of the wave’s spreading with propagation distance
on the surface of the Earth [Wait, 1970; Ferguson and Snyder
1980] If we equate the far-field approximation for ef, (ie.,

~ Ke~ikoSn d/\/_) and (4) above and use the small angle
approx1mat10n sinz ~ z for z < 1, then we find that K = /R
ford € Ry,

The LWPC code calculates the electric field versus distance
using equation (1) for the total field and equation (4) for each
waveguide mode. Since we use the LWPC code to calculate the
field components along the three propagation paths illustrated in
Figure 1, we need to match the two representations for ef, in the
final formulation of the scattered field integral. Thus, we define

T R Ke—ikoSnz
/I sin(z/Rg)|

and then using K = 4 /R 5» We make the following substitution:

1 g Ke—ikeShz

An — (). M

Using this substitution in equation (5) (and rearranging), we find

etVPC(g) = ©)

LWPC

— €pn



1708
o~ LWP ik 2% \?
LWPC i )
B~ Y en " —(d) + Z( o)(,rkos;;)
n

/ / (2’ ') — (S VPC (R}

e—ikoSSR’
{ T}dzldz]'.

The Hankel function term in the integrand of equation (2) es-
sentially represents the reradiation of each modal field toward the
receiver over a flat Earth by each infinitesimal area element of
the disturbance under the double integral. The double integral
essentially sums the contributions to the scattered signal of all the
infinitesimal radiators making up the disturbed region. We can
extend the ¢ ~FeSn R’ /R portion of the asymptotic expansion
of the Hanke] function term to account for the sphericity of the
Earth’s surface again by using equation (6). This means that we
can take advantage of the LWPC code to calculate the propaga-
tion of the scattered signal from the disturbance to the receiver
location and account for the spherical surface over which it prop-
agates. Equation (8) can thus be rewritten as

[>] oo
Eioa1 ™ Y e e+ cn
n n

®

/ / [S2", o) - (82" 1{eLVPC (R, )}

en (R’)} ‘o
——— pdz' dy
{ ADRE

Rg and
1
—ik2 2% \?
Cn = Ty .
4 ko S2

2.2, Simplifying Computational Approximations

®

where K =

10)

Given enough computer time and patience, equation (9) can be
used as written to calculate the total perturbed electric field caused
by a lower ionospheric disturbance taking into account multiple-
mode propagation and mode coupling over a real Earth but ne-
glecting mode conversion within the disturbed region. However,
the LWPC code must then be run to and from each infinitesimal
area element of the double integration region (P). In order to
reduce the very large amount of computer time required to do so,
we assume that the spatial variation of the underlying ground con-
ductivity along all paths going from the transmitter to all points
within the disturbance region is the same. We further assume the
same to be true for all paths leading from all the points within the
disturbance region to the receiver, and choose the paths leading
to (i.c.,, Roc in Figure 3), and from (ie., R.), the center of the
disturbed region as the representative paths. Thus, the ground con-
ductivity along any radius within one of the two sectors shown in
Figure 3 is assumed to be identical to that along the center radius
of that sector. This is a reasonable approximation for disturbance
regions of small radius @ since it only requires that the ground
conductlwty vary slowly over distances r perpendicular to R,
and R;. In the rare instances that the boundary between two re-
gions of significantly different conductivity is nearly parallel to
the centerline of the sector and lies under the sector area in ques-
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Fig. 3. The “incident sector” and “scattered sector’ within which lie all
propagation paths from the transmitter to each infinitesimal area element
and from each area element to the receiver, respectively.

tion, this approximation would break down. The distance from
the transmitter to the center of the disturbance is denoted R,.,
and the distance from the center of the disturbance to the receiver
is denoted R, as shown in Figure 3.

Another simplifying approximation that we adopt is to assume
the ground conductivity under the center point of the disturbance
to be equal to the ground conductivity underneath the entire dis-
turbed region. This assumption is required by the WKB approxi-
mation used in our model and is reasonable in view of the results
of Poulsen [1991] indicating that the scattering caused by a dis-
turbance is insensitive to differences in the conductivity of the
Earth surface underneath the disturbed region (except in polar ice
cap regions).

Since the transverse dimensions of disturbance regions studied
are larger than a wavelength, the phase of each modal signal can
vary 51gmﬁcantly across the disturbance region. Thus, a geometri-
cal factor Fy, (z’, ') which accounts for the phase difference (and
signal attenuation) of each modal field arriving at each infinitesi-
mal area element across the disturbance region (P) with respect to
the modal field phase (and amplitude) arriving at the center point
of the region P must be included in the integrand. This factor is
such that

e'I‘.WPC(R )CLWPC(R/)

WPC (Roc)eLWPC(R) (11)

where R, and R', as shown in Figure 1, are functions of ' and
y', but Ry, and R, as defined above, are constants and can be
moved outside the double integral. If we substitute equation (6)
into equation (11) and solve for F(z’, '), we find that

-Fn(z,:u)e

sin (Roc/Ry) sin (RL/R )

Fnle sin (Ro/Ry) sin (R'/ Ry )

)=

R ' ’
e—zkosn [(Ro+R )—(Roc"‘Rc)] (12)

where the variables are as previously defined.

Substituting equation (12) in equation (9) we obtain the final
formulation that we use to describe the total electric field at the
receiver in the general case of multiple-mode three-dimensional
scattering from a disturbance region P:

LWPC
Etotal ~ F (d

[ee]
+ Z C,ITWPC(Roc)
n

)
WPC(R,)

—_—c,
AT R

/ / [s3e, - SSP| Fale' yisdy’ (13)
P
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where ELWPC(g) = 520 [LWPC gy which is the electric field
that is obtained using the standard LWPC code along the di-
rect transmitter-receiver path in the absence of any disturbances;
eLWPC (Roc) is the electric field for mode n calculated with the
LWPC code along “leg 1” (Figure 1) from the transmitter to the
center point of the disturbance; and e,l; PC (RL/K AT R is the
electric field, also for mode n, calculated using the LWPC code
along “leg 2” from the center point of the disturbance to the re-
ceiver, but with the transmitter and receiver antennae height gain
and initial excitation factors removed from the LWPC calculations.
(AZ'R is calculated by LWPC when evaluating e,];‘ C(R,,,;)
and only needs to be included once in the transmitter—scatterer—
receiver propagation path calculation.) The factor K is a result of
the geometrical spreading factor substitution explained in section
2.1. The other variables have been previously defined.

The summation in equation (13) is in principle over an infinite
number of modes, but beyond a finite number N the mode field
components become negligible in magnitude.

2.3. The Methodology

The methodology of our multiple-mode scattering formulation,
based on equation (13), can now be summarized as follows, where
steps 1-6 correspond to the label numbers in Figure 1:

1. LWPC is used along the GCP from the transmitter to the
receiver to find the total electric field arriving along the “direct
path” (Erecy)

2. LWPC is used along “leg 1” from the transmitter to the
disturbance to find the value of the electric field for each mode n
arriving at the center of the disturbance region (en). This calcu-
lation includes the effects of both the transmitter and the receiver
at which the scattered signal will eventually arrive.

3. A factor representing the signal strength scattered by the
entire disturbance toward the receiver is calculated for each mode
n, one mode at a time.

4. LWPC is used along “leg 2” from the center of the disturbed
region to the receiver, but renormalized to account for only the
propagation effects on each mode in traveling from the disturbance
to the receiver. (The usual antenna excitation values for both the
transmitter and the receiver have already been calculated in step
2).

S. The results of steps 2, 3, and 4 are combined to find the
total electric field scattered by the disturbance which arrives at
the receiver (E'gqattered)-

6. The direct and scattered electric fields are summed to obtain
the total perturbed value of the electric field (Eyya1 = Egirect +
Escattered)-

7. The total perturbed value of the electric field at the re-
ceiver, Ey,), is compared to the total ambient electric field at
the receiver, Eg;oct, to calculate the change in amplitude AA
and change in phase A¢ caused by the disturbance. The latter
quantities are directly measured in experimental data when a lo-
calized disturbance suddenly appears, for example due to a burst
of precipitating energetic electrons.

2.4. Application to the NSS-Stanford Path

An example of the application of the three-dimensional method-
ology (including the effects of ground variation along the ‘direct
path’ and ‘leg 1°) is presented in Figures 5 and 6 for the propa-
gation path between the NSS transmitter (Annapolis, Maryland, f
= 21.4 kHz) and Stanford University and a particular example of
an ionospheric disturbance. The altitude profiles of the ambient
electron-neutral particle ve(z), positive ion-neutral particle ».(z),
and negative ion-neutral particle »_ (z) collision frequencies were

1709

assumed to be as described by Wait and Spies [1964] and Mor-
fitt and Shellman [1976), namely, ve(z) = 1.816 x 1011e~0-15%;
v.(z) = 4.540 x 109 ~0152, and v_(z) = 4.540 x 109 -0 152
where v is in s~! and z is in kilometers. The center of the
disturbed region for this case was assumed to have the dis-
turbed density profile shown in Figure 4, and the density en-
hancement was assumed to decrease with radial distance from
the center and merge back to the ambient density proportional to
a Gaussian function to produce a cylindrically symmetric trans-
verse profile with 7100 -km effective radius (i.e., ANe(r',b') =
ANe(ro, h)e=' /9 with a = 100-km). The center of the dis-
turbance is taken to be 100 km in the transverse direction away
from a point 3000 km along the GCP from the NSS transmitter
and on the northerly side of the NSS—Stanford path. Figure S
shows plots of the amplitude and phase of the total vertical elec-
tric field (as given by equation (1)) along the three propagation
paths (“legs”) of Figure 2. The density profile of Figure 4 repre-
sents the electron density as a function of altitude that would result
from electron precipitation bursts induced by lightning-generated
whistlers propagating at L o~ 2.0 as calculated in the manner
described by Inan et al. [1988a] for a total precipitated energy
flux density for each case of 1.5 x 10°2 ergs em~2 s~1, The
signal propagation along “leg 1” and the direct path are obtained
by using the LWPC software which takes account of the realistic
variation of the ground parameters (using a conductivity map of
the Earth’s surface) [Ferguson and Snyder, 1987]. The amplitude
variation along “leg 1” is the same as that along the first ~1000
km of the direct path. For simplicity, we assume uniform ground
conductivity along the scattered path (leg 2), where a larger num-
ber of modes of comparable amplitude (beginning at the scatterer)
result in a more complicated amplitude variation. It should also be
noted that the amplitude scale for leg 2 is different from that for
the other two legs since the field scattered toward the receiver is
generally much smaller than the field incident on the disturbance.

We note here that our assumption of uniform ground conduc-
tivity along leg 2 is merely to facilitate relatively simple inter-
pretation of the results of Figures 5 and 6. The multiple-mode
three-dimensional model is fully capable of accounting for mode
coupling and ground conductivity variations along all three paths
shown in Figure 1.
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Fig. 4. Plot of the electron density distribution versus altitude at the
center of a disturbance produced by an LEP event induced by whistlers
propagating at I ~2.0. A typical value of 200 ms for the duration of the
lightning discharge and subse(luent LEP burst and a precipitated electron
flux of ~ 1.5x 10~2 erg cm have been assumed in generating the
profile, as discussed by Inan et al [1988a]. The ambient densivy profile
used in the study is also shown.
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Fig. 5. Amplitude and phase plots of a signal propagating along the three great circle paths shown for one particular example
of a disturbed situation. The effective radius of the disturbance in this case is ~100 km, and the center of the disturbance is
located 3000 km along the great circle path from NSS to Stanford and 100 km away from this “direct path” on its north side.
The lengths of the three paths are given in the center part of the figure (note: not drawn to scale).

Further insight into the propagation along the different path
segments and the scattering can be gained upon examination of
Figure 6. Here we show the relative signal strength and phase
for each of the strongest propagating waveguide modes at vari-
ous points along the three paths of propagation for the specific
example described in the previous paragraph. The QTM and
QTE designations refer to quasi-transverse magnetic and quasi-
transverse electric modes, respectively, and the mode index n is
defined such that, for example, the electric field for QTM, ex-
hibits two maxima (one at ground and one at ~60 km) in the
waveguide. The units of vector length for each phasor diagram
are in microvolts per meter, assuming a total radiated transmitter
power of 1 kW, (We note here that this is simply a normalization
for the purpose of discussing relative magnitudes. The typical ra-
diated power levels for operational VLF transmitters are 10 kW to
1 MW, and the NSS transmitter nominally radiates ~250 kW.) As
was noted in the previous paragraph, the phasor diagrams show
generally larger amplitudes of higher-order modes being scattered
by the disturbance that subsequently propagate along leg 2. Even
at the receiver, there are substantial amounts of these higher-order
modes still present. It is interesting, for example, that mode QTE;
has a larger magnitude than modes QTE;3 or QTE, incident on the
disturbance (at the end of leg 1), but that upon scattering, mode
QTE4 has a larger magnitude than either of modes QTE3 or QTE;,
with mode QTEy now having the smallest magnitude of the three
and mode QTE,4 having a magnitude nearly comparable to that of
mode QTM; (one of the two “dominant” modes). Mode QTE;, is
still the third largest mode of the scattered signal that arrives at the
receiver (end of “leg 2”), but plays a minor role in the signal that
arrives at the receiver along the “direct path”. For this example
the calculated change in total received amplitude AA of the signal
is ~0.05 dB, accompanied by a phase change A¢ of ~0.6°. These
values are in the range of amplitude and phase changes that have

been observed on the NSS signal at Stanford during LEP events
[Wolf, 1990; Wolf and Inan, 1990].

The procedure outlined above can be employed repeatedly to
obtain values for AA and A¢ as the location of the disturbance is
moved over the region between NSS and Stanford along the GCP,
and on both sides of the GCP out to transverse distances where
the effect of the disturbance becomes negligible (as discussed by
Poulsen et al. [1990]). Thus, one could obtain a contour map of
AA and A¢ due to this particular disturbance similar to that shown
for the single-mode case (Figure 4 of Poulsen et al. [1990]),
except that it would show predicted values for an actual path,
accounting for the effects of the changing terrain that occurs across
mid-North America. Given sufficient computer time, one could
produce a “data base” of calculated values of AA and A¢ for a
variety of disturbance sizes and disturbed electron density profiles
for every transmitter—receiver path of interest. The data base of
theoretical values could then be used in conjunction with actual
experimental measurements of signal perturbations on those paths
to make a first-order prediction of the possible locations, sizes,
and disturbed electron density profiles of the disturbances believed
to have caused those signal perturbations.

3. SoME RESULTS OBTAINED WITH
THE MULTIPLE-MODE MODEL

In this section, the new three—dimensional multiple-mode
model is used to investigate the physics of VLF wave propagation
in the Earth—ionosphere waveguide in the presence of the type of
lower ionosphere electron density enhancement disturbances de-
scribed by Poulsen et al. [1990]. In order to concentrate on the
effects on propagation of ionospheric variations and spatial param-
eters (i.e., distance between transmitter and receiver, location, and
site of disturbance), we limit the Earth surface parameters (con-
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Fig. 6. Phasor diagrams of the relative signal strength and phase of each mode of the propagating signal located at the points
indicated by an arrow along the three propagation paths for the example described in Figure 5. The units of vector length
indicated in each phasor diagram are in microvolts per meter assuming a total transmitter radiated power of 1 kW. The NSS

transmitter nominally radiates ~250 kW.

ductivity and relative dielectric constant) to being homogeneous
over the entire region underlying the propagation paths. Note that
the assumption of an electrically homogeneous Earth is made sim-
ply for the purpose of clarity and is not necessary for the use of
the three~dimensional model. Indeed, the NSS—Stanford example
discussed in the previous section was based on a realistic Earth
conductivity map for the direct path and leg 1.

3.1. The Role of the Disturbed Electron Density Profile

Figure 7 shows one set of examples of the effect that dif-
ferences in the altitude profile of electron density within a dis-
turbance can have on the received signal perturbations caused
by that disturbance. Each of the four disturbed density pro-
files shown in Figure 7a was used as the density profile at the
center of a disturbance of effective radius a = 150 km (ie.,
the density enhancement in the transverse direction varying as
ANe(r',B') = ANe(ro, k)e~ T/’ centered at the midpoint of
a 6000-km path with ground conductivity o = 4 S/m and €r =

15 along the entire path. The profiles I, II, III, and IV represent
the electron density as a function of altitude that would result
from electron precipitation bursts induced by lightning—generated
whistlers propagating at =3, 2.5, 2, and 1.6, respectively, calcu-
lated in the manner described by Inan et al. [1988a] for a total
precipitated energy flux density for each case of ~ 1.5 x 1072
eIgs em~2 5™, The electron precipitation bursts have a dura-
tion of ~200 ms. During the burst the local electron temperature
increases due to the kinetic energy deposition. However, shortly
(<1 ms) after the burst the electron temperature relaxes back to
the ambient level, and it is to this immediate postburst period that
our results apply.

The change in amplitude AA and change in phase A¢ of a 25-
kHz signal caused by this disturbance were calculated for each
of the four disturbed density profiles. The results of these calcu-
lations are displayed in Figure 7b. We note that some disturbed
profiles cause relatively larger changes in amplitude AA than other
profiles accompanied by relatively smaller changes in phase A¢.
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Change in the received amplitude and phase caused by a lower ionospheric
disturbance for each of the four disturbed density profiles shown in Figure
7a (for f= 25 kHz and a disturbance having effective radius ¢ = 150 km
centered at the midpoint of a homogeneous 6000-km, ¢ = 4 S/m Earth
surface).

This illustrates the sensitive dependence of scattering caused by a
disturbance on differences in the vertical electron density profile
within the disturbed region. For example, profiles I and II cause
a larger AA than profile IV, while profile IV causes a larger A¢
than either profile I or II. (The use of the terminology “profile X
‘caused’ a AA” is a shorthand notation to refer to the change in
the received signal amplitude AA caused by a disturbance having
a vertical electron density profile at its center given by profile X.)
However, we note that profile III causes both the largest AA and
A@, even though it represents an electron density enhancement
which does not penetrate as deeply into the atmosphere as does
that represented by profile IV.

An investigation of the amplitude and phase changes produced
by these same profiles for different ground conductivities o and
effective disturbance radii a showed that the scattered signal repre-
sented by AA and A¢ was always largest for a disturbance having
the disturbed density profile III. Figure 8 shows the resulting AA
and A¢ for the same conditions as in Figure 7 except for the
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Fig. 8. Change in the received amplitude and phase caused by a lower
ionospheric disturbance versus the four disturbed density profiles shown
1n Figure 7a for the same conditions as in Figure 7 except that & = 10—3
S/m.
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ground parameters which were assumed to be ¢ = 107 S/m and
er = 15. While the AA for profile IV is larger in magnitude than
for profile III, the A¢ for profile III is larger than that for profile
IV and calculations indicate that the magnitude of the total signal
scattered toward the receiver by a disturbance having disturbed
profile III is only 4.3 dB lower than the direct signal, while the
magnitude for that having profile IV is 5.9 dB lower than the di-
rect signal. Thus, a disturbance with profile III again scatters a
stronger signal than do disturbances having profiles I, I, or IV.

The physical reason for the results of Figures 7b and 8 be-
comes clear upon examination of the eigenangle solutions (i.e.,
0n in Sn, = sindy) (as is shown in Figure 9 for a 25-kHz signal
and o = 4 S/m) for two of the profiles of Figure 7. These solutions
were obtained using the MODEFNDR software (which solves the
mode equation) [Morfitt and Shellman, 1976] as part of the LWPC
software [Ferguson and Snyder, 1987]. We see that most of the
mode solutions for profile Il are much further away from the
corresponding ambient mode solutions than are those for profile
IV, particularly for the QTM “branch” of solution angles. This
configuration of 8, indicates that most of the modes are scattered
more strongly by a disturbance having profile III than by one hav-
ing profile IV. The separation between the disturbed and ambient
mode solutions for profile III is also larger than for profiles I and
II (not shown). The same result is found when the corresponding
calculations and comparisons are made for frequencies of 15 kHz
and 50 kHz.

Further insight can be gained by examining the altitude pattern
of the electric field as shown in Figures 10 and 11 for two repre-
sentative waveguide modes (QTE7 and QTM5, respectively ) for
the 25-kHz case and for disturbances represented by profiles III
and IV. When compared with the ambient electric field patterns for
the same modes shown in the top panels, the patterns of Figures
10 and 11 illustrate the modification of the modal field component
structures as a result of the disturbances. In particular, the QTM7
field components are significantly different from the ambient for
both the profile IIl and IV cases. For example, the ez compo-
nent for QTM37 is larger at all altitudes than the ey component as
compared to the ambient component fields. And in the case of
profile III, the QTM5 field structure undergoes dramatic change
from the ambient field structure. We note in particular that the
QTMj field structure appears to undergo the greatest change from
the ambient structure in the ~50-80 km altitude region for profile
IV, while the maximum modification with respect to the ambient
for the case of profile III is near 70 km in altitude.
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o o o}
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Fig. 9. Eigenangle solutions for f = 25 kHz and o = 4 S/m for vertical
electron density profiles III and IV of Figure 7a.
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Fig. 10. Variation of electric field components with altitude for mode
QTM; of a 25-kHz signal for ¢ = 4 S/m and ionospheric electron density
profiles III and IV of Figure 7a. The field structures for undisturbed
ambient ionospheric conditions are shown in the top panel.

To better understand the differences in AA and A¢ perturba-
tions resulting from the disturbances represented by profiles I
through IV, and in particular, the fact that AA and A¢ for pro-
file III are generally larger than those for profile IV, despite the
deeper penetration of the electron enhancement for the case of
profile IV, we examine the electrical conductivity of the iono-
sphere. At low altitudes where ve > wge (WHe is the electron
gyrofrequency), the ionosphere can be regarded [Budden, 1961]
as a medium with scalar conductivity o, = [€0 Xve/(1 + Z2)],
where X = (Neez/eomewz), Z = (Sve/3w), €o is the permit-
tivity of free space, ve is the electron-neutral particle collision
frequency, e is the charge of an electron, Ne is the number of
electrons per unit volume, me is the mass of an electron, and w
is the wave frequency in radians per second. At altitudes above
70 km, wg, > Ve, and the conductivity can be described by a
tensor involving the parallel conductivity ¢, as well as the Hall
and Pedersen conductivities ¢, and o, [Budden, 1961]. Figure
12 shows plots of o, versus altitude corresponding to the electron
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Fig. 12. Plots of conductivity o, versus altitude corresponding to the
density profiles shown in Figure 7a for a 25-kHz wave.
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density profiles shown in Figure 7 for a wave frequency of 25 kHz
and for a collision frequency profile as defined above in section
24,

We note that the largest increase in conductivity (with respect
to the ambient) of any of the profiles occurs for profile IIl and
lies in the ~68-75 km altitude region. Proportional increases in
oy and op also occur at these same altitudes, and this is the
same region where we see the greatest change in the field struc-
ture of the QTM7; mode for profile Il shown in Figure 11. The
largest increase in conductivity for profile IV occurs in the ~50—
75 km altitude region, which is the same altitude range where
the greatest change in the field structure of the QTM7 mode for
profile IV occurs. Thus, as we would expect on physical grounds,
the scattering caused by a given ionospheric disturbance is sen-
sitive to modifications in the altitude profile of the ionospheric
“conductivity” within the disturbed region. Furthermore, for a
given disturbance and for each waveguide mode, larger electrical
conductivity changes with respect to the ambient lead to larger
scattered field magnitudes.

3.2. Dependence on the Receiver Location

While the results shown in Figures 5 and 6 are for one particu-
lar size and location of the disturbance, the amplitude and phase
changes seen at the receiver in the multiple-mode case also de-
pend strongly on the location of the receiver, as well as on the
location, size, and makeup of the disturbed region [Tolstoy, 1983;
Tolstoy et al., 1986; Poulsen et al., 1990]. Thus, if the receiver
were moved along the GCP beyond the disturbance, the measured
change in amplitude and/or phase, AA and A$, may typically vary
from AA = 0 dB or A¢ = 0° to |[AA| > 10 dB or |Ad| > 30°
[Poulsen, 1991]. We illustrate below this sensitive dependence on
receiver location for an example path.

Figure 13a shows a plot of the calculated amplitude of a 25-kHz
signal propagating over a homogeneous, & = 1073 S/m, € = 15,
ground surface. A cylindrically symmetric (three-dimensional)
disturbance with effective radius a = 50 km is centered directly
over the GCP at a point 3000 km away from the transmitter. The
electron density profile at the center of the disturbance was taken
to be that of profile IIl of Figure 7a. The receiver location is then
varied along the GCP from a point just beyond the disturbance
out to ~6000 km away from the transmitter (or 3000 km away
from the center of the disturbance). Figures 14b and 14c show
the changes in amplitude (AA) and in phase (A¢) that would be
measured at the receiver due to the disturbance as a function of the
receiver location. We note that AA and A¢ vary in both magnitude
and sign as a function of the receiver location along the GCP away
from the disturbance. An interesting difference from the single-
mode behavior that is evident from Figures 135 and 13c is that,
although each waveguide mode component suffers a reduction in
amplitude and an advance in phase due to disturbances centered
on the GCP (i.e., AA, is negative and A¢,, is positive for each
mode n), the total vector sum of the modes may produce overall
changes in the received signal amplitude and phase, AA and A¢,
of both polarities. The largest magnitudes of AA and A¢ occur
when the receiver is located in the deep null in the ambient signal
strength located just before the 4000-km point along the GCP
(see Figure 13a). The reason for this result is the fact that small
changes in the mode structure of the wave at this location will
produce large changes in the amplitude and phase relative to the
small signal level at this point [Tolstoy, 1983; Tolstoy et al., 1986;
Barr et al., 1985]. In terms of interpretation of experimental data
and the design of new experiments, this result is important since,
for a given signal-to-noise environment, the sensitivity to small

POULSEN ET AL.: MULTIPLE-MODE THREE-DIMENSIONAL MODEL OF VLF PROPAGATION

80 T -r T T T
3 70 1 (a)
8 e0f 1
8 50 1
2 40f i
TE" 40
E aof 1
20 r‘ Gsnrbance :_”i":'.
1 . . :
00 1 2 3 4 5 6
path distance (Mm)
§ 0.5 T
3 A (b)
; o.o.\/ Ve N
g \ :
& -05F
&
£
g -1.0F b
[
3
-5
i
S L J
g 1 [\ 4 (¢
2 -~ o P i
9 0 V T
q “af \, P
2 i 4
s -2
a 3F -4
s
g 4T 1
g -5 E
5 o : .
3 4 5 ]
recelver {ocation (Mm)
Fig. 13.

(a) Undisturbed electric field strength versus distance alon§
the propagation path of a 25-kHz signal over a homogeneous ¢ = 10~
S/m surface. (b) Change in the received signal amplitude versus receiver
location due to a three-dimensional disturbance with effective radius a=50
km centered directly over the GCP at a distance 3000 km away from the
transmitter (as shown in Figure(3b)). (c) Change in the received signal
phase versus receiver location.

ionospheric changes is greatly enhanced by locating the receiver
near a null in the signal amplitude.

3.3. Dependence on the “Ambient” Ionospheric Density Profile

The potential importance of the result described in the previous
section raises the question of the dependence of the ambient null
locations on the ionospheric conditions. For the wave frequencies
of interest here, ions do not play a significant role in determining
the ionospheric conductivity, and only the electron density and
electron—neutral collision frequency are important. Among these,
the nighttime electron density is the one that is highly variable and
difficult to determine without independent measurements. Figure
14 shows that differences in the ambient (undisturbed) ionospheric
electron density profile significantly affect or alter the undisturbed
signal strength versus distance “pattern” and hence the location of
the nulls. Figure 14a shows two different “ambient” lower iono-
spheric electron density profiles used for purposes of comparison.
Profile A is the simple exponential profile as used by Inan and
Carpenter [1987] for a nighttime D region ionosphere where #
= 0.5km™! and h’ = 85 km. Profile B is the ambient nighttime
profile used for the profiles of Figures 4 and 7 as well as in the
work by Poulsen et al. [1990]. Figure 14b shows a plot of the
eigenangle solutions (i.e., f5 in S = sinf,) of a 25-kHz wave
for both profiles of Figure 14a and a seawater (¢ = 4 S/m, €
= 81) Earth surface. We note that almost none of the eigenan-
gle solutions of corresponding modes are identical or even close
to one another in the complex plane. Figure 14c shows the sig-
nal strength versus distance corresponding to both sets of mode
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ionospheres. (b) Eigenangle solutions of a 25-kHz signal for both “ambi-
ent” profiles of Figure 14a and a seawater surface (¢=4 S/m). (c) Electric
field strength versus distance corresponding to both sets of mode solutions
shown in Figure 14b for homogeneous waveguide conditions.

solutions shown in Figure 14b for homogeneous waveguide con-
ditions. We note that the location, multiplicity, and depth of the
nulls in the field strehgth are quite different for the two ambient
ionospheric density profiles. For example, there is a null at a dis-
tance of approximately 2200 km from the transmitter for profile
A whereas there is a relative maximum in the field strength at the
same location for profile B.

The sensitive dependence of the AA and A¢ to be received at a
fixed location on the ambient ionospheric conditions underscores
the need to use a quantitative model, such as that presented here,
in interpreting experimental data. In doing so, and in view of
the general lack of knowledge of the lower ionospheric ambient
density [Forbes, 1989; Ferguson et al., 1989], it is important that
careful measurements of the signal under ambient conditions be
made and compared with the model predictions to assess the am-
bient jonospheric profile. Once this is done, amplitude and phase
changes due to transient disturbances can be properly interpreted.

3.4. Note on the Dominance of a “Dominant” Mode

Again referring to Figure 14c, we note that a deep null (an
approximately 20-dB drop in signal level) occurs near the 4000-
km point (for either of the two cases) even though the signal
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has propagated a relatively long distance over an all-sea path
and in such cases we expect [Inan and Carpenter, 1987] that
one, or maybe two, modes are “dominant”. Indeed, in the case
shown in Figure 14c, the strongest mode at the 4000-km point is
the QTM; mode while the QTE; mode is just ~5-dB smaller in
magnitude. Even if these two modes are exactly opposite in phase,
their destructive interference would produce a drop in total signal
amplitude of only ~7-dB. However, at the 4000-km point there are
three other modes, QTM;, QTM3, and QTEs, whose amplitudes
are 15, 12, and 12 dB smaller, respectively, than the amplitude
of the “dominant” QTMj mode. These three modes could, in
tandem, combine to destructively interfere with the QTM> mode
and cause an ~10-dB drop in the total signal amplitude. Thus,
these “minor” modes, together with the QTE; mode, can (and do)
sometimes combine together in phase so as to produce a 20-dB
drop in total signal level at large propagation distances. Even if
there were one “dominant” mode and the next three smaller modes
were all >10 dB lower in amplitude, if they were in phase with
each other and in opposite phase with the dominant mode, they
could theoretically cause a 26-dB drop in the total signal level.
Thus, care must be taken in deciding if a “dominant” mode is
truly dominant at every point by taking into account the relative
levels (amplitude and phase) of all the other nonnegligible modes.

4. DISCUSSION AND SUMMARY

In our mode], in order to focus attention upon the three—
dimensional wave scattering characteristics of localized D region
perturbations it is assumed that the S, functions in (1)-(13) do
not vary significantly over the distance of one wavelength (~10
km) transverse to the great circle paths shown in Figure 1. In this
case we are able to use realistic two—dimensional solutions to the
waveguide propagation problem in order to determine the wave
field that reaches the disturbed region and the scattered wave field
that reaches the receiver.

Since the disturbed region can lie many wavelengths away
from the GCP between transmitter and receiver, our model gives
a three~dimensional representation of the effects of localized D
region perturbations on VLF wave propagation in the Earth—
ionosphere waveguide. The assumption of no significant change
in the S, functions transverse to the GCP would appear to be
reasonable in many cases, for example, on a GCP that lies en-
tirely over the ocean. On the other hand this assumption would
not be reasonable on a GCP that is tangent at some point to a
coastline. In the general case, if the S, vary rapidly with dis-
tance transverse to the GCP, then a completely numerical solution
to the propagation problem must be carried out.

Some improvement to the present work could be obtained by
allowing for slow variations in the Sp transverse to the GCP. In
this case, WKB wave solutions [Wait, 1964c] could be used in
(2) to provide a somewhat more accurate representation of the
zero—order (ambient) fields for those cases where refraction may
be important. However. in general we do not expect that this
small change would have a major effect upon the results reported
here.

The usefulness of our three~dimensional multiple-mode model
as a diagnostic tool to study localized D region disturbances will
depend upon our knowledge of four factors: (1) the ambient
ionospheric electron density profile, (2) the ambient ionospheric
electron—neutral collision frequency, (3) the transverse distance of
the perturbed region from the GCP between transmitter and re-
ceiver, and (4) the horizontal scale of the perturbed region. For
VLF frequencies we can safely neglect the effects of ions. As
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mentioned in section 3.3, information on the ambient electron den-
sity and collision frequency profiles can be obtained from careful
measurements of the unperturbed waveguide signal under ambi-
ent conditions. Furthermore, additional information concerning
the four factors can be obtained through multiple frequency and
spaced-station measurements.

Multiple frequency measurements entail the simultaneous mon-
itoring at one site of the phase and amplitude of Earth—ionosphere
waveguide signals from a number of VLF/LF transmitters of dif-
fering frequency. The transmitters can often be chosen so that their
propagation paths to the observing site are roughly collinear [e.g.,
Inan and Oh, 1990; Yip et al., 1991]. In this case, localized D
region disturbances near these propagation paths may significantly
perturb each of the separate waveguide signals. If perturbations
appear on N separate VLF/LF waveguide signals, there would be
2N independent measurements (phase and amplitude) available
to characterize the unknowns in the system. Another strategy to
obtain additional information is to monitor a particular waveguide
signal at two closely spaced sites in order to obtain the direction
of arrival of the signal scattered by the D region disturbance. De-
termination of the group delay of the scattered signal then allows
the position of the disturbance to be determined [Dowden and
Admas, 1990]. Thus, for example, if three waveguide signals are
monitored at two closely spaced (~10 km) sites and the ambient
profiles are known through measurement of the ambient waveg-
uide signals, then six independent pieces of data (three amplitudes
and three phases) would be available to characterize the disturbed
D region electron density profile and horizontal scale.

In summary, a three~dimensional methodology to account for
the effect of localized, lower ionosphere electron density distur-
bances on propagating subionospheric VLF waves has been de-
veloped. It utilizes the LWPC software developed by the Naval
Ocean Systems Center and the three-dimensional VLF scattering
formulation of Poulsen et al. [1990]. In the few cases con-
sidered so far, model results were found to be in general agree-
ment with observations of lightning-induced electron precipitation
(LEP) event effects along typical paths. The new model is appli-
cable to a wide range of disturbance types in the lower ionosphere
that can be modeled by a vertical density profile and that satisfy
the WKB and Bomn approximations. The use of this new model
allows the investigation of the physics underlying the connections
between the Earth-ionosphere waveguide characteristics and the
individual waveguide modes that comprise the propagating wave.
Further application of the new propagation model to the interpre-
tation of experimental data can potentially lead to a better under-
standing of the physics behind the type of disturbances thought to
be created by LEP events.
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