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A Theoretical Model Study of Observed Correlations Between
Whistler Mode Waves and Energetic Electron Precipitation
Events in the Magnetosphere

H. C. CHANG AND U. S. INAN

Space, Telecommunications and Radioscience Laboratory, Stanford University

A recently extended test particle computer model of the gyroresonance wave-particle inter-
action in the magnetosphere is applied to previously reported cases of observed correlations be-
tween whistler mode waves and ionospheric responses to particle precipitation. Three different
ionospheric effects, namely, X ray bursts, photoemissions, and D region perturbations, all corre-
lated with VLF waves and believed to be caused by precipitated particles, are considered. The
precipitation flux level, the pulse shape, and the associated time delays are computed for the
parameters relevant to each case and are compared with values deduced from the data. The
results demonstrate that the existing theoretical model can be useful for interpreting experimen-
tal results of this kind. Furthermore, the model results and observations, used together, provide
a basis for additional diagnostics of the various parameters of the cold and energetic particle
distributions in the magnetosphere. For example, when applied to the observed photoemission
case (Helliwell et al., 1980) the model results imply that the trapped energetic particle distribution
function at the time could be modeled as proportional to E~"/2 with n =~ 3.5 to 6, where E is

the particle energy.
1. INTRODUCTION

One result of whistler mode wave-particle interactions
in the magnetosphere is pitch angle scattering by the wave
and the resulting precipitation of energetic electrons into the
atmosphere. These electrons, when penetrating the lower
ionosphere, can cause ionization and conductivity enhance-
ments, heating, and the emission of X rays and light.

Recent experiments have shown an association between
isolated bursts of precipitating electrons at middle latitudes
(L < 6) and whistlers and triggered emissions. The first ob-
served correlation between discrete VLF waves (propagating
at L =~ 4.2) and bursts of bremsstrahlung X rays (> 30 keV)
observed at balloon altitudes was reported by Rosenberg et
al. [1971]. Helliwell et al. [1973] reported correlations be-
tween whistlers and perturbations in the intensity of fixed-
frequency VLF signals propagating in the nighttime earth-
ionosphere waveguide. The observed perturbations were at-
tributed to whistler-induced precipitation of energetic (>30
keV) electrons that cause a transient enhancement of the
electron population in the D region and thus perturb VLF
propagation in the waveguide. Other related reports include
those of Foster and Rosenberg [1976], Rosenberg et al. [1981],
Lohrey and Kaiser [1979], Dingle and Carpenter [1981], and
Carpenter and LaBelle [1982]. The work of Rosenberg et
al. [1981] established a correspondence between VLF chorus
at Siple and electron precipitation microbursts at the con-
jugate Roberval station.

In addition to the X ray and VLF methods, photometric
measurements of light emission caused by precipitated
electrons have also been employed to explore VLF wave-
induced precipitation events. This method provides bet-
ter spatial resolution of the precipitating particles and is
capable of covering the lower range of the electron energies.
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Helliwell et al. [1980] found one-to-one correlations between
bursts of A ~ 4278 A light emissions and quasi-coherent
ducted VLF waves during photometric observations at Siple
Station, Antarctica. Doolittle and Carpenter [1983] reported

a case of one-to-one correlations between optical emissions
and whistler-induced noise events recorded at Roberval.

All of the above mentioned observations of correlation
events were attributed to a cyclotron resonance interaction
between energetic electrons and whistler mode wave packets
traveling along the earth’s magnetic field lines [e.g., Inan et
al, 1978]. The interpretation was often based on compar-
ing the measured time lag between the wave and precipita-
tion bursts with the estimated travel times of the wave and
the particles from the interaction region to the observation
site. The models used have been steadily refined; for ex-
ample, Doolittle [1982] explored the distinction between the
effects of scattered particles that mirror in one hemisphere
before precipitation and those that precipitate ‘directly.’
The previous maodels also revealed features such as arrival
time focusing of particles of different energies and included
off-equatorial interactions [Helliwell et al., 1980].

The previous studies and models were largely based on
analytical formulations of varying complexity. In general, it
was not, possible to estimate the amplitude or the structure
of the precipitation pulse that would be induced by a given
wave. The effects of changing frequency or full nonlinear
scattering involving relativistic energies were not considered.
Although the previous caleulations constitute a first-order
test of the assumed process of cyclotron resonance interac-
tions, in this paper we apply a test particle computer model
of the gyroresonant wave-particle interaction for the purpose
of computing the precipitation flux level, pulse shape, and
associated time relationships and comparing these with the
reported data.

The test particle model has been recently developed and
applied to the study of transient particle precipitation in-
duced by short-duration VLF wave pulses propagating along
the earth’s magnetic field lines [Inan et al., 1978, 1982]. This
model has been further extended to cases involving quasi-
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relativistic particles [Chang and Inan, 1983] and coherent
waves with slowly varying frequency [Chang et al, 1983].
The model takes into account the travel times of the wave
and the particles and computes the wave-induced pitch angle
change of a large number of individual resonant test par-
ticles in order to infer the perturbations of the distribu-
tion function and the transient evolution of the precipitation
flux.

In this paper we apply the model to observed correlations
reported by Rosenberg et al. [1971] and Helliwell et al. [1973,
1980].

2. DESCRIPTION OF THE MODEL

We consider a VLF wave pulse of finite duration and
of either fixed or variable frequency originating in the mag-
netosphere at 1000 km altitude and at time ¢ = 0. The
wave packet is assumed to propagate in a whistler mode
duct along a specific field line with the wave vector k || Bo,
where B, is the static magnetic field. For the background
magnetosphere, we use a centered dipole model of the earth’s
magnetic field and either a diffusive equilibrium model or a
collisionless model for the cold plasma distribution.

As the input wave packet propagates along the field line,
it interacts with particles for which the resonance condition

w—k-v=wyg/vy (1)

is locally satisfied, where w is the wave frequency, wy is the
local electron gyrofrequency, v is the total velocity of the
particle, and y = (1 —v? /c2)_1/ 2, ¢ being the velocity of
light. For the whistler mode wave (wy > w), (1) is satisfied
for electrons that travel in a direction opposite to that of
the wave unless wy /v < w.

The initial unperturbed particle distribution is repre-
sented by an equatorial distribution function f(E, a), where
E is the total energy and « is the equatorial pitch angle of
the particle, and is taken to be of the form

f(E, ) = AE"™?%g(a) o> e (2)
where A is a constant, n/2 is an exponent that can be
adjusted to fit observed distributions, g(a) is some function
of pitch angle, and alc is the angular half width of the
loss cone. We consider an initially empty loss cone so that
f(E,a)=0fora < 1€, For the purpose of comparing with
observed distributions conventionally described in terms of
the differential energy spectrum in el em 2 s sr 1 keV Y,
the constant A can be related to the diflerential energy
spectrum ®g of electrons at a given energy E(keV) and
with a = 90° pitch angle as A = ®g(m? /mc®)(vg®/(1g% —
1))E™2, where mc? is the rest energy of the electron, m
is the rest mass of the electron, and g is the relativistic
factor associated with the energy E (in keV). For the results
shown in the figures of this paper, f(E, «) has been assumed
to be isotropic (g(a) = 1), and A has been chosen such
that &5 = 108 el 9m—2 s g1 keV ! for E = 1 keV
for the case when n = 4. This ®g value is typical of the
flux levels outside and just inside the plasmapause during
geomagnetically disturbed times [Schield and Frank, 1970;
Anderson, 1976] and was the reference flux level used in
some of the previous work [Inan et al., 1978, 1982; Chang
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and Inan, 1983; Chang et al., 1983]. Although ® is a highly
variable quantity, we have chosen to present our results with
the assumption that ® g is constant with L. For any realistic
variation of @z as a function of L, the precipitated flux
values can be obtained from the results given by proper
scaling. The implication of possible anisotropic distributions
and variation of ®g will be discussed for different cases.
As the wave packet propagates up the field line, a fresh
distribution of particles continually enters its leading edge.
For example, at a time { = 7 when the wave front is at
latitude ), a distribution of particles represented by (2) will
encounter the wave packet. However, only a portion of
these particles in a limited range of energy and a narrow
range of pitch angle near the edge of the loss cone are
scattered into the loss cone after the interaction. After
taking into account the arrival times at the precipitation
region and the contribution to the energy flux of different
particles, a precipitated energy flux rate in erg em™—? 572,
denoted by h(t, 7), can be obtained. This h(¢, 7)dr is then the
precipitated energy flux at the precipitation region versus
time t due to those particles that meet the leading edge of
the propagating wave packet between times t = 7— %dr and
t= ‘r+%d7'. Thus h(t, 7) is equivalent to the response at time
t due to an external excitation applied to a system at time 7.
The total system response, or the total precipitated energy
flux as a function of time due to all downcoming particles
that encounter the wave packet at different latitudes and
times, is then the integral of h(t, 7)dr. In other words,

o o)

r(t) = /h(t,r)d‘r 3)

0

where r(t) is the precipitated energy flux at the precipitation
region as a function of time after the wave injection.

In our model the full distribution of particles (2) is simu-
lated by a large number of test particles. Using the cyclotron
resonance condition (1) as a criterion, the ranges in energy
and piteh angle of the particles that could be scattered
into the loss cone are determined for each time 7 when a
new distribution of particles is introduced to meet the wave
packet. Test particles in these ranges are then passed one
by one through the integration of the equations of motion in
which the relative motion between the particle and the wave
packet is monitored. We have used the relativistic equa-
tions of motion as given by Chang and Inan [1983] so that
the scattering of those higher-energy particles (i.e., E > 50
keV) can be correctly evaluated. After this computation,
the energy and equatorial pitch angle of each scattered par-
ticle is known, and the perturbed distribution function is
obtained. Consequently, the electrons that are scattered
into the loss cone are summed to give the response h(t, 7)
corresponding to the time 7.

This procedure for computing r(t) is identical to that
used in previous work and is described in detail by Inan
et al. [1982]. In Figure 1 we give a typical example of
the result. The top panel shows the precipitated energy
flux versus time at the wave injection site for the case of a
0.4-s pulse at a frequency of 6.83 kHz and equatorial wave
intensity 5 pT propagating along the L = 4 magnetic field
line. The result given is for a diffusive eqilibrium model and
an equatorial cold plasma_ density neq = 400 el/cm3. The
energetic particle distribution is given by (2) with g(a) =1
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(isotropic), n = 6, and ®g = 10° elem™ 2 s sr! keV !
for E =1 keV.

In calculating h(¢, 7) for a given 7, only a limited range
of particle energies will contribute to the energy flux. For
different particle energies the arrival times are different, and
we can therefore plot an energy versus time curve for each
7. The lower panel of Figure 1 gives such energy versus time
curves for sample 7 values corresponding to latitudes of the
leading edge of the wave pulse ranging from A = —16° (the
curve to the extreme left) to A = 44° in steps of 4°. The
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Fig. 1. Example showing the output of a model calculation. The

upper panel shows the precipitated energy flux versus time after
injection of the wave into the magnetosphere. The lower panel
gives the energy of the particles that constitute the flux. Each
separate segment represents the energy versus arrival time for
one of the responses corresponding to one of the positions of the
wave front. In this case the individual responses are computed
for A = —16° to 44° with steps of 4°.
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Fig. 2. Field line model showing the whistler-induced precipita-

tion. The one-hop whistler could interact with north going
trapped electrons near the equatorial region and cause precipita-
tion of electrons in the northern hemisphere. Due to the asym-
metry in the conjugate mirror altitudes, some resonant electrons
can mirror in the north and be precipitated in the south near
Eights Station.

curves progress from lower left to lower right and then to
upper right. The diagram thus gives the energy range of the
downcoming precipitated flux as a function of time.

3. THE CASE OF SUBIONOSPHERIC VLF
PERTURBATIONS

Helliwell et al. [1973] reported the observation of sudden
changes in the amplitude of long-distance subionospheric
VLF transmissions in association with whistlers. Sample
observations at Eights Station in Antarctica of Station NSS
(Annapolis, Maryland) on 22.3 kHz showed increases in sig-
nal strength that averaged 3 dB. Coincident with every rise
a mid-latitude (L ~ 2.5) whistler originating in the north-
ern hemisphere was observed. To explain the association be-
tween the whistlers and the changes in VLF signal strength,
it was suggested that the whistler precipitates energetic
(30—300 keV) electrons into the D region. The resulting
ionization then alters the properties of the earth-ionosphere
waveguide. The mechanism of precipitation was thought to
be pitch angle scattering of trapped electrons that resonate
with the whistler wave near the magnetic equator.

Figure 2 illustrates the model employed in our calcula-
tions. The L = 2.5 field line with an equatorial electron den-
sity of 1800 el/ em?® and a diffusive equilibrium model for the
cold plasma is considered. These values correspond to the
strongest whistler trace observed in the correlation events.
The input signal in this case is a lightning stroke originating
in the northern hemisphere, modeled as having entered the
medium at 1000 km altitude at ¢ = 0. The signal arrives at
the southern conjugate point (near the longitude of Eights
Station) as a one-hop whistler. The whistler interacts with
north going trapped electrons near the equatorial region and
can cause precipitation of some electrons into the loss cone.
Due to the asymmetry in the conjugate mirror altitudes at
this longitude [Barish and Wiley, 1970], some fraction of
the resonant electrons would mirror in the north, and thus
precipitation in both northern and southern hemispheres is
possible.

Frequency-time formats of the whistler propagating at
L = 2.5 are depicted in Figure 3. Only the 2—6 kHz
portion is considered, being consistent with the observed
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Fig. 3. The frequency-time formats of the whistler used in the
computer model. Only the 2—6 kHz portion was considered,
being consistent with the observed event. The duration of the
signal observed at the equator (termed 1/2-hop whistler) is about
0.25 s, and that of the one-hop whistler received in the southern
hemisphere is about 0.5 s.

event in that the strongest whistler signals appeared in this
frequency band. The duration of the signal observed at the
equator (termed half-hop whistler) is about 0.25 s and in the
southern hemisphere (one-hop) is about 0.5 s.

The interaction between the whistler and a particle can
be qualitatively understood by comparing the curves rep-
resenting a specific particle’s adiabatic parallel velocity v,
with the resonance velocity defined as

_ (wr/7—w)

] @

plotted as functions of latitude along the field line. The
particle is considered to be in resonance with the wave at a
given point 2 along the ficld linc at time ¢ if locally vy ~ vg
at that time. The possible resonance locations between the
particle and the wave are thus represented by the intersec-
tions of v, and vg curves.

The upper panel of Figure 4 shows a group of v curves
and the v, (dashed) curve of a particle with energy 187 keV
and equatorial pitch angle 11.6° (equatorial half angle of the
loss cone at L = 2.5 used in our calculation). Progressing in
time from right to left, each vr curve represents a case in
which this particle enters the leading edge of the propagat-
ing whistler wave packet at a latitude (\) corresponding to
the left end point of that curve. The right end point cor-
responds to the latitude at which this 187-keV particle exits
the wave packet. Between these two points, wyy, k, and w
vary with respect to latitude due to the inhomogeneity of the
medium and the frequency variation of the whistler wave.
This panel shows that the given particle should undergo a
resonant interaction with the wave near —15° latitude in the
south. However, since the gradient of vy versus latitude is
large at that point, the particle moves out of the resonance
region quickly, and the resulting equatorial pitch angle scat-
tering Aaeq in this case is less than 0.05°. The equatorial
parallel velocity of this particle, i.e., 2 X 10% km/s (187
keV) has been used as the upper limit of the test particle
distribution in this case. In other words, particles for which
Aceq < 0.05° are assumed to be unaffected by the wave.

The lower panel shows the wave amplitude (By) varia-
tion experienced by the given particle within the wave
packet corresponding to each vg curve in the upper panel.
The input signal is assumed to have a constant power
spectral density uniformly distributed between 2 and 6 kHz,
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so that the wave intensities corresponding to lower fre-
quencies are smaller due to the increased dispersion at lower
frequencies. The total energy of the wave packet is taken
to be that of a monochromatic pulse of duration 0.1 s and
with equatorial wave intensity of 5 pT.

By examining the v, and v curves for a particle with
equatorial parallel velocity 1 X 10% km/s (31 keV) and
equatorial pitch angle 11.6°, as was done in Figure 4, it
was found that this particle does not interact with the given
whistler. The vg values in this case are higher than those in
Figure 4, since the value of ~ in equation (4) is smaller for
the lower energy particles. This parallel velocity was used
as the lower limit for the test particle distribution.

The calculated transient precipitated energy fluxes in-
duced by this one-hop whistler wave packet are shown in
Figure 5. Left panels show the direct precipitation fluxes in
the north that would be observed after the injection of the
impulsive spheric at t = 0, assuming that all precipitated
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of a particle with energy of 187 keV and pitch angle at the edge
of the loss cone for the whistler case. Each vy curve represents a
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Fig. 5. (Left) The direct precipitation pulses in the north induced by the one-hop whistler given in Figure 3
for three different trapped distributions, assuming no mirrored particles. (Right) The corresponding mirrored
precipitation pulses assuming that all precipitated particles mirror back. The bottom panels give the energy
versus arrival time curves.
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particles precipitate in the north without either backscat-
tering or mirroring back southward. Three different varia-
tions with energy of the trapped particle distributions, i.e.,
n = 6, 4, and 2 in (2), are used. The differential energy
spectrum ®g has been normalized to 1.78 X 10° el cm—?
sl sr ! keV™! for E = 40 keV, corresponding to &g =
102 el em™2 57! st ! keV ™! for E =1 keV when n = 4.
For smaller n value, particles with higher energy play a more
dominant role. The peak fluxes are due to those particles
that interact strongly with the wave around —10° latitude,
since the vy curves show obvious local minima there [Chang
et al., 1983]. The bottom panel gives the energy range of
the precipitating particles at different times. One feature in
this case is that the faster particles arrive later because they
are scattered by the wave at later times.

The right panels of Figure 5 give the mirrored precipita-
tion fluxes at the conjugate site assuming that all the scat-
tered particles mirror in the north and precipitate in the
south. The total precipitated energies in the direct and the
mirrored precipitation cases for a given trapped distribution
function are then the same. However, the peak flux of the
mirrored case is at least 50% higher. This is due to the fact
that the faster particles catch up with the slower particles,
illustrating arrival time focusing of particles with different
energies. The energy versus time diagrams indicate that
the precipitated electrons are sufficiently energetic (£ > 40
keV) to penetrate below the normal ionospheric reflecting
height for VLF propagation [Banks et al., 1974)].

According to Barish and Wiley [1970], a mirror height
of 100 km in the south corresponds to a conjugate mirror
height of about 500 km along the L = 2.5 field for the lon-
gitude of Eights. This amounts to about 1.2° difference in
the half angle of the equatorial loss cone alecq between the
two hemispheres. It is found from individual test particle
trajectories that for the wave intensity of —~5 pT used in
our model, Aaeq < 1.2°. In fact, an equatorial wave inten-
sity of >20 pT would be required for a 2—6 kHz signal at
L = 2.5 to induce a Aaeq > 1.2° on at least some of the
interacting particles [Inan et al., 1982]. Therefore most par-
ticles scattered in a single encounter with the wave would
be outside the loss cone in the north and would thus mirror
back to be deposited in the southern hemisphere. Tolstoy et
al. [1982] used 2 propagation model to investigate the effect
of localized ionospheric perturbations on the subionospheric
VLF wave propagation for the case reported by Helliwell et
al. [1973]. Their calculations suggest that two ionization
regions, one very near the transmitter and another near the
receiver, may be needed in order to obtain amplitude in-
creases of >3 dB. It was suggested that the former was due
to transmitter-induced electron precipitation. The one near
the receiver would then be due to mirrored precipitation of
the type indicated in Figure 5. From Figures 3 and 5 it is
seen that the (mirrored) precipitation pulse (<0.3 s) has a
shorter duration than the one-hop whistler packet (=~0.5 s},
while their average arrival times are about the same.

The results of Figure 5 indicate that a precipitated flux
of >107} erg ecm ™2 57! could be obtained assuming &5 ~
10% el em™2 s sr! keV ™! for E = 40 keV and a wave
intensity of ~5 pT near the equatorial region. It should be
noted that the calculated flux is directly proportional to 5
and thus can be scaled up or down according to different g
values. Also, in the above calculation an isotropic distribu-
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Fig. 6. Schematic showing that VLF emission signals triggered
near the equator along the Siple-Roberval field line can scat-
ter north going electrons which mirror above Roberval and then
precipitate over Siple Station and cause X rays and photoemis-
sions there.

tion (g(a) = 1) has been assumed. For an anisotropic dis-
tribution (g(a) 41 in (2)) peaked around a = 90°, another
scaling (g(90°)/g(alc)) is needed to account for the lower
trapped flux level near the edge of the loss cone, since we
use ®z at 90° pitch angle as the reference. Although ®f is
an unknown factor in the present case, we know that the ob-
servation took place under relatively quiet geomagnetic con-
ditions, and it is useful to estimate the possible precipitated
flux level by using typical quiet time values for ®5. Under
these conditions, according to Lyons and Williams [1975],
g == 10° el em ™2 57! sr™! keV ™! at 90° pitch angle and
g(90°)/g(alc) ~ 10 for E = 40 keV and L =~ 3. Then our
computed flux level would be scaled down to ~ 1073 erg
em ™2 s~1. Moreover, when strong anisotropy in the vicinity
of the loss cone rather than a sharp-edged loss cone is con-
sidered, a further reduction in flux by an order of magnitude
might be necessary as discussed by Inen et al. [1982).

4. THE X RAY CASE

The first one-to-one correlation between short bursts of
bremsstrahlung X rays (£ > 30 keV) and bursts of VLF
discrete emissions was obtained on January 2, 1971, during
balloon-borne measurements at Siple Station, Antarctica
[Rosenberg et al., 1971]. This correlation was interpreted
in terms of a cyclotron resonance interaction in the vicinity
of the geomagnetic equator and suggested that the wave-
induced energetic electron precipitation would create the
observed X rays. From an examination of the ground-based
VLF recordings, it was determined that the waves led the
arrival of the precipitating electrons by about 0.3—0.4 s.

It was found that every major burst of X rays was as-
sociated with VLF rising tones of duration ~0.5—3 s. The
rising emissions were deduced to be triggered by whistlers
from lightning discharges in the northern hemisphere. The
triggering region was presumed to be near the geomagnetic
equator on the downstream side for the particles. Two
possible situations could cause precipitation of particles at
Siple Station: a north going wave could scatter south going
electrons into the loss cone and result in direct precipita-
tion, while a south going wave could also scatter north go-
ing electrons which then mirror in the north and result in
mirrored precipitation in the south. For the case in hand,
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the mirrored precipitation was found to provide a better ex-
planation than direct precipitation based on the analysis of
wave and particle travel times. [Rosenberg et al., 1971].

Figure 6 shows a schematic description of the reported
correlation event of January 2, 1971. A south going wave
packet of VLF emissicns triggered near the equator scat-
ters north going electrons which mirror above Roberval
and precipitate above Siple Station, generating bremsstrah-
lung X rays. Such mirrored precipitation is possible due
to the asymmetry in the conjugate mirror altitudes for the
Roberval-Siple field line.

In our model calculation, a rising ramp with frequency
varying from 2 to 4 kHz is injected onto the L = 4.2 field
line above Roberval at 1000 km altitude at time t = 0, such
that the signal received at Siple would be a rising ramp
with duration of 0.5 s. To account for the triggering of
the observed emissions near the equator, the wave intensity
of the input signal is assumed to be zero in the northern
hemisphere along the field line, while it is taken to be that
corresponding to a 5-pT equatorial intensity in the region to
the south of the equator. The mirrored transient precipita-
tion energy flux above Siple is then obtained as a function
of time after the injection of the input signal, assuming that
all the scattered particles would mirror above Roberval.

The equatorial electron density neq on the L = 4.2 field
line at the time of the observed correlation was estimated
through whistler scaling to be 25+ 12 el/ cm®. In this paper
we compute the precipitated fluxes for neq = 13, 25, and
37 el/em®. Although the above estimation was based on a
collisionless model (D. L. Carpenter, private communication,
1983), both diffusive equilibrium and collisionless models
of the cold plasma distribution along the field line will be
considered in the following.

Figure 7 shows the mirrored transient precipitation
fluxes obtained by assuming neq = 25 el/cm3 and the col-
lisionless model. Left panels give the fluxes contributed by
the range of energies E > 20 keV of particles scattered into
the loss cone by the waves (2—4 kHz). Since the bursts of
X rays that were correlated with the waves had energies of
>30 keV and were mainly caused by electrons with energy
of >60 keV [Rosenberg et al., 1971; Foster and Rosenberg,
1976), it is interesting to examine the fluxes due only to par-
ticles with E > 60 keV. These are shown in the correspond-
ing right-hand panels in Figure 7. Three different variations
with energy of the trapped particle distribution, i.e., E4,
E_3, and E—z, are considered, with the differential energy
spectrum ®g normalized to 10® el em™2 s™1 sr! keV ™!
for E = 60 keV. As in the case of Figure 5, for n = 4 in (2)
this corresponds to @5 = 108 el cm™2 s7! sr~! keV ™! for
E =1 keV. The transient precipitation pulses on the left-
hand panels are of longer duration due to the wider range
in the downcoming electron energy as well as the greater
travel times of the lower-energy electrons. For n > 6 the
peak fluxes depend primarily on the lower-energy particles.
However, the precipitation pulses obtained by considering
only E > 60 keV are much narrower and show well-defined
peaks. Note that the arrival time of the peak flux does not
significantly depend on = in (2). This fact allows a more
straightforward determination of the time lag between the
X ray burst and the wave pulse. The energy versus arrival
time curves for both cases are given in the bottom panels.

Note that the energy versus time curves given in the
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bottom panels of Figure 7 can also be compared with the
data. Foster and Rosenberg [1976] cross-correlated the X ray
data in two different energy ranges with the VLF wave data
and showed that the differential arrival time of particles in
the 30—68 keV and 68—143 keV ranges was about 0.1 s. The
arrival time variation given in Figure 7 is in rough agreement
with this measured value as well as the calculated variation
shown by Foster and Rosenberg [1976].

In order to see the dependence of the result on the cold
plasma models and neq, we show the results of six different
cases in Figure 8. Left panels are for the collisionless (R-4)
model, while right panels are for the diffusive equilibrium
model. In each panel the arrival time at the southern hemi-
sphere of the leading edge (f = 2 kHz) of the wave packet
is indicated by an arrow on the time axis.

The travel time along the L = 4.2 field line for a signal at
4 kHz is smaller than that at 2 kHz for each case. Therefore
the input wave packet duration has been set equal to 0.5 s
plus the difference Atpj, between the travel times of 4-kHz
and 2-kHz waves, such that the duration of the received
wave packet in the south is 0.5 s for each case. Since Atpy,
is generally larger for the R-4 model, for the same neq the
input wave duration for the R-4 model is larger than that
for the DE model. This accounts for the higher peak in the
R-4 model case; the input energy, set to be proportional to
the input wave duration, is larger. Note that the equatorial
wave intensity is the same in both cases.

In Figure 9 is plotted the time lag between the peak of
the flux and the arrival of the wave front as a function of neq
for both the diffusive equilibrium and collisionless models.
The shaded area indicates the observed time lag in the ex-
periment. Our theoretical results based on the collisionless
model and neq = 25 el/ em? are in good agreement with the
observations.

The results of Figures 7 and 8 are obtained based on the
assumption that all the precipitated electrons mirror back
in the north. They show that a peak flux of >0.1 erg cm ™2
s~ ! could be obtained if the equatorial wave intensity is of
the order of 5 pT and if ®f is ~10% el em™2 71 sr7t
keV~! for E = 60 keV. Note again that this calculation is
obtained by assuming an isotropic distribution, or g(a) =1
in (2). Since this X ray case was observed during a gradual-
commencement magnetic storm, the assumption of isotropy
would be more reasonable than in the case discussed in
section 3. On the Siple-Roberval field line a mirror height
of 100 km in the south corresponds to a conjugate mirror
height of 280 km [Barish and Wiley, 1970]. Using this,
our test particle calculations show that more than 95% of
the precipitated particles mirror at the northern end, since
Aaeq experienced by most of these high-energy (E > 60
keV) particles is smaller than the difference (about 0.2°) in
the equatorial half angle of the two loss cones. The above
assumption that all electrons mirror back is then a good
approximation.

5. THE PHOTOEMISSION CASE

One-to-one correlations were observed at L =~ 4.2 be-
tween bursts of VLF noise in the ~2 to 4 kHz range and
optical emissions at A = 4278 A at Siple Station in the
austral winter of 1977 [Helliwell et al., 1980]. The correlated
VLF wave activity usually consisted of clusters of discrete
rising tones or chorus. In the case of July 24, 1977, all of
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the correlated wave events involved whistlers and whistler-
triggered emissions. In this particular case, the length of the
wave train observed at Siple was estimated to be about 1.2
s, and the observed photometer pulse was found to occupy
the time interval 2.6—4.3 s after the occurrence (t = 0) of
the lightning-generated spheric observed near Roberval. For
propagation at L ~ 4.2, the equatorial cold plasma density
and the equatorial wave magnetic field were deduced to be
neq = 100 el/cm3 and B,, = 8 pT, respectively.

The field line model for this photometer case is the same
as that depicted in Figure 6. As in the X ray case discussed
in section 4, both direct and mirrored precipitations are can-

didates that may account for the optical emissions over Siple
Station. The possible importance of direct precipitation is
suggested by the fact that at the top of the ionosphere the
field intensity of the north going wave was estimated to be
only 2 dB less than that of the south-going wave [Helliwell et
al., 1980], thus indicating efficient echoing of the wave back
and forth between hemispheres.

In the following we calculate both the direct and the
mirrored precipitation fluxes induced by the wave event cor-
responding to the case of July 24, 1977. The signal received
at Siple is modeled as a rising ramp with duration of 1.2 s
and with frequency varying from 2 to 4 kHz. For the mir-
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40

rored case in which the wave is south going, the wave inten-
sity in the northern hemisphere along the field line is taken
to be zero to account for the fact that the whistler-induced
emission was probably generated near the equator, while it
is taken to be 8 pT to the south of the equator in accor-
dance with the estimation from the data. However, for the
case of the north-going wave that causes direct precipita-
tion, the wave intensity is taken to be 8 pT on both sides of
the equator. A diffusive equilibrium model is used for the
cold plasma distribution along the L = 4.2 field line with
neq = 100 el/cm3.

As mentioned in the introduction, in order to account
for all the particles that could contribute to the observed
photoemission, a wide range of particle energies need to be
considered. To see the effect of the fall-off in energy of the
trapped particle distribution function, we normalize f(F, a)
such that &g = 108 elem2s lsrt keV! for E =1
keV and for different values of n in (2).

Upper panels of Figure 10 show the temporal variations
of the computed precipitated fluxes for n = 6 in (2). Note
that ¢ = 0 corresponds to the instant when the lightning
impulse occurred near the field line above Roberval. Lower
panels show the corresponding energy versus arrival time
curves. The pitch angle resolution in this case is Aa = 0.05°
so that particle energies up to ~180 keV are included.

Using half magnitude of the peak flux as a criterion,
the precipitation pulses are found to occupy the intervals

= 1.9-4.2 s and t = 2.5—4.0 s for the mirrored and
direct precipitation cases, respectively. Compared with the
data (t = 2.6—4.3 s), the direct case gives a slightly better
fit. The fact that the direct precipitation pulse does rise
abruptly near ¢ —~ 2.5 s further favors this interpretation.
However, the significant overlap in time between the two
responses suggests that both the mirrored and the direct
precipitation may be contributing to the observed flux. Due
to the mirror height difference between the ends of the
Siple-Roberval field line, our calculations show that only
75% of the precipitated particles contribute to the mirrored
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precipitation. Thus the absolute flux level of the mirrored
case in Figure 10 should be reduced by this factor, since
we assumed that all precipitated particles mirrored back at
that point. Note here that since the photoemission is caused
by a wide range of energies including relatively low ones, the
percentage of particles which mirror in the north in this case
is expected to be lower than that of the X ray case, since the
lower energy particles experience larger Aaeq and thus scat-
ter into the loss cone in the north without mirroring back. In
summary, the model calculations suggest that the observed
photoemission could be due to a combination of both mir-
rored and direct precipitating particles, with more than half
of the contribution being due to the direct precipitation.

The calculated flux level is a function of By, and the as-
sumed trapped particle distribution. In the present case, By,
has been inferred from the data. The assumed particle dis-
tribution is then the main factor that determines the com-
puted flux level. For a case in which the particle energy
covers a wide range as in this one, the value of » in (2) is
the key parameter that affects the relative contributions to
the flux of high- and low-energy particles. For fixed n, the
energy flux level is proportional to ®g. In Figure 11, we plot
the peak flux level versus n with ®g as a parameter for the
case of direct precipitation. The shaded area indicates the
range (~0.04—0.1 erg em™? s_l) of the precipitated energy
fluxes inferred from the photometric data [Helliwell et al.,
1980]. If 5 = 10% el em™2 57! sr™! keV ™! then n ~
5.5—6 would fit the observed downcoming flux. However, if
@ is reduced by 2 orders, n would be less than 4. Figure
11 implies that under typical flux levels of &g = 108108
el em™2 571 sr7! keV ™! [Lyons and Williams, 1975] the
value of n would fall in the range of ~3.5—6 based on the
observed precipitating fluxes. To the best of our knowledge,
this constitutes a new method of remotely estimating the
decrease with energy of the trapped particle distribution
in the magnetosphere. Our estimated value of n =~ 3.5—6
is in substantial agreement with published direct measure-
ments [Schield and Frank, 1970]. Since the above results
are obtained by assuming g(a) = 1 in (2), inclusion of any
anisotropy would reduce the calculated fluxes as discussed
at the end of section 3 and therefore would result in smaller
estimated n values, or a less steep distribution with respect
to E.

6. SUMMARY AND CONCLUSIONS

We have applied a test particle computer model to com-
pute the transient evolution of the precipitated particle
fluxes induced by VLF waves that have been reported to
be correlated with energetic electron precipitation events.
The relationship between the downcoming flux levels and
the possible trapped energetic electron distributions can be
obtained for each case. Our model employs exact equations
of motion for the gyroresonant wave-particle interaction, in-
cluding relativistic effects, so that the wave-induced pertur-
bations in individual particle trajectories can be correctly
computed for particle energies up to hundreds of keV.

Three different events representing three different
methods of detecting the ionospheric effects of precipitat-
ing electron fluxes, i.e., the observations of perturbations
of subionospheric VLF signals, bremsstrahlung X rays, and
photoemissions, have been studied in this paper. In the
case of subionospheric VLF perturbations [Helliwell et al.,
1973], it was concluded that mirrored precipitation could
have caused D region enhancements near the receiver be-
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parameter for the case of direct precipitation for the photometer
case. The shaded area indicates the range of the precipitated
energy fluxes inferred from the data.

cause of the significant mirror height difference (100 km
versus 500 km) for the given longitude and field line. In
the case of X ray observations [Rosenberg et al, 1971], it
was shown that the computed time lag between the wave
packet and precipitation pulse was consistent with the cold
plasma model deduced from the observed data. Finally, in
a case of photometric observations [Helliwell et al., 1980] in
which the observed data involved a wider range of particle
energies, it was shown that the value of n in equation (2)
can be estimated from the observed data. For the case in
hand, n was found to be in the range of ~3.5 to 6 for typical
values of trapped particle fluxes.

We have compared the predictions of an existing
theoretical computer-based model of the coherent wave-
induced precipitation of radiation belt particles with ground
based observations of the ionospheric effects of such
precipitation. Our results demonstrate that the model
can be useful for interpreting the observed experimental
results. Furthermore, the model results and observations,
used together, provide a basis for additional diagnostics of
the various parameters of the cold and energetic particle
distributions in the magnetosphere. The successful applica-
tion of the model to three different experimental situations
indicates its versatility; an obvious potential application is
in planning of future experiments aimed at detecting wave-
induced particle precipitation and its ionospheric effects.
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