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Abstract. Numerical techniques are used to
compare two-dimensional and three~dimensional
analyses of the spreading of ionospheric elec-
tric fields. Specific cases are considered in
which a source electric field is applied at
150-km altitude and within a limited horizontal
distance L. It is found that horizontal spread-
ing of fields at ionospheric heights can be
accurately calculated by using a two-dimensional
model with helght-integrated conductivities,
provided that L is 10 km or greater. For L < 10
km a full three-dimensional model must be used.
Three-dimensional calculations must also be
used to relate electric fields measured at bal-
loon altitudes (~30 km) to overhead ionospheric
fields if L < 100 km. Calculated ionospheric
fields depend strongly on horizontal conducti-
vity gradients, fields spreading more easily in
the direction of decreasing conductivity.

Introduction

In many problems involving calculations of
electric fields and currents in the ionosphere
it is general practice to treat the ionosphere
like a thin sheet whose electrical properties
are described by effective height-integrated
conductivities [Baker and Martyn, 1953; Fejer,
1953; Vasyliunas, 1970; Bostrdm, 1974; Wolf,
1975; Nisbet et al., 1978]. This approach is
very useful, particularly when numerical solu-
tions must be used, since many unwieldy three-
dimensional problems can be reduced to two-
dimensional problems of manageable size. How-
ever, it is important to know when such a sim-
plified approach is valid and when full three-
dimensional solutions must be sought.

The concept of height-integrated conductivity
was first introduced in atmospheric dynamo the-
ories in which currents were assumed to be con-
fined within the ionosphere [Baker and Martyn,
1953; Fejer, 1953]. Later, Swift [1972] showed
that this approach is valid even when currents
flow between the ionosphere and the magneto-
sphere. In his analysis, Swift assumed an
electric field, harmonically varying in the
horizontal direction, at the top of the iono-
sphere and then calculated resulting electric
field and current distributions below. He found
that height-integrated currents evaluated this
way were in good agreement with the values ob-
tained from simpler two~dimensional analysis
using height-integrated conductivities, provided
that the spatial wavelength of the assumed elec-
tric field was of the order of 10 km or greater.

In this study we consider how an electric
field applied in a limited region of the iono-
sphere spreads out horizontally as well as down-
ward into the lower atmosphere. Figure 1 illu-
strates the geometry of the problem. A Cartesian
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coordinate system 1s used with the z axis point-
ing vertically upward. We assume a constant ap-
plied electric field Eyo at z = 150 km, limited
in horizontal extent to x < 0 and -(L/z) <y < (L/z).
We use a three-dimensional numerical analysis to
calculate how this applied electric field spreads
to the region x > 0 and z < 150 km. The iono-
spheric electric field calculated this way for

x > 0 is compared with the results of equivalent
two-dimensional analysis using height-integrated
conductivities. It is found that at iomospheric
heights, two- and three-dimensional results are
identical for L > 10 km, in agreement with ear-
lier results by Swift [1972]. We also calculate
electric field variations as a function of x
that would be measured by a balloon-borne probe
at%*mﬂdm@[ag,&urmd&ﬂm,HWL
The effects of horizontal conductivity gradients
in both two- and three-dimensional analyses are
also examined.

Formulation of the Problem

The basic equations to be solved are

V.F=0 (1)
J=57% )
E=_vo 3

where 3 is the electric current density, E is
the electric field,ﬁﬁ*is the conductivity ten-
sor, and ¢ is the electric potential. If we
adopt a Cartesian coordinate system with the

z axis pointing upward and assume a geomagnetic
field directed vertically downward, (2) can be
written as

Jx = op Ex + Oq Ey 4)
J =06 E -0_.E 5
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Jz =a Ez (6)

where 0,, Op, and oy are the specific, Pedersen,
and Hall conductivities, respectively. Equations
(1) and (3)-(6) can be combined to yield
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This equation is subject to boundary conditions
at z = 0 and 150 km and at x = y = o, We set

® =0 at z = 0. At z = 150 km we specify & as a
function of x and y for x < 0 and set 3%/3z = 0
for x > 0. At Xx = y = *© we assume that current
flows in the vertical direction only. With this
assumption the other necessary boundary condi-~

960



Park: Brief Report 961

F 4

X

Fig. 1. The coordinate system and the geometry
of the problem.

tions at x = y = » can be easily calculated
from

z 150 km
O(to, 1w, 2) = [ g_z j g_z Q(iw’
(o]

o O o

#eo, 150 km)

In order to facilitate numerical solutions
of (7) we introduce new variables p = arctan
(0x) and q = arctan (By), so that they range
from ~(m/2) to +(w/2) as x and y vary from

—» to +% . Equation (7) then becomes
3% ) 329
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If we assume that E; and E, are independent
of z, (4) and (5) can be integrated over z to
yield two-dimensional equations

I
X

I

szx + EHEy (11)

(12)
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1 =L J dz

and L]
b =L g dz

Combining (11) and (12) with (1) and (3), we
obtain
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Boundary conditions are specified in terms of ¢
at x =0, X =+w, and y = *», Again, we intro-
duce new variables p = arctan (0x) and q = arctan
(By), as we did in the three-dimensional case.
Equation (13) then becomes
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where s and t are as defined previously by (9)
and (10).

In the next section we examine the conditions
under which we may assume Ey and Ey to be inde-
pendent of z and use (14) instead of (8).

Calculations and Results

In this section we describe numerical solutions
of (8) and (14) for the class of problems depicted
in Figure 1. The general procedure that we adopted
was to set up two-dimensional (p, q) or three-
dimensional (p, q, 2z) grids, assume an initial
value of ¢ at each grid point, and keep integrat-
ing through a line iteration scheme [e.g., Diaz
et al., 1958] until a specified accuracy was
achieved. Once & is known, E is easily obtained
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Fig. 2. Height variations of specific (Co)

Pedersen (0p), and Hall (0H) conductivities.
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Fig. 3. Calculated ionospheric electric field

as a function of horizontal distance from the
source based on two-dimensional and three-
dimensional models. Both Ey and x are normalized.

from (3). Grid spacings of 0.05 in p and q co-
ordinates and 3 km in the z coordinate were found
to be a reasonable compromise between accuracy
and economy. The values of o and B were adjusted
depending on the scale size L of the imposed
electric field so as to provide adequate grid
density in the region of interest. The amount of
computing and storage required is considerable
in the three-dimensional case. The computations
reported here were done on the Cray 1 computer
at the National Center for Atmospheric Research.

Figure 2 shows vertical profiles of 0g, Op»
and og that will serve as the 'base' profiles
in all of our calculations [Park and Dejnaka-
rintra, 1977a, b]. The corresponding height-
integrated conductivities are I, = 5.6 mho and
Iy = 8.5 mho. When we consider the effects of
horizontal conductivity gradients, these base
profiles will be multiplied by appropriate
spatial functions. We will first discuss elec-
tric field spreading in the absence of horizon-
tal conductivity gradients.

Horizontal spreading in the ionosphere. Given
a constant electric field Ey, at z = 150 km,
x <0, and -(L/2) <y 5_(L/¥), we want to exa—
mine how this field spreads horizontally to the
region x > 0. Before looking at the numerical
results we can anticipate the general behavior
of the solutions by referring to (13). If we
let all gradients of Ip and Iy equal zero, (13)
reduces to a Laplace equation:

£ 2+S 3 =0 (15)
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Fig. 4. Normalized Ey as a function of x at

different altitudes for L = 10 km. A three-
dimensional model was used iIn the calculations.
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Fig. 5. Three-dimensional results of Ey at 30-km

altitude for different values of L.

Solutions to this equation are obviously inde-
pendent of L as well as of Ip and Ig. As was
stated previously, the three-dimensional problem
reduces to (13), and therefore to (15), if we
assume that Ey and E, are independent of z. This
assumption is valid ¥or large L; our aim is to
find out at what point this assumption breaks
down and three-dimensional equations must be
employed.

Figure 3 shows the two- and three-dimensional
results in normalized form. The ordinate is the
normalized Ey aty =0 and z = 150 km, and the
abscissa is the x coordinate in units of L. The
top curve shows the two-dimensional solution,
which is indistinguishable from the three-dimen-
sional solutions for L > 10 km. The two lower
curves show three-dimensional solutions for
L =1 and 0.1 km, respectively. It is clear that
two-dimensional approximation is valid for scale
sizes down to 10 km. This is in agreement with
earlier results by Swift [1972].

Downward spreading of ionmospheric E fields.
We have just discussed how E fields spread hori-
zontally at 150-km altitude. Now we consider how
these fields spread to lower altitudes by using
the three-dimensional model. The physical situ-
ation is identical to that considered above.
Figure 4 shows how Ey diminishes with decreasing
altitude for the L = 10 km case. Ey maps down to
80~km altitude with very little attenuation, be-
cause large ratios of Op to Op tend to meke mag-
netic field lines look like equipotentials. Below
80 km, Ey is attenuated rapidly for small values
of x, so that at z = 30 kn, Ey is only a weak
function of x. This is simply due to the fact
that large wavelength components of the source
spectrum (Fourier spectrum of the applied square

Ey (150)
Ey (30)

ix

Fig. 6. The mapping factor for E, from 150-km

altitude for different values of L.
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Fig. 7. (a) Assumed variations of height-inte-
grated Pedersen conductivity with horizontal
distance x. (b) Calculated Ey as a function of
x for different horizontal conductivity vari-
ations.

wave form) that spread out farther in x also map
down more efficiently to lower altitudes.

Figure 5 shows, in the same format as in Fig-
ure 3, E field variations at y = 0 and z = 30 km.
The L = 1000 km curve is identical to the top
curve in Figure 3, since E field variations at
z = 150 km map down to z = 30 km with practically
no attenuation. This is in agreement with pre-
vious results [Kellogg and Weed, 1969; Mozer and
Serlin, 1969; Bostr¥m and Fahleson, 1977; Park,
1976; Chiu, 1974]. We note that attenuation gen-
erally increases as L decreases. Furthermore, E
becomes nearly independent of x as L is reduced
to ~10 km. If horizontal electric fields were
measured by a probe mounted on a balloon at
30-km altitude, we may ask how accurately such
measurements represent overhead ionmospheric
fields at, say, 150-km altitude. The answer to
this question is provided in Figure 6, where the
'mapping factor,' or the ratio of Ey at 150 km
to Ey at 30 km, 1s plotted as a function of x/L
for different values of L. For small values of
I the mapping factor increases toward unity
with increasing x/L. This means that the elec-
tric field measured on a balloon becomes a
better approximation of the overhead ionospheric
field as the balloon moves farther away from the
source., In any case, the field strength measured
on a balloon is always less than the overhead
ionospheric field strength, even when the iono-
spheric field has strong horizontal gradients.

Effects of horizontal conductivity gradiemnts.
First, we consider a two-dimensional problem
where 3Z/39y = O but 3L/9x # 0. Equation (14) is
solved as before, with I, and Iy modified by a
common multiplication factor g(x). Figure 7a

shows variations of X, for four different cases
considered. In cases 1 and 3, g(x) varies linearly
with x. (In actual computations, linear variatiomns
continued up to x = 2000 km, beyond which g be-
came constant with x.) In case 4, g(x) 1s a Gaus-
sian function. Case 2 with no conductivity gra-
dient will serve as reference. Figure 7b shows
corresponding E field results for L = 1000 km.

It is clear that electric field penetrates more
easily in the direction of decreasing conducti-
vity and that the degree of penetration depends
strongly on conductivity gradients, particularly
if the gradient is negative.

The magnitude of the conductivity gradient
effect depends on the scale size of the electric
field under consideration. For a given conducti-
vity gradient, its effect diminishes as the scale
size L decreases. Although it is not obvious from
(14), it turns out that if the gradients are spe-
cified in terms of L, the same gradient 3Z/9(x/L)
gives the same electric field distribution E(x/L).
Thus the curves in Figure 7 would be valid for
all values of L if the horizontal axes were nor-
malized by dividing them by 1000 km.

In the three-dimensional case, horizontal
conductivity gradients may depend on the alti-
tude. We saw earlier that horizontal spreading
of ionospheric electric field can be accurately
calculated by an equivalent two~dimensional model
as long as L > 10 km. This is still true in the
presence of horizontal conductivity gradients.
Therefore for L > 10 km, electric field distri-
bution at ionospheric heights will be affected
only by gradients in height-integrated conducti-
vities; detailed height variations of ¢ and
90/9x are not important. For L < 10 km, one must,
of course, solve the full three-dimensional prob-
lem.

Conclusions

The following conclusions can be drawn from
the results described above. (1) Horizontal
spreading of ionospheric electric fields (above
~80-km altitude) can be accurately calculated
by using a two-dimensional model with height-
integrated conductivities, provided that the
scale size of the imposed field L is 10 km or
greater. This is true independent of horizontal
conductivity gradients. (2) Thrée-dimensional
calculations must be used to relate ilonospheric
fields measured at 30 km to overhead ionospheric
fields if L. < 100 km. (3) In the presence of
horizontal conductivity gradients, electric field
spreads more easily in the direction of decreasing
conductivity. For given conductivity gradients,
their effect diminishes with decreasing L. How-
ever, if a normalized coordinate w = x/L is used,
the effect of 30/%w on E(w) is the same, inde-
pendent of L.
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