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With the use of a power integral formulation, a study is made of the VLF/ELF radiation pat-
terns of arbitrarily oriented electric and magnetic dipoles in a cold lossless multicomponent mag-
netoplasma. Expressions for the ray patterns are initially developed that apply for arbitrary values
of driving frequency f, static magnetic-field strength B,, plasma density, and composition. These
expressions are subsequently specialized to VLF/ELF radiation in a plasma modeled on the
magnetosphere. A series of representative pattern plots are presented for frequencies between the
proton (f,z) and electron (f.x) gyrofrequencies. These patterns illustrate the fact that focusing
effects that arise from the geometrical properties of the refractive index surface tend to dominate
the radiation distribution over the entire range f,z > f > 4.6 f,5. Focusing effects are particularly
strong in the range 3f,nx > f 2 fugr, Where the major lobe of the pattern lies along B, and the
lobe intensity varies inversely as the first power of the distance between source and observer
rather than as the square of this distance. It is concluded that focusing effects should be of signifi-
cant importance in the design of a VLF/ELF satellite transmitting system in the magnetosphere.
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In recent years there has been a great in-
terest on the part of the geophysical scientific
community in the idea of a satellite-based
VLF/ELF transmitter that would operate in
the magnetosphere. Such a transmitter would
provide a means of performing a number of
important and interesting experiments involving
wave-particle interactions, wave-propagation
phenomena, and space-plasma diagnostics. In
addition, the transmitter could also serve as
part of a VLF communication system. The use-
fulness of this VLF transmitter in performing
experimental tasks will be limited ultimately by
the amount and distribution of power that can
be radiated into the magnetoplasma from the
antennas. The details of the radiation pattern
are especially important if the satellite trans-
mitter is a low-power device, since then the
possibility of generating waves of useful ampli-
tude may depend on maximizing the flow of
power at a given wave-normal direction.

A first-order estimate of the VLF radiation
patterns of electric or magnetic dipole antennas
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in the magnetosphere can be obtained by as-
suming this plasma to be cold, uniform, and
infinite in extent. These idealizations have been
used extensively by previous workers to evalu-
ate the far fields of simple antennas in a mag-
netoplasma, but the resultant medium is still
so complicated that the fields can only approxi-
mately be found through the use of saddle-point
integration techniques.

To the authors’ knowledge, very little dis-
cussion of the radiation pattern of a magnetic
dipole antenna in a magnetoplasma has ap-
peared in the literature [GiaRusso and Berge-
son, 1970; Wu, 1963; Wang and Bell, 1969a].
On the other hand, the specific problem of the
far fields radiated from an electric antenna has
been considered by a number of workers
[Bunkin, 1957; Kuehl, 1962; Mittra and Des-
champs, 1963; Arbel and Felsen, 1963; Wu,
1963; Kogelnik and Motz, 1963; Freire and

carabucci, 1967; Mittra and Duff, 1965;
Wang and Bell, 1969a; GiaRusso and Bergeson,
1970]. In their works, all these authors have
attacked the problem by employing the usual
definition of the time-averaged poynting vector
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with the asymptotic fields obtained from the
saddle-point evaluations. Since the number of
saddle points depends on the point of observa-
tion and since higher-order saddle points us-
ually appear, the study of the antenna radiation
pattern using the time-averaged poynting vector
turns out to be considerably complicated. In
most of these early papers, very little numerical
data have been presented regarding the VLF
radiation pattern of dipole antennas in a plasma
similar to the magnetosphere. Furthermore, no
explicit forms for the ray pattern are given
except for the uniaxial case [Freire and Scara-
bucct, 1967].

Recently GiaRusso and Bergeson [1970] used
Kuehl’s [1962] method to calculate the radia-
tion pattern for electric and magnetic dipoles
for various frequencies in the VLF frequency
range; however, their work suffers from an
error that becomes serious in the lossless case
and invalidates their results for frequencies be-
tween the lower-hybrid-resonance frequency
and approximately one-half the electron gyro-
frequency.

In the present paper, we investigate the
VLF/ELF radiation pattern of both electric and
magnetic dipoles embedded in a cold collision-
less uniform multicomponent magnetoplasma.
In this study we make use of an integral ex-
pression of real radiated power and appropriate
saddle-point relations. This alternative method
for calculation of the radiation pattern has been
qualitatively described in an earlier paper by
Staras [1964], and it is found to be a some-
what simpler way of obtaining the ray pattern
than the usual poynting-vector approach. Cor-
rections to this method are necessary when
higher-order saddle points appear, and in these
cases we present a simple technique for joining
the first-order and second-order saddle-point
results. Our final radiation-pattern plots con-
sequently include all focusing effects that arise
from the geometrical properties of the refrac-
tive-index surfaces.

Basic METHOD FOR CALCULATION OF
RADIATION PATTERN

When a time-harmonic current source is im-
mersed in a medium, the total time-averaged
complex power is formally given by

p=-1fawrwa o
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For a lossless dielectric medium, it is known
that the real part and the imaginary part of (1)
represent the radiated power and the stored
energy (reactive power), respectively. Generally,
one can write (1) in terms of spherical-polar
coordinates for the wave vector k and then
perform a contour integration with respect to the
variable k£ (¢ = |k|, the magnitude of k) to
obtain P as double integral involving the polar
and azimuthal angles of k. With the real part of
this expression, the total real power output
can then formally be written

P, = f f(¥, ) sin 0 dO dy (2)
¥, 6

where 6 and ¢ are the polar angle and the

azimuthal angle for the wave vector k, respec-
tively.

For the case of a lossless system, (2) is then a
representation of total real radiated power
summed up from the rays in the wave-normal
space. In terms of observation coordinates, one
may generally use a set of relations

9= 6(v, ¢) )
v = ¥y, ¢

and write (2) as

Po= % [ro,0 8By iy as @
where the ‘¢’ summation covers the relevant
branches of the functions given in (3);+y and ¢ are
the polar and azimuthal angles in the observation
space; f'(y, ¢) stands for [f(¥, 6)](sin 8/sin v),
with 8 and y expressed in terms of ¥ and ¢; and
where 9(8, ¥)/d(v, ¢) is the Jacobian of the
transformation, given by [0(0, ¥)/0(y, ¢)] =
|(88/9) (3y/ 0¢) — (86/3¢) (8¥/ 7). From (4),
it is clear that in a lossless system the mean
radiated power flux per unit solid angle in the
observation coordinates, or the so-called ‘“radia-
tion-intensity’’ pattern, is given by the following
expression :

T, ) = T 1t 9 j—g—;ﬁ) 5)

with the subsidiary conditions given by (3).
The subsidiary conditions of (3) are closely
related to the properties of the dispersion sur-
faces, or refractive index surfaces, of the char-
acteristic modes excited in the system [Light-
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hill, 1960; Arbel and Felsen, 1963 ; Felsen, 1965;
Mittra and Duff, 1965], and they can generally
be identified as ‘saddle-point’ relations in the
asymptotic evaluation of the far-zone fields.

For a cold magnetoplasma medium, if the
polar axis in the wave-normal space is chosen
to be parallel to the direction of the static mag-
netic field, the refractive indices of the charac-
teristic modes are independent of . In this
situation, (3) reduces to the form

6=29
€] (6)
V=901 ¢
where ¢ = 0 or = for each saddle point.

Equation 5 then becomes

(7)

Ty, ) = Z "¢y, ¢) }z—z

Equations 6 and 7 represent the general form
of the radiation pattern function in a cold loss-
less magnetoplasma. In the subsequent sections,
we work out the explicit forms of (6) and (7)
for the radiation from either an electric dipole
or a magnetic dipole.

SADDLE-POINT RELATIONS

GiaRusso and Bergeson [1970] gave a con-
cise description of Kuehl’s [1962] method for
formulating the exact electromagnetic fields
radiated by sources in a cold magnetoplasma
and indicated how these fields can be found
approximately by using saddle-point—integration
techniques involving a scalar integral function
of the coordinates I(r, ). For point sources
radiating at frequencies between the proton and
electron gyrofrequency in a relatively dense
magnetoplasma, it can be shown [Wang and
Bell, 1969a] that I(r, ) has the form

x/2,0,
= [ L0 IlBuo)s

-exp [—18v(6) |z|] sin 8 d6 (8)

where L(f) is a function of @ alone, J, is the
zero-order Bessel function of the first kind,
8 equals the free space wave number, p and z are
the respective transverse and axial components
of r in spherical coordinates (i.e., p equals r sin ¥
and 2z equals r cos ), u(d) equals n(f) sin 8,
v(0) equals n(f) cos 8, and the whistler-mode
refractive index n(f) has the form
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(esr6_1 — €ne,) sin® 8 4 2ene, — q(6)

n(6) = 2(es cos® 0 + e, sin® 6)
where (9
q(6) = [(eoe, — eHe_l)2 sin® @

+ 4ey’€,” cos” 8]'7

Notation not defined above is defined in other
papers [Wang and Bell, 1969a, b]. In (8) the
upper limit 7/2 applies to situations in which
the wave frequency o lies between the proton
gyrofrequency w,» and the lower-hybrid-reso-
nance frequency oize. Over this frequency
range, the whistler-mode refractive-index sur-
face is closed. The upper limit 4, applies to
instances in which o lies between the electron
gyrofrequency o.x and wzgzz. Over this frequency
range, the whistler-mode refractive-index sur-
face is open in the lossless case and ap-
proaches infinity along the surface of a ‘reso-
nance’ cone of half angle 8, = tan™ |e,/e,|.

To apply the saddle-point method to (8), it
is assumed that the observation point is located
far enough from the source so that we have
Brn > 1 and that L(#) is a slowly varying
function of 6 over the range of integration.
Given these assumptions, two cases must then
be distinguished, y = 0 and y = 0.

Case 1, vy =~ 0. If we have y == 0, the ob-
servation point lies close to the static magnetic-
field line that intersects the source. Since the
argument of the Bessel function in (9) is now
small, we can set J, ~ 1 in the integrand and
the relation for the Sth-order saddle point be-
comes

a'n(6)
o'

aH—lv(o)
aos+l

i=1,--,8

(10)

#0

By using the relation for n(#) and assuming a
relatively dense plasma (ie., wo'/w.” > 1), it
can be shown that, for frequencies in either of
the two ranges wes > © > /2 and wpze >
® > o,, there exists but one first-order saddle
point that contributes to the radiation at y ~ 0.
This saddle point is located at § = 0. On the
other hand, for frequencies in the range w,»/2
> o > o.as, the radiation at y ~ 0 is due to
the contributions of two first-order saddle points,
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6, = 0 and 6; = cos™(2¢,/e;). The presence of
the saddle point 8, results in a focusing of radia-
tion along the static magnetic-field-line direction
such that the radiated energy drops off as
rather than as the usual . Thus this saddle
point is quite important in evaluating the far-
field radiation pattern. As v = /2, 8, and 8,
merge with an additional saddle point to form
a third-order saddle point that also represents
focused radiation.

A detailed discussion of these focusing effects,
as well as expressions for the axial field com-
ponents, can be found in a previous paper
[Wang and Bell, 1969a] ; these expressions were
used in preparing our pattern plots.

In formulating their expressions for the
poynting flux, GiaRusso and Bergeson [1970]
do not consider the case y =~ 0, and conse-
quently their results do not apply to radiation
along the static magnetic field. To obtain values
for this longitudinal flux, these authors have
used an expression given by Snyder and Weitz-
ner [1968] for the fields at y = 0. Unfortun-
ately the results of Snydor and Weitzner are
not correct, since they have neglected to include
the important saddle point 6, in their saddle-
point calculation of the fields at y =~ 0. Thus
the results of GiaRusso and Bergeson are also
incorrect at y = 0, and the important effects
of longitudinal focusing are overlooked by these
authors,

An idea of the serious error involved in neg-
lecting the longitudinal focusing can be ob-
tained by noting that this focusing effect pro-
duces the major lobe in the dipole radiation
patterns when wrze < 0 < 1% w,5.

Case 2, y = 0. When the argument of the
Bessel function in (8) is large, the asymptotic
form of the Bessel function can be used and (8)
becomes

I(F) = [2xBr siny]"'*[I, + I_]

where

(11)

/2,6,

I. = exp (Fjn/4) _/; L()[n()]7'*

-exp [—jBry.(6, )] do  (12)

and ¢.(6,y) = n(8) cos(y = 6).
In this case, the relations for the Sth-order
saddle points become

1177
Py

a—o.lﬁt(ﬂ,’y)=0 1=1 -+,

(13)

a.!+1
3571 v.(0,v) #0

The first-order saddle-point condition gives the
relations between  and y necessary to com-
plete (7)

Ly = 6 — tan™" (n'(8)/n()) (14)
and
ool | so s wer |
10yl — [n*%(6) + 2["(6)]" — n(6)n"’(6)

where the primes indicate a derivative with re-
spect to #. In principle, (15) ean be used in
(7) to construct radiation patterns for given
sources in the plasma. However, if the whisiler-
mode refractive surface at a given frequency
possesses a point of inflection (points where
two first-order saddle points merge, i.e., a sec-
ond-order saddle point), at the wave-normal
angle .. appropriate to the inflection point it
will be found from (15) that |86/9y| — eo.
The equation relating the observation polar
angle y» and the wave-normal angle 6, at the
inflection points can be deduced from (13) with
s =2

Ym = 0, + tan™’ [MB_%J(O?:)'&] (16)

where 8, is real, less than =/2 in magnitude and
satisfies the equation

n'(0n) + 2[0'(0,)]" = n(0.)n"'(6,)  (17)

In the high density limit (w)/wz® 3> 1), the
following can be shown: (a) when wrwe > o
& 4.6 o,y, the whistler-mode refractive-index
surface 77(6) possesses eight points of inflection
(two in the range 0 < 8 < 7/2); (b) when
4.6 x> 0 > 0,z and when o,z > © > 0.4/2,
7(0) possesses no points of inflection; (¢) when
wor/2 > © > wunz, T(0) possesses four points
of inflection (one in the range 0 < 6§ < 4,);
and (d) when o = w.n/2, 7(§) possesses two
third-order saddle points as described above in
case 1. When o == 4.6 w,u, 7(f) possesses four
third-order saddle points (one in the range
0< 0 <w/2).

The presence of inflection points on the re-
fractive-index surface results in a focusing of
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radiation toward the observation point such that
the radiated energy drops off as r** instead of
r* [Arbel and Felsen, 1963]. Since the power
integral method fails at points of inflection and
higher-order saddle points, it is necessary to
supply additional relations to continue the radia-
tion-pattern plots through these singular points.

A double saddle-point evaluation of an in-
tegral equivalent to (12) was made by Arbel
and Felsen [1963] for the situation in which
two first-order saddle points coalesce, and the
expression they derive can be used to obtain
the radiation pattern near y.. However, in
view of the complexity of their results and the
narrow angular range for which they are useful,
we prefer to adopt an alternate scheme as out-
lined below.

From (14d), (16), and (17) of Arbel and
Felsen [1963], we derive the following condi-
tion on the derivatives of ¢(4) for which cur
single-saddle-point relation 15 is a good ap-
proximation

(@°9/96%) > (2/8)*7(@¢/96%)*  (18)

Equations 18 and 14 can be used to define a
range of wave-normal angles for which the
single-saddle-point technique is valid. Starting
from any angle in this range, it can be shown
that as @ = 0. (0. is the angle at which the
inflection point occurs), the right-hand side of
(18) will eventually become approximately
equal to the left, and, when this occurs, the
double-saddle-point results of Arbel and Felsen
[1963] can be used. For closer approach to @m,
ie, § = 0., the inequality in (18) reverses and
a second-order saddle-point technique is ap-
propriate.

Since by assumption the quantity Bry is a
large number, (18) will generally be satisfied
for angles within a few degrees of .

We now define implicitly two angles of ‘closest
approach’ to 8, by means of (14) and the
relation

(8°y/36%) = +(20/8)"*(3*¢/96°)** (19)

The real angles 4, that satisfy (19) also satisfy
(18) approximately, and thus the energy flow at
@, can be treated by means of the first-order
saddle-point relations 14 and 15. The two angles
of interest in (19) are the two real roots that
minimize the quantity |#, — 6.|. By expanding
the left-hand side of (19) in a Taylor series
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about #,, it can be shown that these two angles
are given approximately by the relation

8, — 0, = £(20/81)"*(3°¥/36%) 5. (20)

The wave-normal angles 6. and 6, are asso-
ciated with angles y.. and vy, in the observation
space. The ratio of the power flux flowing in
the direction y. to that flowing in the direction
v- can be deduced from the results of Arbel and
Felsen [1963, equations 10 and 18]

p= LG 1y e ()7 e

where T'(z) is the well-known gamma function
and where all quantities are to be evaluated at
=20,

The radiation pattern of an arbitrary source
in the magnetoplasma can now be found in the
following way. First we define a distance from
the source to the observation point. The power
integral method (equations 4, 7, 14, and 15) is
then used for all angles 6 that satisfy equation
18, including angles d.. The exact value of the
power flux at y,. is then obtained by multiplying
the power flux at y, by the ‘focusing factor’ F.
Points lying in the narrow interval between v,
and y. are approximated by fitting a smooth
curve between the known values of the power
flux at y, and ym, with the maximum of the
curve at ym.

Since the focusing factor F depends only on
the properties of the whistler-mode refractive-
index surface and the distance to the observa-
tion point, plots of F versus frequency and dis-
tance that will apply to an arbitrary source in
the plasma can be prepared. Similarly, plots of
O, 0., ym, and y, versus f and r that will apply
to an arbitrary source in the plasma can also
be prepared. Although we used such plots in pre-
paring our radiation patterns, for the sake of
brevity they are not presented here,

RADIATION PATTERNS

Electric dipole. Using the formulation devel-
oped by the authors in a previous paper [Wang
and Bell, 1969b], we obtain the total power
radiated into the half space z > 0 at fixed
frequency in a cold magnetoplasma by an arbi-
trarily oriented infinitesimal electric dipole of
unit moment
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P, =Cg D, j;h dy f,, [F,*(6) cos® v,

+ F.*(8, ¢) sin® y,] sin 0 df

where the 8, integration covers all angles in the
range 0 < 4 < 7/2 for which each of the mag-
netoionic modes (s = =) is propagating, y, is
the angle between the dipole axis and the static
magnetic field, Ce = B'c*Z,/327°, ¢ = 3 X 10°
m/see, and Z, = 377 ohms and where

(22)

7oA 127 — e )(n.? — ey)
Fy*(0) + q(ﬂ)(niz B
-cos’ 8

P, gy = e — ) (23)

q(6)

2 fdz :I .2

[COS v+ (ntz - e+1)(nt2 — e—1) sin” 8
In (23) the function n. represents the refrac-
tive indices of the two characteristic modes that
exist in the cold magnetoplasma; remaining
notation is defined by Wang and Bell [1969a, b].
For frequencies between the proton and elec-
tron gyrofrequency, only the whistler mode (n.)
is propagating (if a moderately dense plasma
is assumed), and the radiation pattern (ob-
tained from equations 22, 2, 4, and 7) has the
form

T'(v, $) = Ce[Ty(7) cos’ ¢,
+ T.(y, ¢) sin’ @]  (240)
_ in @ |06
T = LR o 5! (240)
— sin 6 |36
L ¢) = 270 e g ’67 (249

where 86/0y is defined in (15), the summation
in (24) includes all physically acceptable
branches of 8(y) (obtained from equation 14),
Fi(y) is Fy[6(y)], and F (y, ¢) equals
F.[0(y), ¥y = ¢].

Magnetic dipole. Using a previously devel-
oped formulation [Wang and  Bell, 1969b,
1972], we obtain the total power radiated into
the half space z > 0 at fixed frequency in a
cold magnetoplasma by an arbitrarily oriented
infinitesimal magnetic dipole of unit moment
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Po=cu [y [ 1@ o

+ L,’(8, ¢) sin® v,] sin 6 d8 (25)

where the 6, integration covers all angles in the
range 0 < # < =/2 for which each of the mag-
netoionic modes is propagating, v, is the angle
between the dipole axis and the static magnetic
field, Cv = B'Z,/327°, and where

Gdzn:(nj _ 50)

Lll*(o) = :Fq(o)(ntz — €+1)(n12 — e_]) sin2 [/}
£ "is(fo — er)(en — €.1)
b = [; 9()(n." — ) (26)

-sin® @ sin® ¢ + L“*(O):I cos’ 0

Other notation in (26) is defined by Wang and
Bell [1969a, b]. For v,z < © < o.u, only the
whistler mode can propagate and the ray pat-
tern, as obtained from (26), (2), (4), and (7),
can be written

I‘(’Yy ¢) = CM[I‘II(‘Y) cos” Yo

+ iy, @) sin’y,]  (270)
where
~,  sin 6 |36
T = X Lo G ‘5 (270)
- in 6 {08
Pubr, @) = 3 I 0r ) o 15 (270)

In (27), 86/9y is defined as in (15), the summa-
tion includes all physically acceptable branches
of (y), Li(v) = Ly [0(y)], and L. (y, ¢) =
L7[0(y), ¢ = ¢l

NuMERICAL RESULTS

From the analysis of the preceding section,
it is evident that the radiation pattern of an
arbitrarily oriented point dipole can be expressed
through the relation I'(y, ¢) = T', (v, @) cos?y, +
T', (v, ¢) sin? v, where v, is the angle between
the static magnetic field B, and the axis of
symmetry of the dipole and where I';(v, ¢) and
T (v, ¢) are the radiation patterns of the dipole
when its axis is oriented parallel or perpen-
dicular to B,. In view of this relation, it is
sufficient to plot only T'y(y, ¢) and T', (v, ¢) as
a function of frequency in the VLF range. The
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radiation pattern for values vy, between 0 and
7/2 can then be constructed from the plots.

Since our main concern is to show the rela-
tive spatial distribution of the radiated power
for a fixed signal frequency, the numerical
curves for the ray patterns are normalized. The
ray patterns for the electric dipole are normal-
ized by the factor Cr (f,/f), and those of the
magnetic dipole are normalized by the factor
Cu(fo/f)?, where f, is the plasma frequency of
the magnetoplasma.

We attempted to arrange the radiation plots
in such a way as to emphasize common char-
acteristics. This arrangement led naturally to a
classification based on the type and number of
saddle points (rays) that contribute to the
radiation pattern at any given normalized wave
frequeney f/f.n. Generally, the type and number
of contributing saddle points depend on the
normalized plasma frequency f./f.x as well as
the normalized wave frequency, but, in the
event that the plasma density ranges from
moderate to high so that (fo/f.z)® > 1, it can
be shown that the relative distribution of radi-
ated energy at any given frequency is sub-
stantially independent of the plasma frequency.
Since the condition (fo/f.x)* >> 1 holds through-
out most of the inner magnetosphere, we chose
to simplify our pattern classification by con-
sidering only this high density limit where the
patterns are independent of f, and where the
plasma density enters into the radiation pattern
only through the pattern-normalization con-
stants mentioned above.

Consequently, although our patterns are
plotted for a value of density fo = 5f.n, they
will apply to all higher densities as well. Fur-
thermore, in most instances we would expect the
patterns to be reasonably accurate for densities
as low as f, = 2f.u.

An interesting feature of all the dipole radia-
tion patterns over the frequency range for >
§ > fune (Figures 1, 2, and 3) is the fact that
the radiation amplitude approaches infinity on
the surface of a cone of half angle y, whose
axis lies along the static magnetic-field direc-
tion. The angle y, is complementary to the
so-called ‘resonance cone’ half angle 8, =
tan™|e,/e,| on which the whistler-mode refrac-
tive-index surface approaches infinity, and the
cone of half angle y, will be denoted here as
the ‘complementary cone’ Arbel and Felsen
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[1963] gave a thorough description of the
qualitative behavior of the radiation intensity
near the complementary cone and showed
that the details of the radiation pattern there
depend strongly on the physical configuration
of the source function. In particular, these
authors show that in the lossless case, infinite
values of radiation intensity are found at vy,
when the source function is represented as a
point dipole, but that, when more physically
reasonable descriptions of the source function
are used, the radiation intensity may actually
vanish at y.. In view of this finding, it is clear
that the values of radiation intensity near vy,
shown on our plots have little, if any, physical
significance. Consequently, we do not choose to
refer to the radiation spikes near y, as major
lobes in the radiation pattern, even though they
do represent radiation maximums on our plots.
The actual determination of the radiation in-
tensity near y. would require a2 much more
detailed calculation than we are able to present
here, and the results would depend on the full
details of the source function as well as on any
loss processes that might exist in the plasma.

As discussed in the section on saddle-point
relations, the presence of focusing effects results
in a radiation pattern that is a function of
distance from the source, in the sense that the
relative amplitude of the focused beam increases
with this distance. In preparing our plots, we
assumed that the radial distance r between
source and observation point is such as to satisfy
the relation (2xf,/¢) r = r, = 5000. This num-
ber for r, was chosen to be consistent with a
scale height of about 1000 km for the plasma
parameters and with a local plasma frequency
of about 250 kHz. If one wishes to use the
plots in instances in which r, will have some
other value, it is only necessary to make use
of the fact that, in the high density limit, the
amplitude of the beam due to ‘inflection point’
focusing will vary as (f,r)"?, whereas the ampli-
tude of the longitudinally focused beam will
vary as (for) [Wang and Bell, 1969a].

For simplicity, we plotted the dipole patterns
in only two planes: the plane that contains the
z axis and the dipole axis (¢ = 0) and the plane
that contains the z axis but is perpendicular to
the dipole axis (¢ = =/2). The pattern for
other azimuthal angles ¢ can be readily obtained
from (24) and (27).
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Fig. 1. Normalized radiation patterns for magnetic (L) and electric (D) dipoles at the
frequency f = 0.75 ferz. The patterns shown are typical of those that occur in the frequency
range for > | > Y% fen, assuming a moderate to high density plasma.
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Fig.2. Normalized radiation patterns for magnetic (L) and electric (D) dipoles at the frequency
f =14 fou. At this frequency the effects of longitudinal focusing are most pronounced and the major
lobe of the pattern generally lies along B,. An exception occurs when the dipole symmetry axis
lies exactly along B, (as in Figure 2¢) since the pattern null along B, cancels out the focusing effect.
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Although (24) and (27) are valid for a
plasma of arbitrary composition, for present
purposes we specialized to a two-component
plasma consisting of equal numbers of electrons
and protons.

The normalized radiation patterns for both
magnetic and electric dipoles at a frequency
f = 0.75 f.z are shown in Figure 1. These plots
illustrate the type of radiation pattern that
occurs for frequencies in the range 1 foir < f < fen.
In this frequency range, only one saddle point
contributes to the radiation pattern, most of the
radiated energy flows at an angle with respect
to the static magnetic-field lines By, and very
little energy flows directly along B;. A typical
refractive-index surface in this frequency range
is shown in Figure 7a. From Figure la it is
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evident that the patterns for both electric
dipoles (D) and magnetic dipoles (L) are fairly
similar when the dipole axes are parallel to B,.
Comparison of Figure 15 (magnetic dipole) with
¢ (electric dipole) also indicates a reasonable
similarity of radiation pattern for the situation
in which the magnetic and electric dipole axes
are perpendicular to B,, although the pattern
for the electric dipole displays more variation
as a function of azimuth about B,. In all in-
stances the pattern amplitude is unbounded
along the cone of half angle v, = 48.2° 1.,
the complementary cone. For angles x/2 >
¥ > ., no radiation appears; thus for these
frequencies the surface of the complementary
cone represents a shadow boundary [Arbel and
Felsen, 1963] for the radiation pattern.

0- DIPOLE
L -LOOP
£/§442025
¢:=0,7/2
L ORIENT

70°

80°

90°

D - DIPOLE
L -LOOP
1/fgu= 0 25
fl ORIENT

90°

Fig. 3. Normalized radiation patterns for magnetic (L) and electric (D) dipoles at the fre-
quency f = 0.25 f.g. The patterns shown are typical of those that occur in the frequency range
3$fer > f > frur, 8ssuming a moderate to high density plasma. Longitudinal focusing effects

dominate the patterns in this frequency range.
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The normalized radiation patterns for both
magnetic and electric dipoles at the frequency
f = % f.u are shown in Figure 2. At this fre-
quency the effects of longitudinal focusing are
most pronounced, and in general the major lobe
of the radiation patterns lie along B,. This
intense focusing is due to the presence of a
third-order saddle point at # = 0 (wheny = 0).
The focusing effect is clearly seen in Figure 2a
(perpendicular electric dipole) and especially in
b (perpendicular magnetic dipole), where almost
the entire radiation output is contained in the
center lobe. In Figure 2¢, on the other hand,
the focusing effect is counterbalanced by the
fact that in a magnetoplasma neither an electric
dipole (D) or a magnetic dipole (L) can radiate
directly along their symmetry axis when that
axis is parallel to Be. This null in the pattern
at v = 0 effectively suppresses the focusing
effect and only a minor enhancement in the
radiation appears near ¥y = 0. It is interesting
to note that the pattern for the perpendicular
magnetic dipole (Figure 2b) is essentially in-
dependent of azimuth about B, whereas the
pattern for the perpendicular electric dipole
(Figure 2a) is a strong function of azimuth for
v > 10°. For this frequency, v. equals 30° and
no radiation is present at larger angles.

The normalized radiation patterns for mag-
netic and electric dipoles at the frequency
f = 1 f.z are shown in Figure 3. These plots
are illustrative of the type of radiation pattern
that occurs for frequencies in the range fryr <
f < % f.a. A typical refractive-index surface in
this frequency range is shown in Figure 75. In
this frequency range, as many as three first-order
saddle points can contribute to the radiation
pattern, and one of these saddle points produces
a strong focusing of radiation along B,. This
focusing results in a pattern in which a major
lobe lies along B,. Figure 3a clearly shows the
effects of this longitudinal focusing for both
perpendicular electric dipoles (D) and perpen-
dicular magnetic dipoles (L). In Figure 3a a
second lobe, somewhat weaker than that along
By, can be seen at y, ~ 10°. This secondary
lobe results from radiation focusing that is due
to the presence of inflection points on the
whistler-mode refractive-index surface, and v,, is
given by (16). At this particular frequency, the
secondary lobe lies within the complementary
cone of half angle v, (equal to 13.9°) on which
the radiation amplitude approaches infinity. For
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lower frequencies as f — fLug, it is found that
¥. — 0 whereas v,, # 0. Thus the secondary
lobe will lie outside the complementary cone,
and the shadow boundary for the pattern is
then represented by the cone of half angle v,
about B,. It is not difficult to show that the
half angle of the shadow-boundary cone reaches
a minimum value when v, equals v,. This
minimum occurs when f ~ 0.2 f.z, and the
shadow-boundary-cone half angle here is ap-
proximately 11° {Helliwell, 1965, chapter 3]. An
interesting feature of the patterns for the per-
pendicular dipoles is their symmetry about B,.
For the parallel dipoles, Figure 3b shows that
in this frequency range the longitudinal focusing
effect is still strong in spite of the pattern null
aty = 0.

The normalized dipole radiation patterns for
the frequency f = 7 X 10~ {4 are given in
Figure 4. These plots are illustrative of the type
of radiation pattern that occurs in the frequency
range 4.6 f, g < f < foyr. In this range as many
as three first-order saddle points can contribute
to the radiation pattern, and two major lobes
are produced as a result of inflection points on
the whistler-mode refractive-index surface. A
typical refractive-index surface in this frequency
range is shown in Figure 7c. In this frequency
range, there is no focusing of radiation along B,.
Furthermore, the whistler-mode refractive-index
surface is closed, and no complementary cone
exists; consequently, there are no forbidden
regions for radiation. Comparing Figure 4a and d
(magnetic dipole) with Figure 4b and ¢ (electric
dipole), it can be seen that the radiation pat-
terns of the magnetic and electric dipoles have
little similarity in any orientation. Not only are
the pattern shapes different, but the variation
with azimuth is different as well.

The normalized dipole radiation patterns for
the frequency f = 2.5 X 10 fou (f = 4.6 fou)
are depicted in Figure 5. For this frequency
only one saddle point contributes to the radia-
tion pattern, and no longitudinal focusing takes
place. The major lobe located at y = 24.5° is
the result of focusing that is due to a third-
order saddle point that was produced by the
merging of two inflection points on the whistler-
mode refractive index surface. This focusing
causes the lobe amplitude to increase as %, By
comparing Figure 5¢ and ¢ (magnetic dipole)
with Figure 5b and d (electric dipole), it is
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Fig. 4. Normalized radiation patterns for magnetic (L) and electric (D) dipoles for the fre-
quency f = 7 X 1073 f,;. The patterns shown are typical of those that occur in the frequency range
fuur > f > 4.6 f,n, assuming a moderate to high density plasma. In this range nonlongitudinal
focusing effects produce the major lobes of the pattern.
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Fig. 5. Normalized radiation patterns for magnetic (L) and electric (D) dipoles for the fre-
quency f = 2.5 X 107 f,5 (f = 4.6 f,z). At this frequency the effects of nonlongitudinal focusing
are most pronounced and give rise to the major lobe at vy = 24.5°. The lobe amplitude increases
as 712 owing to this focusing.
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Fig. 6. Normalized radiation patterns for magnetic (L) and electric (D) dipoles for the fre-
quency f = 1.5 X 1073 f,4. The patterns shown are typical of those that oceur in the frequency
range 4.6 f,z > f > f,n, when a moderate to high density plasma is assumed. In this range, all
focusing effects are absent and the radiation varies as r~2 for all +.

found that in all orientations the radiation pat-
terns for magnetic dipoles and electric dipoles
are dissimilar in shape and dependence on
azimuth,

The normalized dipole radiation patterns for
the frequency f = 1.5 X 107 f,4 are shown in
Figure 6. These plots illustrate the type of
radiation pattern that occurs in the frequency
range f,n < f < 4.6 f,u. In this range only one
saddle point contributes to the radiation pat-
tern, no inflection points exist on the whistler-
mode refractive-index surface, and no focusing
effects take place. A typical refractive-index
surface in this frequency range is shown in
Figure 7d. In Figure 6 it is once again seen that
the pattern for the magnetic dipoles (Figure
6a and c¢) bear little resemblance to the patterns
for the electric dipoles (Figure 6b and d).

Although the plots shown in Figures 1 through
6 apply only to the radiation in the half space
z > 0, the radiation pattern for z < 0 can be
easily obtained by reflecting the pattern for
z > 0 through the source point.

DiscussioN AND CONCLUSIONS

A few of the interesting features of the radia-

tion patterns shown in Figures 1 through 6 are
summarized below.

1. For frequencies in the range 1 f., >
f > frur, the distribution of radiation is con-
trolled by the longitudinal focusing effect, and
the major lobe of the radiation pattern lies
along the static magnetic field B,. Exceptions to
this rule can occur if the dipole symmetry axis
lies precisely along B,

2. Forfrequencies in the range f.x 2 f > frug,
where the whistler-mode refractive-index surface
is open and the complementary cone of half
angle v, exists, it is found that a magnetic dipole
will radiate a smaller fraction of its energy into
angles near vy, than will an electric dipole.
Furthermore, for § for > f > fing, magnetic
dipoles are more efficient in producing radiation
along B,.

3. For all frequencies in the range 3 f.nx >
f > 4.6 f,n, the lobes produced by focusing
effects dominate the radiation patterns.

4. For foy > | 2 fLur, no radiation flows
directly across B, the radiation is confined
within a cone of half angle ., where v, is the
larger of the two angles v, and v.. (See equa-
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tion 16 for definition of v,.) A plot of v, versus
f can be found in Helliwell [1965].

The features listed above will vary in im-
portance depending on the particular application
envisioned for the magnetospheric satellite
transmitter. For instance, if one wishes to carry
out wave-particle interaction experiments in-
volving particles trapped on field lines that
intersect the satellite, then it is important to
maximize the radiation along B,, and the use
of a perpendicular loop antenna at frequencies
% for 2 f > fowr would seem in order. On the
other hand, if a wave-propagation experiment
is contemplated in which nonducted modes
[Smith and Angerami, 1968] are to be studied,
it is important to maximize the radiation at
high wave-normal angles (i.e., radiation flowing
close to the complementary cone) and the use
of a parallel electric dipole antenna would seem
in order.

Needless to say, in designing a satellite trans-
mitter the radiation pattern alone cannot be
used to determine the type of antenna to be
used, since attention must also be paid to the
antenna radiation efficiency as well as to any
undesirable trade-offs between maximum trans-
mitter power output and antenna size and/or
configuration. Nevertheless, plots such as those
of Figures 1 through 6 are useful in the initial
planning of satellite transmitter experiments,
and we can broadly interpret our results as in-
dicating at least that focusing effects should be
of significant importance in the design of a
VLF/ELF satellite transmitting system in the
magnetosphere.

The major weakness of the power integral
formulation (equation 4) that we have used to
find the radiation pattern is the fact that it is
useful only when collisional losses are small.
This fact is not troublesome when application
is made to the magnetosphere at altitudes above
a few thousand kilometers, since in this region
the effective electron collision frequencies are
generally less than 1 per sec, whereas the trans-
mitter operating frequency would generally be
many times this, On the other hand, if the
transmitter is to operate at much lower alti-
tudes and at ELF frequencies commensurate
with the effective electron collision frequency,
our formulation will fail and recourse must be
made to a more general formulation.
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It is interesting to note that in our formula-
tion interference effects in the radiation pattern
do not appear when multiple rays make up the
power flow in a given direction. In Kuehl’s
[1962] formulation, interference terms appear
in the radiation pattern whenever inflection
points exist on the whistler-mode refractive-
index surface 7(f) and the pattern is made up
of multiple rays. These interference effects have
been discussed by Arbel and Felsen [1963] and
GiaRusso and Bergeson [1970].

The fact that such interference terms are
absent in our formulation shows that these
terms do not represent a net radial flow of
electromagnetic energy from the antenna.

Although GiaRusso and Bergeson [1970]
correctly conclude that interference terms will
be absent when inflection points no longer exist
on 7(6), they imply that the inflection points
will vanish whenever f < fruz. Our own results
show that the inflection points on 7(§) do not
vanish until f < 4.6 f,u,1.e., f < 107 fiup. These
authors also appear to imply that at VLF the
confinement cone (see item 4 above) disappears
when no inflection point exists on 7(#). In
reality, a confinement cone exists for all fre-
quencies in the range fox > f > firs, including
those frequencies (fox > f > Y% fon) where no
inflection points are present on 7m(4§).

In the present paper we have utilized the
power integral method of constructing radiation
patterns because we feel that it is a simpler and
more convenient method than the usual poyn-
ting-vector approach (such as that developed
by Kuehl [1962]). We have presented this
alternate method in the knowledge that the
radiation patterns produced by both the poyn-
ting-vector method and our own method are
identical, with the exception of interference
terms. The point-to-point correspondence of the
two methods can be demonstrated by the
straightforward but tedious mathematical pro-
cedure of comparing the radial component of the
poynting vector, minus the interference terms
(see GiaRusso and Bergeson [1970, equation
18]), with our equations 24¢ and 27a. Since the
interference terms in question can be shown
generally to have little effect on the details of
the pattern, it is clear that in the situations
considered the power integral method and the
poynting-vector method have basically the same
physical content.
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Fig. 7. Typical whistler-mode refractive index surfaces #(6) for various frequency ranges in
the interval f,;; > f > foa. The ray direction appropriate to a particular wave-normal angle 6, is
given by the normal to %#(8) at 6,. Presence of inflection points (labeled I') on 7(#) results in illumi-
nation of some portions of the observation space by multiple rays. In the lossless case, whenever
we have f,y > f > fLur, we also have 7(8) = = as 8 — 8,, where 6, = tan™! | /¢,| is the reso-

nance-cone half angle.

On the other hand, we know of no general
physical argument that would indicate that the
power integral method must always give the
correct radiation pattern in an anisotropic
plasma. Indeed, as a reviewer has pointed out,
any integrand whose integral is 0 could be added
to the integrand in (4), and this addition would
not alter the value of the integral, although it
would certainly alter the radiation pattern.

In view of this consideration, it is perhaps
advisable to use the power integral method with
caution in new situations.

A final point to note here is the fact that
there is presently some controversy over the
meaning of the real part of P, as given in (1),
in circumstances where the refractive-index
surface is open (fumr < f < fox) and where
the radiating element is an electric dipole. One

school of thought contends that in the lossless
case the major portion of Re P is due to a
quasistatic ‘residual resistance’ [Balmain and
Oksiutik, 1969] in the plasma and is not ac-
tually due to radiation. It is usually argued that
the residual-resistance phenomenon occurs be-
cause the intense power that one finds near the
complementary cone for an electric dipole con-
sists of nonpropagating near-field energy rather
than propagating far-field energy. The merits of
this argument appear questionable for the main
reason that it is based entirely on quasistatic
theory that itself is clearly not applicable when
the refractive-index surface is open. Neverthe-
less, we wish to point out that the usefulness
of our electric dipole radiation plots can in no
way depend on the existence or nonexistence of
a ‘residual-resistance’ effect, since, for reasons
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stated in the preceding section, we have already
specifically denied physical meaning to the power
flow near the complementary cone.
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