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Abstract. The factors which govern the distribution of electrons and ions in a planet’s
exosphere under diffusive equilibrium are discussed. The theory takes into account the effect
of the electric field that arises from charge separation, the centrifugal force arising from the
rotation of the planet, and the effect of the planet’s gravitational field. It is assumed that the
charged particles are constrained to move only along the direction of the planet’s magnetic
lines of force. The modifications that result in the electron and ion distributions when a tem-
perature variation is assumed along a line of force are also considered. The results predicted
by the theory are compared with actual experimental observations of the electron density
distribution in the earth’s exospheric plasma which have been obtained in recent years from
whistler data and from topside ionograms made by the Alouette satellite.

INTRODUCTION

A great deal of experimental data on the dis-
tribution of ions and electrons in the earth’s
upper ionosphere are becoming increasingly
available as the new techniques required to in-
vestigate the physical properties of the exo-
sphere at these heights are developed. An ex-
cellent brief report on experimental work in
this field has been published recently by
Bordeau [1963]. The basic theoretical concepts
which govern the distributions of ions and elec-
trons in the exosphere have been discussed in a
number of important papers in the scientific
literature. It is generally agreed that the main
constituent of the atmosphere at great heights
above the earth (above approximately 1500
km) is hydrogen. Hydrogen ions are formed by
the reaction

O*+H=H"4+0
as Dungey [1954] first pointed out. The rela-
tive equilibrium concentrations in the exosphere
are determined largely by the importance of
this reaction near the base of the neutral par-
ticle exosphere where the cross section for col-
lisions between ions and neutral particles is
relatively high. The base of the exosphere (ap-

1 Now at Ames Research Center, National Aero-
nautics and Space Administration, Moffett Field,
California.

proximately 550 km) is believed to be the most
probable level of origin for protons entering the
exosphere from below after formation in the
charge exchange reaction referred to above
[Johnson, 1960]. Thus, the relative abundances
of O* and H* (and also of the He* ions) at the
base of the exosphere control the electron and
ion distributions throughout the exosphere. The
charge exchange reaction proceeds very rapidly
near the peak of the F, layer, and the proton
number density is given by the chemical equi-
librium expression [Hanson and Ortenburger,
1961]

_ 9 [H][0"]
8 [0]

where the square brackets denote the concen-
trations of the constituents bracketed.

Hanson and Ortenburger [1961] have also
shown that the oxygen ions near the F, peak are
only weakly coupled with the protons in the
protonosphere, and it seems likely that the time
constant for the establishment of equilibrium
between the two hemispheres near the F-region
peak is greater than one day. Hanson and Pat-
terson [1963] and Hanson et al. [1963] pro-
vided an estimate of the proton fluxes likely to
be involved as the result of the diurnal varia-
tion of the abundance of the atomic hydrogen
in the exosphere. They considered the flow of
hydrogen into and out of the protonosphere by

[H*]
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the charge exchange process referred to above,
the escape of hydrogen from the daytime exo-
sphere associated with higher daytime tempera-
tures, and also the lateral flow of hydrogen
around the earth due to any asymmetry in the
distribution of hydrogen arouwfid the earth.

It is clear from this work and from other con-
siderations that some modifications to a simple
equilibrium theory are probably required to
describe completely the physics of the exosphere
in terms of diurnal and other changes. How-
ever, before a nonequilibrium theory is properly
applied, it is valuable to explore the extent to
which an equilibrium theory is adequate to ex-
plain the observational data, and this has been
the purpose of the work reported herein. In
particular, it seems likely that an equilibrium
theory might be applicable for explaining sea-
sonal variations which are likely to occur in a
given hemisphere, as well as other changes in-
volving time constants greater than one day.

In the first part of this paper the general
theoretical considerations which govern the dis-
tribution under diffusive equilibrium of elec-
trons and ions in a multiconstituent planetary
exosphere in the presence of a magnetic field
are discussed. These distributions are derived
on the assumptions that the charged particles
are constrained to move only along the direction
of the magnetic lines of force under the action
of the planet’s gravitational field and of the
centrifugal force arising from the rotation of
the planet. The effect of the electric field E
which arises from the charge separation that
[Mange, 1960] results from the tendency of
electrons to rise with respect to the heavier
positive ions is also taken into account. The
modifications that result in the electron and ion
distributions when a temperature variation
along a line of force is assumed, such that there
are significant temperature differences between
the northern and southern hemispheres near
the base of the exosphere, are also considered.
Special attention is given to the electron dis-
tributions that result when computed along a
line of force (N (s) curves) and to the resulting
vertical profiles (N (#) curves) calculated in the
equatorial plane.

In the second part of the paper, the electron
and ion distributions predicted by the theory
for the terrestrial exosphere when certain rea-
sonable assumptions are made about the physi-
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cal properties of the earth’s upper atmosphere
are described. These are then compared both
with experimental observations and with the
theoretical predictions of a number of other
workers, including Dungey [1954], Johnson
[1960, 1962], and Bates and Patterson [1961],
who have discussed the structure of the earth’s
upper exosphere; the structure of the earth’s
lower exosphere has been considered in some
detail by Hanson [1962], Bauer [1962, 1963],
and Gliddon [1963], who derived the distribu-
tions of O*, He*, and H* ions, together with
the electrons under diffusive equilibrium.

The theory is applicable to any multicon-
stituent planetary atmosphere in diffusive equi-
librium provided that the assumptions and
restrictions described here are valid. For con-
venience, however, the theory is described, in
what follows, in terms relating to the situation
in the earth’s atmosphere.

In the present work the following points are
particularly emphasized:

1. Under the circumstances where diffusive
equilibrium applies, it is well known that,
whereas in a nonionized atmosphere each con-
stituent is distributed independently of the other
constituents, the distribution of a light ionie
constituent in diffusive equilibrium is dependent
on the presence of the others because of the
electric field F which arises from the slight
charge separation between electrons and posi-
tive ions [Dungey, 1954; Mange, 1960; Hanson
and Ortenburger, 1961]. In the present work,
it has been assumed that the electrons and ions
can diffuse only along the geomagnetic field
lines and, therefore, the direction of the electric
field £ has been assumed to be along the par-
ticular field line concerned.

2. It is convenient to work in terms of a
parameter 2, the temperature-modified geopo-
tential height. This parameter takes into ac-
count the effect of the centrifugal and gravita-
tional forces acting on a particle and also
provides for the possibility that the electron
and ion temperatures may be different and that
a temperature gradient may exist along a line
of force.

3. As Bates and Patterson [1961] first pointed
out, up to the present time the theories of
electron and ion distributions in the earth’s
exosphere have not taken into account condi-
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tions in the upper part of the earth’s ionosphere
which may be strongly dependent on latitude.
Such a latitude dependence would influence the
electron density distribution in the equatorial
plane, since the diffusion of charged particles
in the earth’s exosphere is appreciable only
along geomagnetic field lines. Since our N (k)
profiles have been deduced from the theoreti-
cally computed N (s) distributions (i.e., the cal-
culated equilibrium distributions along a line
of force when diffusion along the field lines is
operative), the starting electron density, ionic
composition, and temperature assumed at the
base level and their variation with latitude are
extremely important. In other words, the key
factors in determining the electron density at
a given altitude are not the magnitudes of the
temperature or ionic relative abundances at the
exospheric base level vertically beneath the point
concerned, but are rather the magnitudes of
these quantities at some higher latitude where
the field line through the point intersects the
critical level at the base of the exosphere.

The results of Thomas and Sader [1963, 1964]
show that the electron density at 1000 km as
observed by the Alouette satellite varies quite
strongly with latitude and, in particular, that
there is an important minimum in the curve
under certain cireumstances near a dip latitude
of 65°. This latitude dependence was inserted
into the theory, so that the actual observed
electron densities at 1000 km were used. The
computed N(h) curves in the equatorial plane
at great distances from the earth were then
compared with observations from whistler data.
It was found that the disagreement between
earlier theoretical work and observations of the
exospheric plasma electron density distribution
in the vicinity of the Alouette orbit was re-
moved, and the theory gives the correct slope
for the N (h) profile near the Alouette orbit, in
agreement with the results of Bauer [1962,
1963].

It is well known that at the present time
the theoretically predicted rate of decrease of
electron density with altitude above about two
earth radii does not agree with the observed
rate in the equatorial plane, which is much
greater, Under certain circumstances, this dis-
agreement at greater distances from the earth
is removed when reasonable assumptions about
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the exospheric temperature and about the rela-
tive ion densities at 500 km are made and the
Alouette data for summer nights used.

Clearly, at the times when the observed N (k)
slopes far out do not agree with theory, some of
the assumptions were probably invalid. In par-
ticular, it seems likely that the composition and
temperature at 1000 km change with latitude,
and it is also probable that the level above
which diffusive equilibrium occurs varied with
time.

The main conclusions of the paper are de-
scribed and summarized in the last section. A
more detailed account of the work described has
been published recently as a technical report
[Angerami and Thomas, 1963].

TaE PROBLEM AND THE ASSUMPTIONS

The electrons and ions in the earth’s exo-
sphere are acted upon by a number of impor-
tant forces. These include the gravitational at-
traction toward the earth, the centrifugal force
due to the rotation of the earth about its geo-
graphic axis, and the force due to the electric
field E resulting from the tendency of electrons
to rise with respect to the heavier positive ions
[Mange, 1960]. In this region of space it is as-
sumed that the particles are in diffusive equilib-
rium and obey Dalton’s law of partial pressures,
so that each constituent has a partial pressure
corresponding to that which it would have if it
were the only constituent present. The distribu-
tion of electrons and ions which would arise
under these circumstances will be modified if
there is a gradient of temperature along a line
of force.

The main assumptions used in this analysis
are listed below:

1. The upper atmosphere, above 500 km,
consists of neutral particles together with a neu-
tral mixture of singly charged positive ions and
electrons only, and these are in diffusive equilib-
rium. The positive ions are O*, He*, and H*, and
their relative abundances at the base level at
500 km are assumed to be known.

2. The partial pressure for each species is
balanced by the earth’s gravitational and cen-
trifugal forces and the force due to the electric
field arising from charge separation,

3. The charged particles are constrained to
move only along the lines of force of the earth’s
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magnetic field, so that the distributions along
different lines of force are quite independent of
each other.

4. No electrons are produced by the action
of the sun’s ionizing radiations above 500 km.

5. The rate at which electrons recombine is
so small in comparison with other effects that
the loss of electrons by this process can be neg-
lected in the calculations.

6. The axis of rotation of the earth coin-
cides with the magnetic dipole axis.

7. A difference of temperature can exist be-
tween the northern and southern hemispheres.
The ratio of the temperatures in the southern
and northern hemispheres, respectively, is not
greater than 1.5, consistent with satellite drag
observations of atmospheric densities [King-
Hele and Walker, 1960].

The calculations described are aimed at de-
riving the resulting electron distributions along
a line of force.

Nomenclature

The subscripts ¢ and ¢ denote electrons and
ions, respectively, and the subscript 0 denotes
values measured at the base level, usually taken
to be 500 km above the earth.

c Ratio of electron to ion temperature.

7 Electron density at 500 km relative to
O+ density at that level.

R Ion density at 500 km relative to O+
density at that level.

h Altitude.

H; Scale height of nonionized ion at 500
km.

m, Electron mass.

mg Ton mass.

m, Temperature-weighted ion mass aver-
age.

n, or N Electron density.

Y Electron density at the base level.

n; Ion density; ¢ = 1, 2, 3, for O+, Het,
and H*, respectively.

Nio Ion density at the base level.

R, Ratio of electron densities at a fixed
level at conjugate points in the two
hemispheres.

s(8y, 6) The distance measured along a line of

force from its foot (at 500 km) to the
point (6,, 6) on the field line.
8'( 8y, 6" The distance measured along a line of
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force from its foot (at 500 km) to the
point (8., 6). It is used as an upper
limit of integration.

8y(8:) = s(8,, 0).

t(s) Ratio of electron or ¢th ion temperature
at the base level to the corresponding
temperature at the distance s along
the line of force from the base level
(t(s) = Too/To(8) = Tio/Ti(s))-

T Electron or ion temperatures when
they are assumed to be the same in an
isothermal exosphere.

T, Electron temperature.

T.o Electron temperature at 500 km.

T, Ion temperature.

T:o Ion temperature at 500 km.

T, Electron or ion temperature at 500 km
when they are assumed to be equal.

T(s) Electron or ion temperatures when
they are assumed to be equal.

0 Geomagnetic latitude of a point on a
field line.

6, Geomagnetic latitude of a field line at
500 km above the earth’s surface.

o' Geomagnetic latitude of a point on a
field line when this point is the upper
limit of an integration.

(6, ) Coordinates of a point on a magnetic
field line in terms of the latitude 6 of
the point and the latitude 6, of the
foot (at 500 km) of the particular field
line concerned.

2(6,, 0) Temperature-modified geopotential

height, corresponding to the point
(6, 0). For an isothermal exosphere,
z is sometimes referred to as the
geopotential height.

THEORETICAL FORMULATION OF THE SOLUTION

Force on Unit Mass

The total force g acting on a unit mass at a
point A, represented by the coordinates (r, 6),
(8o, 8), or (8o, s) (Figure 1), is given by

glr, 6) = £,(r, 6) + £.(r, 0)
= —u,go(ro’/7") + 1, Q°r cos 0

(1

where g, is the total force on a unit mass at the
reference level 7, at the poles, @ is the angular
velocity of rotation of the earth about the
geographic axis, f, and f, are the gravitational
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T

Fig. 1. Gravitational and centrifugal forces (f,
and f,) acting on unit mass located at the point A
defined by one of the coordinate pairs (r, @),
(00; 0)7 or (00: 8)-

and centrifugal forces, respectively, u, and u, are
unit vectors in the directions of r and z, respec-
tively, and the distance s is measured along a
line of force (Figure 1).

The magnitudes of f, and f, and the resultant
force g(r, 6) acting on a unit mass are drawn to
scale in Figure 2 for different positions along
the line of force through 70° geomagnetic lati-
tude. If it is assumed that charged particles can
move only along the lines of force of the magnetic
field, it becomes important to consider the varia-
tion in space of the resultant force f(r, 6)
obtained by considering only the resolved
component of g(r, §) along the direction of the
earth’s lines of force. The loci of points at which
f(r, 0) is zero are shown as the broken curves
(CD) in Figure 2. Referring to Figure 1 and (1),
it is clear that the algebraic value of this force f
is given by

fir, ) = go(re’/r") cos B — Q% cos 8 cosy (2)

From Figure 1 it can be shown that

2 tan 6
cos =sina=— 3a
B V14 4tan® 6 (39)
3 sin 0
CcO8 =Sin a+0 Ny ———— 3b
K ¢ ) V1 + 4tan® 0 (89

where « is the magnetic dip at (r, §) given by

tana = 2 tan 6

Substituting the above values in (2), changing
the variables (r, #) to (6., 8), where 6, is the
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dipole latitude at the reference level 7, and
using (A.1) of appendix A:
sin 6
6y, ) = —F/———
(8o, ©) V14 4tan” 0

4 1 _3927'0
(290 c0s” 6o cos’ 0 cos” by

cos’ 0) @

Equation 4 gives the resultant force resolved
along the direction of the earth’s magnetic field
line, arising from the combined action of the
earth’s centrifugal and gravitational forces. It
is clearly a function of the geomagnetic latitude
8, at which the line of force under consideration
crosses the reference level and of the distance
from the earth’s surface to the point under con-
sideration as represented by the coordinate 4,
Figure 1.

Derivation of Equilibrium Distributions

There is strong evidence, both theoretical
[NVicolet, 1961] and experimental [e.g., Hanson,
1962], for supposing that the main ionized con-
stituents of the upper atmosphere above the
peak of the F; layer are electrons, together with
oxygen, helium, and hydrogen ions in the
atomic state. In the analysis below, it is as-
sumed that these are the only ionized constitu-
ents and that no negative ions or doubly charged
positive ions are present. The ions will be re-
ferred to by subseript i and electrons by sub-
seript e. It is assumed that the lines of force
act as barriers across which charged particles
cannot flow.

Assuming (Figure 3) that the pressure changes

Fig. 2. The relative magnitudes of the gravita-
tional and centrifugal forces at different points
along a line of force.
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Fig. 3. To illustrate an element of volume
taken along a line of force. The partial pressures
of the ions and electrons, p« and p., and the elec-
tric field E [Mange, 1960] are also shown.

by an amount dp over the distance ds measured
along the line of force, we can write

dp, = —mmn,f ds — neE ds

dp; = —mn,;f ds + n.eE ds

where the field E, directed as shown in Figure
3, arises from the small separation between
charges due to the fact that electrons are lighter
than the positive ions and, therefore, tend to
move upward [Mange, 1960]. In these equa-
tions, m, and m, are the mass of the electron
and of the ith ion, 7, and =, are the electron
and ith ion densities, ¢ is the electronic charge,
and p, and p. represent the partial pressures of
the electrons and the 7th ions, respectively.

It should be noted that the gradient of par-
tial pressure of the electrons changes direction
according to whether the point under consid-
eration is inside or outside the lines CD in Fig-
ure 2. From Dalton’s law for the partial pres-
sures of the constituents of a gas in diffusive
equilibrium, we know that each constituent, in
this case each ion species and the electrons, has
a partial pressure corresponding to that which
it would have if it were the only constituent
present. We can then write

(5)

P = nakTe p:’ = nith' (6)

where T, and T refer to the electron and ion
temperatures, respectively, and in the subse-
quent theory it is assumed that these can be
different. Since the atmosphere at every point
is taken to be electrically neutral, we can write

dp./T. = ; dp,/T; (7)

provided that
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T.(s)/T.(s) = C; €)
where C, is not a function of s.
Equation 8 implies that the ion and electron
temperatures vary together with s:

T, Ty
m = r(s) = i(s) say (9)

Using (5) and (7) and noting that m, > 1836m.
and C; > 1, we can show that the electric field
is given by

D TRy

where m,, the quantity in brackets, can be
called the ‘temperature-weighted ion mass aver-
age.’ Combining (5), (6), and (10)

(10)

dn,T,) m,

n,T, 2kT, (1)
d(n,T.) — _[mi — (m./2)]

n,T: kT, fds

Equations 11 have a number of important con-
sequences; if a constant temperature is assumed
along a line of force for both the electrons and
ions, they show that, above the reference level:

1. Since m, is always greater than zero, the
electron density decreases with s and thus also
with height.

2. If m, > m,/2, the ion density n decreases
with s and thus with height, This condition is
always satisfied by the heaviest constituent and
also by a light constituent if it, or a still lighter
one, is strongly predominant (see Figures 4
and 5).

3. If m, < m,/2, the ion density n, increases
with s and thus with height. This happens with
a light constituent in the presence of a pre-
dominant heavier one.

4. If m, = m,/2, the ion density of constit-
uent ¢ (cannot be the heaviest) passes through
a maximum,

Equations 11 are basic and contain the essen-
tial information about the distribution of both
electron and ion densities with height. Inte-
grating (11), the electron and ion densities at
the point A at a distance s’ measured along the
line of force from the reference level r, (Fig-
ure 1) are given by
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Fig. 4. Variation of the temperature-modified
geopotential height z with altitude %. The electron
and ion temperatures are each assumed constant
along a field line, but they need not be equal in
value.

(T m

noOTaO - e [_ ZkTa ] (12)
n:(s") T(s")

70T 40

=em[_£ [m; émel ]

in which the electron and ion temperatures must
be given as functions of s.

In the above integrals it is convenient to
separate the effects of T and f as follows:

v m+ _ v M+Go i&
o 2kT, fds = ‘/; 2kT 0 {go T, } ds

= 2Ic:l’,,o f m.. dz

(13a)

Similarly,

fo"' [m, —k;m+/2)]

_ 9 [, _ m
=% (m, 2)dz (13b)

In these equations, z is the ‘temperature-
modified geopotential height,” defined by

2 = f 6—? He) ds (19)
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It should be noted that 2 is not the same as the
quantity z used by Bauer [1962], but contains
a dependence on the centrifugal force and on
the temperature variation along a line of force.
If the centrifugal force is zero and if T, = T,
(Ty = T, ie., no temperature variation along
the line of force, although the electrons and ions
may have different temperatures), then our z
reduces to Bauer’s z. The calculation of the
temperature-modified geopotential height z is
discussed in appendix B. Its variation with alti-
tude is shown in Figure 4 for different latitudes.

Equations 12 can now be written in terms of
the temperature-modified geopotential height z
as

n.(s") = n,ol(s")

-exp[ 2IcT,o f m, dz :I (15a)
n.(s") = nuol(s') exp [ I;:l

" exp I:sz.of m. dz ] (158)
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RELATIVE DENSITIES

Fig. 5. Relative electron and ion densities
along a line of force as a function of the tempera-
ture-modified geopotential height z for a constant
temperature (1500°K). The vertical altitude scale
h to each point on the line of force is derived from
Figure 4. The electrons and ions are assumed to
be at the same temperature (C = 1), and the
ionic composition at the base level is given by
72 = 63 X 107, s = 1.6 X 10
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where

H, = kT,—o/m;go (16)

is the scale height of the nomionized atomic
species.7 at the reference level.

From charge neutrality and (8) and (15a, b)
we obtain

’n,(s’) — 1 Z{n,ot(s')”c‘

Moo Teo

w2y} o

Normalizing the ion densities at the reference
level to the value for the heaviest ion (0*), we
write

n
=n°=Zn.=m+nz+ns
0 1

where
m =1

(18)

N = nzo/ Mo

N3 = ‘nao/ 10
so that 7 is the electron density divided by the
oxygen ion density at the reference level.
Equation 17 becomes

M — l Z {mt(s')Hc'

Neo n .

oo (-2)(25)" ) aw

In this equation, the first three factors in the
summation are known, and the equation must
be solved for (7,(s")/Mw).

If the ratios of ion temperature to electron
temperature at the reference level are the same
for all ions, that is

To

C.=72=C =123 (20
then (19) becomes
n,(s") = ¥
- t(S)

Febonl D

Using (15¢, b) and (20), we find the jon den-
sities:
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n,(s") = #(s")°*" exp ( 2 ){ Teo }c (22
Mo s
The ion densities may also be referred to the

electron density at the reference level with (18),
so that

nO o e ()

The dlstrlbutlons of electrons and ions in the
exosphere are given by (21) and (23) in terms
of the variable z, the temperature-modified geo-
potential height defined by (14). These equa-
tions provide the information we need to get
the distribution of electrons and ions along a
line of force and, hence, vertical profiles. It is
shown in a later section that these general solu-
tions reduce to the equations given by Bauer
[1962] for the particular case he considered,
ie. the base of the terrestrial exosphere. The
derived distribution equations 21 and 23 are
discussed in detail below.

Form of Solution for Equilibrium Ion and
Electron Densities

For the case in which the ion and electron
temperatures are equal at the reference level
(and hence, elsewhere, through equations 8) we
have C = 1, and (21) becomes

) ot 5 [neesn () ] oo

If the electron temperature is, say, twice the
ion temperature, the exponent becomes 1/3.
From (23) the ratio of densities of two ions is

m_ M (u)
n:_’?: Py HiH1

The ion densities will be equal at a value of
z = 2,y defined by

(25)

HiHi 1n17_:_

H; — H; N (26)

2,; =

Since the subscripts 1, 2, and 3 refer, respec-
tively, to O*, He*, and H*, the scale heights are
H, = 4H,

Hence, the values of z at which n, = n,,
n, = ms, and m, = m, are, respectively, from
(26):
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20" > He") = —$H, In 7,
>0 if 9, <1
230" > H") = —13H, In 7,
>0 if gp3<1 (28)
z:s(He' — H') = —4H; In (ns/7.)
>0 if 9 < 9y

Thus, two ions will have the same density at
some height above the reference level if, at the
reference level, the heavier one is more abun-
dant. Also, from (26), at z greater than z,,, the
ion ¢ will have higher density than the ion j if
it is lighter. Therefore the z,, defined by (28)
are called transition values of z, and these are
indicated in the same equations.

It is interesting to consider the conditions for
which the transition He* — H* happens above
the transition O* — He*. From (28) this con-
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Moo

$exP (_16(12- C)) (33)

Apart from the factor £(¢’), the electron den-
sity presents, as a function of 2z, an exponential
behavior with scale height (1 + C)H, and an
asymptotic value

(7]3/77)1/(1+C)
forz = 0.

Ion Distribution Curves in an Isothermal Ezo-
sphere

For an isothermal exosphere, the relative
electron and ion densities can be conveniently
plotted as functions of z. Assuming that the
electrons and ions all have the same tempera-
ture (i.e., C = 1), their relative densities are

dition is obtained from (21), (22), and (23).
ne) _ {exp (=2/H,) + s exp (—2/Ha) + 1 exp (=2/Hy) } (3)
Neo n
0.8
s w [ ]s] e
The distribution of electron density as a func- 10 : ¢
tion of z (equation 21) can thus be written, n(2 7 I:_ z :“: Ngn :I (36)
using (27), no 1 Pl TH NG
’ _ —2/4 _ 1/(1+0)
n(s) _ t(s/){exp (=2) + 1, exp (=a/4) + s exp ( x/w)} (30)
Neo n
where These equations can be compared with Bauer’s
[1962], though his parameter z does not include
x = z/H, (81)  the effect of the centrifugal force.

If the reference level is low enough so that
O* is strongly predominant there, then 7, < 1
and 7, < 1. For low values of z the exponen-
tials in (30) are close to unity, and

n(s)

oo

Tr 0) (32

Thus, apart from the factor ¢(s’), the electron
density varies exponentially in z with scale
height (1 + C)H..

For large values of z the first two exponen-
tials in (80) become much smaller than the
third, so that they can be disregarded and

~ {(s’) exp (—

These equations have been used to compute
the electron and ion distributions for a wide
variety of assumed exospheric temperatures and
assumed base compositions. The results have
been presented in a series of curves by Angerami
and Thomas [1963, Figures 4 and 9a—-e]. A
typical example, calculated for T = 1500°K,
7, = 63 X 10 5, = 1.6 X 10™, is shown in
Figure 5.

If one ion is strongly predominant, so that
only the term for this particular ion is impor-
tant on the right-hand side of (34), then

n,:_f? ~ \/% exp I: 22‘] (87)




4546
- 8000
3500 = 7000
3000 - — 6000
- 5000
2500 - ~ 4000
£ 2000~ - 3000 E
N 1500 — - <
- 2000
1000 - _
500 - - 1000
' L - 500

64 103 102 16!
RELATIVE ELECTRON DENSITY

Fig. 6. Relative electron density along a line
of force as a function of the temperature-modified
geopotential height z for isothermal exospheres.
The vertical altitude scale k to each point on the
line of force is derived from Figure 4. The com-
positions at the base level and the temperatures
corresponding to curves a—e are shown in Table 1.

where the subscript ¢ refers to the strongly pre-
dominant ion. Equation 37 is a simple exponen-
tial and is represented by a straight line on
semilogarithmic paper with slope 2H, (twice
the scale height of the nonionized specimen).
These straight lines are drawn in Figure 5 for
O*, He*, and H* [cf. Hanson, 1962] and are
labeled 2H,, 2H,, and 2H,, respectively.

The N(z) curve of Figure 5 shows that the
simple exponential behavior of electron density
referred to above is exhibited below z = 200
km where O* is strongly predominant and is also
exhibited above z = 3000 km where H* is pre-
dominant. Around 1000 km, although He* is
predominant, it is not sufficiently predominant,
and a straight line distribution is not achieved.
In Figure 6 the electron distributions shown in
the quoted figures in Angerami and Thomas
[1963] are drawn on one diagram for compari-
son purposes, the corresponding sets of ion den-
sity curves for each profile being omitted. The
associated temperature and composition param-
eters are listed in Table 1.

Comparison of curves ¢ and d, Figure 6, shows
the effect in the slope of the N(z) curve of
changing the composition at the base level. Ac-
cording to Table 1, curve d of Figure 6 corre-
sponds to a smaller percentage of He* and H*
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at the base level, so that the O* is predominant
over a greater height range. Thus, the electron
density maintains a high rate of decrease over
a greater height range, so that the electron den-
sity turns out to be smaller for the same 2z in
curve d than in curve ¢. As a result, we see that
a change in composition is far more important
than a change in temperature in determining
the value of the relative electron density as a
function of z. The distributions shown in Fig-
ure 6 do not show marked ‘kinks’ or cusps, and
the ion transition levels do not show up clearly
in the electron density curves.

These curves are discussed in greater detail
in the next section.

In (35), the termi exp (—z/H,) decreases
with increasing z, whereas the term n./n,.(z)
increases with increasing z. It is therefore pos-
sible for the ion density to increase with z,
sinee it is made up of the product of these two
factors.

Equation 36 can be written in a more con-

venient form:
n(@) [n _ 2, I: z :I
= = —= 3
{nco Neo n exp Hi ( 8)
so that the geometric mean of the electron and
ith ion densities relative to the electron density

at the base level is

/m =%
] exp [2H.:|

which is the previous (37) giving the asymp-
totic behavior for the relative electron density
curve when the ith ion is strongly predominant.
Thus from (38)

INEIRE

e [51]

The left-hand side of this equation is the arith-
metic mean of the logarithms of the electron
density and the density of the ith ion relative
to the electron density at the base level.

Thus, if relative electron density curves are
plotted using a logarithmic scale in density (as
in Figure 5), the distribution curve for the ion
i can be derived from a simple geometric con-
struction as follows. First the straight line (37)
is plotted (slope 2H,, crossing the abscissa at a
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TABLE 1. Data for the N(z) Curves
Curve T, deg K 72 73
a 500 6.3 X 1072 1.6 X 102
b 1000 2.0 X102 1.6 X 1072
c 1500 2.0 X 10 1.6 X 10—
d 1500 6.3 X 1072 1.6 X 10~
[ 2000 2.0 X 10 1.6 X 10-5

value (%./7)*?), then the relative electron dis-
tribution (34) is plotted. For each value of 2, a
point is plotted such that the horizontal dis-
tance from the point to the straight line is the
same as that from the straight line to the elec-
tron distribution. The locus of these points is
the ion distribution curve (Figure 5). This pro-
cedure can be repeated for each ion.

It is clear from this construction that the
ionic transition levels (the values of z at which
two ions have the same density, i.e., the inter-
section point of two ionic distribution curves)
can be alternatively identified as the intersec-
tion of the corresponding asymptotic straight
lines.

REsULTS OF THE THEORY

Introduction

In this section, relative electron and ion den-
sity distributions calculated on the basis of the
theory outlined in the preceding sections are
presented. The results are given as distributions
calculated as functions of the temperature-
modified geopotential height z, as functions of
the distance s measured along a line of force,
and as functions of the altitude h. These dis-
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tributions are referred to as N(z), N(s), and
N(Rh) curves, respectively. The computations
are based on a number of different assumptions
about the exospheric temperature and about
the ionic composition of the atmosphere at 500
km. In particular, the distributions are derived
(A) when a constant temperature is assumed
along a line of force, and (B) when the tem-
perature is assumed to vary with distance s
along a line of force.

In addition, two sets of assumptions are made
about the composition at the base level, usually
taken to be 500 km above the earth’s surface.
These are (1) that the composition at 500 km
is independent of the temperature at that level,
and (2) that the composition at 500 km is a
strong function of the temperature at that level.

The N(k) curves are calculated both with a
proper allowance for the effect of the centrif-
ugal force arising from the earth’s rotation and
with this force neglected. Subsequently, ob-
servational data from the Alouette satellite
[Thomas and Sader, 1963, 1964] are used to
convert the relative electron density profiles into
absolute profiles based on the electron density
observed at approximately 1000 km. This leads
to a set of theoretical profiles calculated on the
basis of reasonable experimentally obtained
magnitudes for ion composition [Bauer, 1963],
temperature [Harris and Preister, 1962], and
electron density at 1000 km (Alouette observa-
tions). These theoretical profiles are then com-
pared with a number of whistler and other ob-
servations of electron density in the earth’s
exosphere. Tables 1 and 2 present the param-
eters used in the caleulations. Typical results of
the computations are presented below; a more

TABLE 2. Temperature and Composition Assumptions

Assumptions about Composition at 500 km

Compositions 2

Assumptions

about Temperature Composition 1 72 1
A (T = constant) 2a. T = 500°K 6.3 X 10~ 1.6 X 1072
- » 2b.T = 750 3.6 X102 5.1 X103
m Xl 2T =1250 11X10% 51X%10™
K ’ 2d. T = 1500 6.3 X107 1.6 X 10
2¢. T = 2000 2.0 X102 1.6 X103
B, (T = T(s)) 2f. Ty = 1400 8.0 X 10% 2.6 X 10
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complete set of results has been presented in
the report by Angerami and Thomas [1963].

Electron and Ion Distributions

The electron and ion distributions presented
below were caleulated with a digital computer
program. The N (z) curves were computed from
(34) on the assumption that the temperature
was constant; the N(s) curves were computed
from (24), (A4), and (B4); the N(h) pro-
files were subsequently computed from the N (s)
profiles using electron densities observed at 1000
km by Alouette.

The calculations in which the temperature is
assumed constant along the line of force of the
earth’s magnetic field are denoted by the letter
A (Table 2). For each temperature assumed, it
is necessary to specify the composition at the
base level (500 km). This composition was taken
from the data presented by Bauer [1963] for
the helium and hydrogen ion densities relative
to the oxygen ion density as a function of tem-
perature. The relevant equations are

72(To) = 0.2 X 1077710

73(To) = 0.16 X 10~ T/

In this equation, T, is the temperature assumed
at the reference level. The variation of 7, and
s With temperature, as given by (39), is shown
in Figure 7.

The exospheric temperature enters the caleu-

(39)
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RELATIVE POSITIVE ION DENSITIES, BAUER 1963

Fig. 7. Variation of the ion composition at 500
km with the temperature at that level [Bauer,
19631.
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lations in three ways: first, via the tempera-
ture-modified geopotential height z; second, via
the scale heights H,; and third, via its effect on
the composition assumed at the base level
through (39). It is interesting, however, to
carry out computations in which the composi-
tion at 500 km is held constant while the tem-
perature is allowed to vary. In this case the
values for 5. and %, are taken from (39) using
T, = 1000°K; these results are referred to as
‘composition 1’ in Table 2.

The calculations in which (39) was applied
to give the relative densities at 500 km are re-
ferred to as ‘compositions 2a, b, c,’ ete., de-
pending on the value of the temperature at 500
km (see Table 2). Some calculations were also
performed using the assumption that the tem-
perature is changing along the field line. These
results, denoted by the letter B (Table 2), will
be described later.

A comparison of the electron density curves
of Figure 6 indicates the relative effects of tem-
perature and composition changes on the com-
puted profiles. At low values of 2z, where O* is
predominant for all curves, the slopes are pro-
portional to temperature. As we go to higher
values of z the effect of the ion composition at
the base becomes relatively more important,
and the slopes are no longer simply propor-
tional to temperature. For instance, at z = 3000
km the slope of curve e (2000°K) is less than
the slope of eurve & (1000°K). This is so be-
cause, although for curve b at z = 3000 km
the H* is strongly predominant, it is not for
curve e.

An examination of the curves of Figures 5
and 6 shows that the ion transition levels (the
levels at which n(0*) = n(He*), etc.) change
with temperature (see equations 28). The varia-
tion of the ion transition levels with tempera-
ture is shown in Figure 8 for two different as-
sumptions about the composition at the base
level, namely, that the composition is inde-
pendent of temperature (continuous lines) and
that the composition is temperature-dependent,
as indicated by (39) (broken lines). An impor-
tant conclusion that can be drawn from Figure
8 is that the transition levels approach nearer
the earth at night. These curves agree with
those given by Bauer [1963].

The N(z) curves of Figure 6 can be trans-
formed using (B.4) into curves giving N as a
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Fig. 8. The variation with temperature of the
levels at which the ions indicated have equal
abundances. The broken lines correspond to the
cases when the composition at the base level de-
pends on the temperature there (through equa-
tions 39). The continuous lines correspond to the
case when the composition at the base level is
mmdependent of temperature (composition 1).
These results are in agreement with those pre-
sented earlier by Bauer [1963]. They apply to the
case C = 1.

function of # and 6,, where @ is the angle be-
tween the equatorial plane and a point at a
distance s measured along a field line. The field
line is assumed to intersect the base level (500
km above the earth) at a point making an
angle 6, with the equatorial plane (Figure 1).
The use of (A4), appendix A, converts the
N(4, 8,) curves to distributions of electron den-
sity along a line of force (N (s, 6,) curves). Ex-
amples of curves of this kind are given in Fig-
ure 9 for #, = 55°. In this figure, the results
corresponding to the case in which proper al-
lowance has been made for centrifugal force are
shown as continuous lines. The corresponding
results for the cases in which the centrifugal
force was neglected are shown by broken lines.
As was expected, the effect of the centrifugal
force is largest at the higher altitudes, and tends
to increase the electron density at the high
levels. The increase is never greater than about
209 over the range of heights considered. It is
found also that inclusion of the centrifugal force
has no appreciable effect for 8, < 45°. The
effects of changes in temperature and composi-
tion are also seen in Figure 9.
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Similar ealculations (denoted by the letter B,
Table 2) were carried out in which the tem-
perature varied along a line of force. The tem-
perature distribution assumed along a line of
force in the cases labeled B is given by the
formula

TG = To+ (Tr — To)

1 — exp(—s/D)
1 — exp (—su/D)
where T, is the temperature at the reference
level (500 km), T is the temperature at the
top of the field line, D is a variable distance
along the line of force (taken to be 10* km),
and the distances s and sy are defined along the
line of force as indicated in Figure 10. The
variation of temperature with distance ‘along a
line of force T'(s) is sketched in Figure 11.
Relative electron densities along lines of force
were calculated by means of (24), (A4), and
(B.3). Typical results are shown in Figure 12
for 8, = 55° (Table 2). The general behavior
of these curves is similar to that of the curves
in Figure 9. For instance, increasing tempera-
ture, while keeping the base level composition
constant, increases the electron densities in both
cases, and a contrary effect is produced if the
composition is supposed to vary as given by

(40)

10-4
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Fig. 9. The relative electron density distribu-
tions along a field line with feet (at 500 km above
the earth) at geomagnetic latitude 55° (see Table
2) for an isothermal exosphere. The broken lines
indicate the distributions that would have been
obtained if the centrifugal force had been neg-
lected.
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Fig. 10. The variation of temperature along a line of force. In the northern hemisphere
the temperature is given by Ti(s), and in the southern hemisphere by T:(s) (see Figure 11).
This diagram is also pertinent to the calculation of ratios of electron densities at conjugate

points, as in the next section.

(39). Also, the effect of neglecting the centrif-
ugal force is negligible below 8, = 45°.

It is important to note that the calculated
electron distributions depend strongly on the
assumed base temperature, but do not depend
appreciably on the small temperature changes
assumed along a line of force, and that, to a
first order, vertical profiles and distributions
along the line of force computed assuming a
constant temperature are adequate.

To convert the relative electron density dis-
tributions to absolute values, electron density
data for 1000 km obtained from the Alouette
satellite were used. Figure 13 (after Thomas

and Sader [1963]) shows the mean variation of
the electron density at 1000 km for a series of
magnetically quiet days and nights in summer
and winter as a function of dip latitude. The
broken lines are extrapolated values.

N(h) equatorial profiles were then computed
for a variety of conditions using the data of
Figures 13 at 1000 km. If the assumptions about
temperature and base compositions are correct
(Table 2), the theory outlined in this paper
predicts that the electron profiles in summer
(day and night) are as shown in Figures 14a
and b.

The differences among the curves within each
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BASE LEVEL AT
SOUTHERN HEM.
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Fig. 11. The schematic variation of temperature along a line of force, as given by (40).
T1(s) is used for the temperature distributions in the northern (winter) hemisphere and 7:(s)

for the southern (summer) hemisphere.
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Fig. 12. The relative electron density distribu-
tion along a field line with feet (at 500 km above
the earth) at geomagnetic latitude 55° (see Table
2) for a nonisothermal exosphere (see Figure 11).
The broken lines indicate the distributions that
would have been obtained if the centrifugal force
had been neglected.
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of the two figures arise because of the different
assumptions about temperature and composi-
tion. The differences between the two groups of
curves are due to the latitude dependence of
electron density at 1000 km differing from day
to night (see Figure 13). In particular, the rapid
fall-off of electron density with height in the
curves for summer night is attributable to the
rapid decrease in the electron density at 1000
km with dip latitude over the range 50°-65°.
Typical diurnal and seasonal changes are il-
lustrated for a given temperature and base
composition in Figure 15, which shows also the
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value of the latitude 6, corresponding to the
foot of the field line (at 1000 km above the
earth) which extends to a given distance from
the center of the earth in the equatorial plane.

No detailed comparison of the predicted N (A)
profiles with experimentally observed data for
any given day is possible at the present time.
However, a number of whistler mean exospheric
electron density profiles have been published
covering a wide range of observational condi-
tions. A number of these are reproduced in
Figure 16, labeled a to h [Storey, 1953; All-
cock, 1959; Carpenter and Angerami (quoted
by Carpenter, 1963) ; Smith, 1960, 1961; Pope,
1961, 1962; Schmelovsky, 1960; Schoute-Van-
neck and Muir, 1963]. Storey’s observations are
represented in the figure by a single point.
Bowles’ [1962] incoherent scatter observations
lie within the range covered by the arrow.

It is interesting to compare these observations
with a number of theoretical N(h) distribu-
tions predicted for the exospheric plasma; these
are discussed in the next section. The typical
examples reproduced in Figure 17 [Bates and
Patterson, 1961; Dungey, 1954; Johnson, 1960]
can be compared with the curves predicted by
the theory presented here. Curve d, as origi-
nally given by Johnson [1960], applies along a
line of force and assumes H* only. To get the
equatorial profile curve d of Figure 17, a con-
stant density was assumed at the base level.

In Figure 17 the experimental observations
of Figure 16 are superposed on the theoretical
curves. The experimental curves of Figure 16
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Fig. 13. The average quiet day electron density at 1000 km (after Thomas and Sader
[1963]). The continuous lines are observed values and the broken lines are extrapolations
which are roughly consistent with equatorial Alouette data.
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Fig. 14a. Theoretically predicted equatorial N
(R) profiles based on observed Alouette data for
the electron density at 1000 km for summer days.
Curves for a wide variety of isothermal exospheric
temperatures and compositions at 500 km are
illustrated (see Table 2).

cover a wide variety of observed conditions and
include results for different times of day, differ-
ent seasons, and different solar epochs. In gen-
eral, however, all these results lie within the ap-
proximate region indicated by the dotted area
in Figure 17. The values of electron density
measured by Alouette lie within the approxi-
mate zone indicated by the vertically shaded
area.

It is clear from Figure 17 that, when the
values of electron density at 1000 km given by

COMPOSITION | ——
10? COMPOSITIONS 2———

| 2 3 4 5 6 T
GEOCENTRIC DISTANCE, Earth radii

Fig. 14b. Theoretically predicted equatorial
N (h) profiles based on observed Alouette data for
the electron density at 1000 km for summer nights.
Curves for a wide variety of isothermal exospheric
temperatures and compositions at 500 km are
illustrated (see Table 2). Note the marked in-
crease in the rate of fall-off of electron density
with height at great distances from the earth.
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Fig. 15. Calculated equatorial electron profiles
based on the electron densities measured by
Alouette at 1000 km under different conditions, to
show seasonal and diurnal variations. The com-
position at 500 km and the temperature are as-
sumed to be constant in latitude.

the Alouette data for summer nights are used,
the theory outlined in this report gives reason-
ably good agreement with the observations
(curves ¢ and f), whereas the curves a, b, ¢, and
d indicate too small a decrease of electron den-
sity with height. Furthermore, the present the-
ory provides a better agreement with the ob-
served slope of the N(h) profile near the level
of the Alouette orbit.

Until further information is available about
the exospheric temperature and composition, it
is probably unfruitful to consider detailed com-

EXPERIMENTAL PROFILES
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¢ CARPENTER 8 ANGERAMI
d SMITH
e POPE
f BOWLES
g 9 SCHMELOVSKY
h SCHOUTE-VANNECK 8 MUIR

o
@

3 & 3§

ELECTRON DENSITY, cm-3

<]

1 1 Il 1 1 I
" 2 3 4 5 .6 7
GEOCENTRIC DISTANCE, Earth radii

Fig. 16. Examples of measurements of electron
density in the equatorial plane. The arrow f repre-
sents a range of values obtained by the incoherent
scatter technique under different conditions. The
other data (see text) come from whistler observa-
tions, also made under a wide variety of condi-
tions (time, season, and magnetic and solar activi-
ties).



PLANETARY ATMOSPHERES, 1

S
o

EXPERIMENTAL AND THEORETICAL
EQUATORIAL PROFILES

(=]
>

—

o
w

——

102 0] BATES AND
b PATTERSON 1961 e
C DUNGEY 1954

o d JOHNSON 1960 f

ELECTRON DENSITY, cm™~3

?} ANGERAMI-THOMAS

| 2 6 7

5
GEOCENTRIC DISTANCE, Earth radii

Fig. 17. Comparison of experimental and the-
oretical exospheric N(h) profiles in the equatorial
plane. The dotted area approximates the region
within which the experimental profiles of Figure
16 are observed. The vertical shading near 1000
km approximates the region in which the Alouette
observations for 1000 km lie. The temperatures
for curves a, b, ¢, and f are 2000, 1000, 1500, and
750°K, respectively. Curves e and f were calculated
by assuming composition 1 at 500 km, and electron
density at 1000 km as measured by Alouette on
summer nights (see Figure 13). Curve d was
plotted assuming a constant electron density at
the base level.

parison of theory with experiment. However,
the number of reasonable choices is not un-
limited ; for example (Figure 18), Smith’s [1960,
1961] N(R) curve is well matched by the
present theory if the temperature is assumed
to be 1000°K and the starting electron density
at 1000 km is assumed to be roughly that cor-
responding to the curve labeled ‘summer night’
in Figure 13. Thus, quite good agreement can be
obtained with values which might reasonably
be expected to apply at the time when the
whistler observations were made.

Calculation of Ratio of Electron Densities at
Conjugate Points

Attention will be given now to a rather in-
teresting consequence of the theory presented
earlier, namely, the ratio R, that must exist be-
tween the electron densities at the reference
level at two magnetically conjugate points to
satisfy continuity at the top of the field line.

It will be assumed that the ions and electrons
have the same temperature, and hence C = 1
in (21).

Temperature constant in each hemisphere.
As a first approximation, suppose that the aver-
age temperature in the southern (summer)
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hemisphere T is greater than the average tem-
perature in the northern (winter) hemisphere
Ty (Figure 19), so that

Ts = KTy

with K a constant greater than 1.

Given the electron density n, (and ion densi-
ties, through 5, and 75s) at a reference point on
a field line, it is possible to calculate the elec-
tron density at any other point (defined by 6,,
#’) on the same field line using (34) and (B4).

Let A be the ratio n,(8")/n. given by (34).
It is clearly a function of temperature, through
the values of H; and ».. Thus, for the northern
and southern hemispheres, respectively,

(41)

Non

= AN
Neon
1 1/2
= Lo 2= my exp (—zu/H.x) (42a)
Res _ As
Neos

1/2
= I:ﬂ_ls 12 N.5 €xp (—ZM/His)] (42b)

where zx, the value of z for §’ =~ 0, is given by
(B5).

As the electron pressure must be the same in
points 1 and 2 of Figure 19,

n.xkTy = py = ps = n.skTs
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Fig. 18. Comparison of theory and experiment.
The theoretical curve was computed assuming a
constant exospheric temperature of 1000°K and
ionic composition 1 (see Table 1) at the base
level. The electron density at 1000 km was taken
to be that given by Alouette for summer night
conditions (see Figure 13).
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Fig. 19. Parameters used to ealculate the electron density ratio R, at the reference level
at two magnetically conjugate points when the temperatures in the northern and southern
hemispheres are different but constant in each hemisphere.

From these equations, and using (41) and (42),
we obtain

RcO =

This expression permits the calculation of the
electron density at the reference level in the
northern hemisphere if the electron density at
the same level, at the conjugate point, is known.
It is useful to make the following approxima-
tions.

From Figure 5 it is seen that for z greater
than about 3500 km (corresponding to z, at
6, > 40°), (33) holds, so that with the present
assumptions, using (16), Ay and As are given
by

Ay & V nsn/9n exp (_ZM/2H3N)
As & Vngs/ns exp (—zu/2KHyy)

Thus, at latitudes greater than about 40°, we
can write

(43)

neON(oﬂ)
R,, =~
° 'ﬂeos(oo)

st (Z_MK - 1)
NanTs 2H;y K

~ K (49)

The corresponding equation given by Roth-
well [1962] can be derived as a particular case
of the more general expression 44 in which the

dependence of m and ¢ on altitude can be prop-
erly allowed for.

Temperature changing along a line of force.
In the preceding section, it was assumed as a
convenient approximation that there was a dis-
continuity of temperature between two points
just north and south of the equatorial plane
(Figure 19). For a complete treatment, it is
better to proceed as follows.

Figure 11 indicates the temperature as a
function of distance along a line of force. The
temperature must change along the field line,
since it is supposed that, at the reference level,
it has different values in the northern and
southern hemispheres:

To» = KTq (45)
with K a constant greater than 1.

The distance s in Figure 10 is clearly a func-
tion of #, and 6, and we call s,(6,) the value of
s corresponding to # = 0 (details are given in
appendix A).

The functions T,(s) and T.(s) are such that
the temperature is a continuous function of s,
including the point sx; that is,

Ti(sy) = Tosy) = Tr (46)

As the temperature is now a function of s,
(B.3) must be used to calculate 2, and different
values will result for points 1 and 2 of Figure 10



PLANETARY ATMOSPHERES, 1

fo T
_ 01 .
ZN(OO, 0) =1 Tl(s) sin 6
2 cos® 0, 3Q%, cos’ @
* 3 - 1 do
cos @ go cos B
[}
_  Tos . 47
zs(ﬂo, 0) =1 , Ts) sin 6

2 cos® 6, 3%, cos’ @
: 3 - 4 a6
cos’ @ go cos 6
These equations, together with (24), give the

electron density distributions in the northern
and southern hemispheres:

on(3ar) _ To
Neon B Ty(sar)
172
fr [ (-5) J}7 oo
o 5(8ar) _ To,
Neos B Tz(SM)

Gzl ()"

For the top of the field line the electron den-
sities are the same in the northern and southern
hemispheres (points 1 and 2 of Figure 10), and
so are the temperatures. Thus, the last equa-
tions, together with (46), give

. 'Z {7718 exp (—ZS/HMS)} e
B =K "1_3 'Z {n.x exp (—ay/H,n)}

(49)

where 2y and 2 are given by the corresponding
equations 47. For sufficiently large values of 2,
and zy such that (33) holds, (49) can be writ-
ten as

1/2
Ny N3s EMN — zMS/K
R, ~ K{— —} ex {—}
Ns M P 2H,y

in which (16) and (45) have been used.

The ratios R, of the electron densities at con-
jugate points in the two hemispheres predicted
by the theory were calculated for a series of
heights (Figure 20). The temperature distribu-
tion along a line of force was assumed to be as
shown in Figure 11, the temperature T corre-
sponding to that at the base level in the north-
ern (winter) hemisphere. The ionic composition
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Fig. 20. The predicted ratio of the electron
density in winter to that at the same location and
altitude in summer for a number of different al-
titudes. Compositions 1 and 2f (see Table 1) are
used at 500 km. The assumed temperature dis-
tribution is illustrated in Figure 11.

at 500 km was assumed to depend on the tem-
perature as given by Bauer [1963] (Figure 7
and equations 39). The ratio R, is about unity
except for the 1000-km level, for which it de-
creases from 1 at the equator to approximately
0.5 at high latitudes (Figure 20). If it is sup-
posed that the compositions at the base level
are the same in winter and summer, the ratio
R, is slightly greater than unity and tends to
increase with increasing latitude [Angerami and
Thomas, 1963, Figure 15a].

The general agreement between theory and
experiment is illustrated in another way in
Figure 21, which shows the theoretically predic-

[} E THEORETICALLY PREDICTED RATIOS
ol topeen o s
i IO 10, Wi AL\ DRSERVED RATIOS LIE
I R
Fig. 21. Observed and predicted ratios of the

electron density at 1000 km at conjugate points in
the winter and summer hemispheres. The circled
points, giving the ¢bserved average quiet day
ratios, are based on summer and winter Alouette
observations at Stahford. The ratio is approxi-
mately 0.5 over the latitude range considered. The
theoretically predicted ratios are in reasonably
good agreement.
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ted values of the ratio R, at 1000 km as a
function of geomagnetic latitude, together with
observations of R, at 1000 km measured by the
Alouette satellite. The shaded area corresponds
to values within which all the observed values
of the ratio R, lie and thus allows for changes
from day to day, etc. The circled points give the
values for magnetically quiet days.

DiscussioN oF REsuLts

Slope of the N(h) Profile in the Lower Ezxo-
sphere (Approximately 600-1000 km)

It has been assumed in the theory that the
production of electrons by the sun’s ionizing
radiations and the loss of electrons by recombi-
nation are both nonexistent. Thus no attempt is
made to discuss the N (k) distributions at or
near the peak of the F, layer, though a great
deal of observational and theoretical data are
available [e.g., Thomas, 1963; Rishbeth et al.,
1963, and references therein]. Instead, the dis-
cussion has been confined to consideration of
the theory which might apply above the critical
level [Johnson, 1960] at about 500 km above
the earth’s surface.

Bauer [1962, 1963] assumed that in the vicin-
ity of the Alouette orbit there is diffusive equi-
librium with O*, He*, and H* as the main
constituents, and later he was able to fit a top-
side profile from the Alouette satellite on the
basis of an equilibrium theory down to quite
low altitudes. The results of the theory outlined
in the present work in the vicinity of the Alou-
ette orbit agree with Bauer’s.

The main difference between the work pre-
sented in this paper and Bauer’s work is that he
considers an isothermal case and does not allow
for centrifugal force; both assumptions are
justified for the cases he considers, since he re-
stricts his theory to distances which do not
exceed about one earth radii above the F.-region
peak. Bauer, however, considers equilibrium in
a vertical column rather than in a column con-
fined by a tube of force. In the approach out-
lined in this report, a vertical profile is very
strongly influenced by a north-south gradient in
the temperature and ionic composition at the
base level or by a north-south gradient in the
electron density at the base level.

Since the calculations deseribed in this report
were carried out, a number of N(h) profiles
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deduced from the Alouette satellite data have
been circulated [King et al.,, 1963a, b; Radio
Research Station, 1963]. The available profiles
correspond to equatorial crossings of the satel-
lite and were observed at the telemetry station
at Singapore. From the N(z) plots of Radic
Research Station [1963], measurements were
made of the scale height for electrons at 1000
km for one daytime and one nighttime revolu-
tion: November 26, 1962, 1458 local time and
April 15, 1963, 2028 local time, respectively.

For the daytime pass, the scale height at 1000
km varies between 170 km at 14°N latitude
(consistent with O* at 1380°K) and 260 km at
12°S latitude (consistent with a mixture of O*
and He* at 1380°K). Around the latitude 14°N
the electron distribution is a pure exponential
down to 350 km, supporting the idea that O* is
indeed strongly predominant.

For the nighttime pass, the scale height at
1000 km varies between 380 km at 20°N
(consistent with strongly predominant He* at
780°K, or a mixture of He* with a significant
amount of O* at a slightly higher temperature)
and 620 km at 9°S (consistent with strongly
predominant He* at 1270°K, or a mixture of
He* and a significant amount of H* at a slightly
lower temperature). The preceding measure-
ments show then that the lower boundary of
the helium layer is lower at night than during
the day.

It appears that the scale height for electrons
at 1000 km varies strongly from day to night
(by a factor of 2.4 in the above measurements)
and also varies with latitude. It is apparent
that, at 1000 km, both the ionic composition
and the temperature must vary diurnally and
also with latitude, at least in the equatorial
regions. Also, it is important to note that the
assumption that H* strongly predominates at
1000 km would necessitate extremely low tem-
peratures to explain scale heights as low as 170
km.

It should be noted that the slopes of the pro-
files near 1000 km for curves a, b, ¢, and d in
Figure 17 are not in agreement with those ob-
served from electron density profiles deduced
in the vicinity of the Alouette orbit. The theo-
retical profiles of Dungey [1954], Bates and
Patterson [1961], and Johnson [1960] allow
only for the presence of H* and not for helium
or oxygen. Thus, the slopes are small even at
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low altitudes. The present work produces slopes
in agreement with those observed by the Alou-
ette satellite near its orbit, in conformity with
the results of Bauer.

Slope of the N(h) Profile in the Upper Ezxo-
sphere

An examination of the theoretical profiles of
Figure 17 shows that at very great heights the
rate at which the electron density decreases
with height is often less than the experimental
observations indicate.

On the basis of hydrostatic support, if the
exosphere above 1000 km is composed of H*
only (or if the ionie composition at that level is
assumed constant with latitude), the equatorial
electron profiles of Figure 16 can be explained
only by a latitude dependence of the electron
density at 1000 km, as is the case for curves e
and f in Figure 17.

It must be emphasized that agreement be-
tween the experimental data of Figure 16 and
an approximately constant electron density at
the base level (as shown in Figure 11, except
the curve labeled ‘summer night’) is still pos-
sible under the assumption of hydrostatic sup-
port if the ionic composition at 1000 km
changes properly with latitude. The required
variation is such that at higher latitudes the
light constituents are less abundant.

At the present time, neither the ionic com-
positions at 1000 km nor the exospheric tem-
perature as a function of latitude is known, and
no further comments can be safely made. It is
expected that possibilities for the ranges of
composition and temperature at 1000 km will
be narrowed by measurements, which will be
available soon, on N(h) profiles determined by
Alouette over a wide range of latitudes.

At the present time, until more information
is available about the positive ion abundances
at 1000 km, it is not known to what extent pro-
files observed at all times can be fitted by a
simple equilibrium theory. However, it is clear
that the main features of the seasonal varia-
tions will probably, to a large extent, be. gov-
erned by the broad precepts dictated by an
equilibrium theory, although there will be diur-
nal changes superimposed on the seasonal
changes. The theory outlined in this paper does,
under certain circumstances, lead to electron
density profiles which fall off at great altitudes

4557

at a rate which is in agreement with the experi-
mental data obtained from whistlers and at the
same time gives the correct slope near the Alou-
ette orbit.

Conclusions

1. The equations describing the equilibrium
distributions of electrons and ions in a plane-
tary exosphere have been presented. Computa-
tions have been made for the earth’s exosphere
for a wide variety of conditions on the assump-
tion that diffusive equilibrium applies.

2. The theory assumes that diffusion of elec-
trons and ions is possible only along the mag-
netic field lines.

3. The presence of He* ions near the base
of the exosphere has been allowed for in the
calculations. This is vital for an understanding
of the changes accompanying the transition
from day to night conditions.

4., The most crucial factors governing the
form of these distributions are the exospheric
temperature and the ionic composition at the
base level, assumed to be at 500 km above the
earth’s surface.

5. The latitude dependence of electron den-
sity at 1000 km, as observed by the Alouette
satellite, has been taken into consideration in
the calculations. As a result, it is clear that the
discrepancy previously observed between theory
and experiment, namely, that the electron den-
sity gradient at great heights predicted by the
theories turned out to be much smaller than
that indicated by the whistler observations, is
now removed under certain circumstances.

6. The effect of the earth’s centrifugal force
is included in the -calculations; its neglect
would, at the high altitudes, lead to electron
density values that are too low at a given height
by an amount which does not exceed 209 for
altitudes less than about 6 earth radii.

Although it is not suggested that an equi-
librium theory is adequate to describe the en-
tire properties of the plasma distribution in the
exosphere, it is quite clear that a first-order
agreement can be obtained, at any rate, in
terms of seasonal dependencies. The basic ques-
tion of why the electron density at the Alouette
orbit varies with latitude in the way that it
does remains unsolved. Further work is needed
to determine the nature and the relative abun-
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dances of the positive ions at the base of the
exosphere and the dependence of these relative
abundances on the exospheric temperatures.
Measurements of the relative abundances on a
daily routine basis through satellite observations
will probably be necessary before it is possible
to determine accurately the circumstances in
which an equilibrium theory becomes inappli-
cable.

APPENDIX A
GEOMETRY oF THE DiroLe Frerp

It was assumed in this report that the actual
magnetic field of the earth could be approxi-
mated by a centered dipole field, as indicated in
Mlodnosky and Helliwell [1962]. Most of the
equations quoted in this appendix appear in
Figure 1 of their paper, to which reference
should be made. Thus, the equation of a line of
force in a dipole field is

r/re = cos® 6/cos® 6, (A.D)

in which the quantities are as shown in our
Figure 1. In the figure, the distance s, along
the line of force with feet at 6, from the equa-
torial plane to the latitude 6, is

r .
81(6o, 6) = 23 oo ::]052 o (z + sinh z- cosh z)
7o 5
== S, @+ V1+
2V/3 cos® o [in (v v)

+ yV1 + §f]

(A.2)
where

y = sinh z = V'3 sin 6
We called sx(8,) the value of s, corresponding
to 6 = 8, as shown in Figure 10:

7o
8M(00) - 2‘\/5 0082 00
‘Mo (yo+ V149 + v V1+ il (A3)

with

Yo = \/gsin 4,

For convenience, the distance s(#,, #) be-
tween a base level (6,) and a latitude 8 was
used (Figure 1):
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8(6o, 6) = 31(6) — s:(60, 0) (A.9)

The increment of distance ds, corresponding
to an increment dd (keeping 6, constant), is
easily shown to be

To V1 + 3sin® 6 cos 8 df (A.5)

2
cos” 0,

ds = —

It is clear that by means of (A.1) the dis-
tances $;, su, and s can be written as functions
of (6, r), and this is convenient for electron
and ion density calculations in which the exo--
spheric temperature is assumed constant. This
procedure was used in the computations leading
to Figures 9, 14, and 15.

It should be noted that the inversion of (A.2)
or (A4) to give A as a function of 8, and s,
(or 8) is only possible numerically. Thus, in the
computations leading to Figures 12 and 20, in
which the temperature is assumed to be a fune-
tion of the distance s, the numerical integrations
to get 2z (from (B.3)) were made using 8 as the
independent variable.

ArrENDIX B

CALCULATION OF TEMPERATURE-MODIFIED
GeopoTENTIAL HEIGHT 2

It will be recalled that the quantity z (equa-
tion 14) is defined by

A v f(aov 8) h

0 e) = [ Bt g a
To evaluate z it is necessary to transform the
variable of integration in the above equation
from s to 6, where @ is the geomagnetic latitude
of the point concerned on the line of force. In
appendix A, it is shown that the element of dis-
tance ds along the line of force can be written in
terms of the subtended angular inerement df
by the relationship

ds = —52 cos 81 + 3sin° 046 (B.2)
cos” B,

Substituting for ds from (B.2) and for f from
(4) in the above expression for z and using
(A4), we have

8o

(B.1)

TsO

2 =19 ) T8 sin 8
2 cos® 6, 3%, cos’ 0}
{ cos® 6 go cos* B, dé (B.3)
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This expression for z, the temperature-modi-
fied geopotential height, if substituted into (21)
and (23), will give the density distribution of
electrons and ions along a line of force for any
given temperature distribution along a line of
force. In general, the equation will have to be
computed numerically on a digital computer.
In the case of a constant temperature along a
line of foree, so that T,(6) = T., we have

2
2(0,, §) = To{l:l - zzzz z?jl
2 8 nr
I
so that, in the simple case of an isothermal at-
mosphere, 2 has an analytical solution.

The resultant variation of z with altitude is
shown in Figure 4 for different latitudes. If the
centrifugal force is disregarded, z is a function
of altitude only and is independent of latitude
(curve at right). It approaches a limiting value
(equal to the distance from the reference level
to the center of the earth) as the altitude goes
to infinity. Inclusion of the centrifugal force im-
plies a decrease in 2, especially at high altitudes
and low latitudes. The quantity z then has a
maximum value at approximately six earth
radii for low latitudes and approximately eight
earth radii for higher latitudes.

It should be noted, of course, that in (21)
and (23) it is possible for the temperature
along different lines of force to be different and
to be distributed along each line of force in a
different way. As stated above, (21) and (23),
in conjunction with the general relationship
(B.3), can be used to compute the profile of
electron density along a line of force. If, how-
ever, only the ratio of electron densities in the
northern and southern hemispheres at the base
level is required (see section Calculation of Ra-
tio of Electron Densities at Conjugate Points),
then it is useful to consider the form of (B.4)
when # is small, so that the point (6., §’) lies
near the equatorial plane. For §’ =~ 0 the value
zu of z from (B.4) becomes

2(6,, 0') = zu(bo) = 7'0{[1 — cos’ 6o]

lers-e)
+ 2g0 cOoSs 00 COS4 00 (B.5)
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